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Goldbach’s letter n®51 to Euler, (May 27th) June 7th, 1742: reproduction of the fourth page
(PFARAN, f.136, op. 2, n. 8, fol. 44v)

The paragraph written in the left margin contains the original form of the (ternary) Goldbach Con-
jecture — now the Goldbach-Helfgott Theorem (see Section 2.1.3. of the Introduction, infra p.47,
and letter n° 51, note 13).

Two remarks jotted down by Euler between the lines of Goldbach’s original missive, which comple-
ment or correct other statements by Goldbach (cf. n° 51, notes 14-15), can also be seen.
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PREFACE

Habent sua fata editiones. Already in the first project for Leonhard Euler’s Opera
Ommnia, drafted in 1910, it was mentioned that some parts at least of Euler’s
scientific correspondence should be included in the edition. However, priority was
then given to the (re)publication of Euler’s printed works in three series devoted
to mathematics, to mechanics and astronomy, and to general physics; the issue
of editing Fuler’s letters and the rest of his manuscript heritage was postponed
indefinitely.

The first 20th-century initiatives for publishing part of Euler’s correspondence
were not related to the Opera Omnia edition, but originated with a group of his-
torians of science based at the Soviet Academy of Sciences in Leningrad in the
1930s. Various inventories and collections were published in the following decades,
presenting to the public for the first time Euler’s correspondence with such emi-
nent scientists as Poleni, Delisle, Lomonosov, Tobias Mayer and Bonnet. The most
ambitious project of this school was planned in the context of Euler’s 250th an-
niversary as a joint venture between the Leningrad Section of the Soviet Academy
of Sciences and the Academy of Sciences of the German Democratic Republic. Be-
tween 1959 and 1976, four major volumes of Kuler’s letters, mostly exchanged dur-
ing his Berlin period with his former colleagues at Petersburg, were published by a
team led by Adol’f Pavlovich Yushkevich and Eduard Winter; this project included
an edition of the Euler-Goldbach correspondence that appeared in Berlin in 1965.

Spurred by these activities, the Swiss Euler Committee finally decided in 1967
to start an additional series of the Opera Omnia, or rather two sub-series: IVA
for the correspondence and IVB for the unpublished manuscripts (the latter was
later converted into a web-based digital project that is currently being planned).
Since most of the originals were preserved in the Leningrad Archive of the Soviet
Academy of Sciences, and since a considerable number of Euler experts lived and
worked in the Soviet Union, Series IV was conceived as a shared project of the
Swiss and the Soviet Academies and led by a joint Editorial Committee.

The first volume of series IVA was published in 1975; it is an inventory of all
letters from and to Euler known at that time (ca. 3100 items). For each letter (iden-
tified by a Repertorium number), the volume lists the date and place, version (as
an original, copy, excerpt, ... ), language, size, location(s) and extant publications;
a short summary follows. Three volumes of correspondence were produced up to
1998: they comprise the letters exchanged with Clairaut, d’Alembert, Lagrange,
Maupertuis, Frederick II, Johann I and Nicolaus I Bernoulli.

The Goldbach correspondence had not been given a high priority, since it was
already available in a modern edition. Only in 2001 was the task of editing volume
IVA 4, planned as a basically new edition of the Euler-Goldbach correspondence,
assigned to Giinther Frei and Martin Mattmiiller. The former, a number theorist
and historian of mathematics from Switzerland, had held a chair at Laval Univer-
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sity (Québec) for most of his career; he had published extensively on the history
of number theory in the 19th and 20th centuries and been a member of the Euler
Committee since 1995. The latter had graduated in mathematics in Basel in 1983,
worked for the Bernoulli Edition from 1987 to 2000, and joined the Euler Edition
in 2001 as a paid part-time collaborator. Later he acted as archivist of the Euler
Archive in Basel and secretary of the Euler Committee.

Mattmiiller started his work on the Goldbach correspondence by establishing
a new transcription of the letters from (photographs of) the manuscripts. In 2002
it was decided to use English as the working language for the volume and to add
an English translation of the source texts with their peculiar mixture of 18th-
century German and Latin, in order to make them accessible to a wider range
of non-specialist readers worldwide. Early in 2004, a provisional version of the
transcriptions and translations in TEX was available. The next years were mainly
spent in grouping the topics addressed in the correspondence and studying its sci-
entific and social setting; this resulted in a draft volume submitted to the Editorial
Committee, which specified the distribution of the notes and introductory sections
among the two editors. However, in 2008, at the moment when he had planned
to start on his part of the commentary, Giinther Frei — by then retired and living
near Zurich — fell seriously ill and had to abandon the project.

Fortunately, on the recommendation of its member Norbert Schappacher, the
Euler Committee was able to find a highly qualified successor who was willing to
take over at short notice in January 2009. Franz Lemmermeyer, who had taken
his doctoral degree in algebraic number theory with Peter Roquette in Heidelberg,
had returned to Germany after some years as a visiting Associate Professor at
Bilkent University, Ankara, and now teaches mathematics at a girls’ high school
in Ellwangen (Wiirttemberg). He has widely published on number theory and its
history; his book on the development of reciprocity laws from Euler to Eisenstein
has become the standard reference on the subject.

Since Lemmermeyer is working full-time in a place where access to historical
sources and older secondary literature is more limited than at the Basel University
Library, some tasks had to be redistributed. In the present volume, Sections 1,
2.5-2.8 and 3 of the Introduction and most notes on historical and biographical
issues have been outlined by Mattmiiller; Sections 2.1-2.4 of the Introduction — its
central part with respect to its scientific interest — and almost all notes on the
mathematical content of the correspondence are due to Lemmermeyer. The index
part has mainly been compiled by Mattmiiller except for the bibliography, to which
both editors have contributed. In any case, after several cycles of mutual review
and revision, both editors take full responsibility for the final version of the volume.

The publication schedule had to be revised several times — partly due to
the circumstances just described, partly to other tasks which claimed much of
Mattmiiller’s time: establishing a working environment and inventory at the Basel
Euler Archive, organising the manifold public activities for the tercentenary of
Euler’s birth at Basel, planning and effecting the transfer of the Archive to its
successor, the Bernoulli-Euler-Zentrum established at the Basel University Library
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in 2012. It is always hard to navigate between the opposite dangers of indefinite
delay and premature, careless publication: the editors express the hope that an
acceptable balance has by now been reached.

If this is indeed true, this is due — here as ever — to numerous colleagues and
fellow researchers who have helped with the preparation of the present edition.
Some of them should specially be pointed out, since their contribution has been
crucial and the result would be significantly worse without them:

— Siegfried Bodenmann (Basel), who defined the TEX framework for the ty-
pographical design of this volume and for the setup of the multiple indices,
patiently coping with the idiosyncratic specifications of the Euler Edition
(and the maverick preferences of one of the editors),

— Gisela Kleinert (Halle/Saale), who inspected the transcriptions of the source
texts several times with a hawk’s eyes and unrelenting insistence on the
consistent application of explicit rules for dealing with the many points that
have to be decided one way or the other in such a long-range endeavour,

— Uta Monecke (Halle/Saale), who meticulously examined the various indices
for consistency and uniformity and indefatigably helped with checking the
many cross-references,

— Jordan Bell (Toronto), Fred Rickey (Cornwall, NY) and Johan Stén (Espoo,
Finland), who read through the entire volume in order to help with improv-
ing the editors’ sometimes stiffly accentuated English, incidentally detecting
many other inaccuracies and deficiencies.

In addition to these volunteers who helped with the overall quality control of the
project, the editors wish to thank the many colleagues and correspondents who
have contributed individual references and corrections: Ronald S. Calinger, “en-
gelbrekt” on MathOverflow, Lutz Felbick, Emil A. Fellmann (), Walter Gautschi,
Damaris Gehr, Sulamith Gehr, Peter Hoffmann, Vanja Hug, Gleb K. Mikhailov,
Antonio Moretto, Fritz Nagel, Hanns-Peter Neumann, Glenn Roe, Norbert Schap-
pacher, Thomas Steiner, Riidiger Thiele, Andreas Verdun and Benno Zimmer-
mann. Thanks are also due to Stephan Ammann, Heinz-Dieter Ecker, Anna Mét-
zener, the staff of the publishing house, Birkhéduser / Springer AG Basel, and that
of the Basel University Library.

On behalf of the Editorial Commitee of Series IVA of the Euler Edition, I
take this opportunity to express my sincere appreciation and gratitude to Franz
Lemmermeyer and Martin Mattmiiller, the editors of the present volume, for their
meticulous and painstaking work. Deciphering illegible words and passages, dating
undated letters, and identifying unknown persons were not the only challenges that
had to be mastered. With considerable dexterity and expertness, they penetrated
into the subtleties of a formalism that is often inaccessible even to those modern
readers who have a solid mathematical background, and in the introduction and in
hundreds of footnotes, they open the path to an intellectual world of the past that
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is in many respects the foundation of present mathematics, science and technology.
Thanks to their endurance and fruitful cooperation, this new edition of the Euler-
Goldbach correspondence provides deep insights into the thought of two leading
scholars of the Age of Enlightenment.

Andreas Kleinert
General Editor
Opera Omnia, Series IVA
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1. HISTORICAL AND BIOGRAPHICAL SETTING

Leonhard Euler is generally known as the leading mathematician and theoretical
physicist of his century and one of the most productive scientists of all time;
papers about single aspects of his immense work, essays on its overall significance,
and biographical studies abound. By contrast, the general public has never heard
of Christian Goldbach, and mathematicians associate with his name only one
single idea: the “Goldbach Conjecture”’; a statement in number theory which is
very easy to understand — one version is: “every even integer greater than 2 is
the sum of two prime numbers” — but still unproved more than 250 years after
he first wrote it down in 1742. If Goldbach is awarded a few lines in works of
general reference, he is variously described as a German, Prussian or even Russian
mathematician, the last word often being qualified by “amateur” or expanded by
the statement that his professional career was in law. The first editor of the Euler-
Goldbach correspondence, Euler’s great-grandson Paul Heinrich Fufs, stated that
“if he |Goldbach| did not become famous in any specialty, the reason must be

attributed to the great universality of his knowledge”.!

1.1. Christian Goldbach: A short biography

Before we enter into Goldbach’s sole claim to lasting fame, his role as one of Euler’s
closest friends and most important correspondence partners for a long time, let us
have a look at his formative years, his role in the establishment of the Petersburg
Academy, and his later career.?

1 “s’il ne s’est illustré dans aucune spécialité, la cause en doit étre attribuée a la grande
universalité de ses connaissances” (Correspondance, t.1, p. XXXIII).

2 A first sketch of Goldbach’s life was written by Goldbach’s and Euler’s colleague Gerhard
Friedrich Miiller when he compiled a history of the Petersburg Academy up to 1743; this
was printed in 1900 in the collection Materialy dlya istorii Akademii Nauk, t. VI, p.30-37
(more biographical information can be found in several other places in the same volume).
An extract had already been used in French translation for the preface of Paul Heinrich
FuR’s edition of the Euler-Goldbach correspondence in 1843 ( Correspondance, t.1, p. XXX~
XXXIII).

The following account relies mainly on the detailed biography of Goldbach by A.P. Yushke-
vich (Juskevi¢) and Yu.Kh. Kopelevich (Kopelevi¢), which is based on the large collection of
Goldbach’s papers at the Russian State Archive, Moscow (RGADA). The Russian original
was published in 1983 by Nauka, Moscow; a German translation by Annerose and Walter
Purkert appeared in 1994 as vol. 8 of the series Vita Mathematica published by Birkh&user
Basel.

The most substantial biographical notes on Goldbach in English that we are aware of are
in the Dictionary of Scientific Biography, vol. V, p.448-451 (by Michael S. Mahoney), and
in the internet-based MacTutor History of Mathematics Archive, by John J. O’Connor and
Edmund F. Robertson.



4 Introduction

1.1.1. Youth and travels

Christian Goldbach was born on March 18th, 1690, at Konigsberg in Eastern
Prussia, an important provincial town with a large garrison and a university (at
the end of World War II, it became part of the Soviet Union and was renamed
Kaliningrad). Goldbach came from one of the city’s leading commoner families: his
father, Bartholoméus Goldbach (1640-1708), was its principal Lutheran minister
and taught history and eloquence at the local university. Not much is known about
Christian’s early years, but as his diaries show, his circumstances permitted some
local travelling even when he was very young. In 1706 Goldbach matriculated at
the Konigsberg university, the Albertina founded in 1544, in order to study law;
but his many interests also included history, engineering, music and literature.?
Mathematics had a particular fascination for him, which already shows in his ear-
liest diary entries and in letters to his brother’s teacher Michael Gottlieb Hansch
at Leipzig.

In the summer of 1710, Goldbach left his home town for a long time and went
on the grand tour then customary for an ambitious young intellectual. He started
by visiting some of the principal German university towns (Frankfurt on the Oder,
Berlin, Leipzig, Halle, where he met Christian Wolff, later Wittenberg, Jena and
Erfurt); in May 1711 he called at Leipzig on the doyen of German science, Gottfried
Wilhelm Leibniz, and entered into correspondence with him.* In 1712, we find
Goldbach in the Netherlands, studying law and obtaining a degree from Groningen
University; then he travels to England, visits the Royal Society and briefly meets
with Newton, Halley, Flamsteed and de Moivre. At the Bodleian Library in Oxford,
he strikes up an acquaintance with a Continental scholar of his own generation,
Nicolaus I Bernoulli from Basel, which will be significant for his career. By way
of Brussels, Goldbach arrives at Paris on May 1st, 1713, for an extended stay. In
the following year he completes this impressive circuit by travelling widely in Italy
— visiting Turin, Florence, Rome, Naples (where he even climbs Mount Vesuvius),
Bologna, Padua, Venice — and Austria. Everywhere he sees the public sights, visits
museums, libraries and learned societies, introduces himself to all the well-known
scientists, always looking for recommendations and scholarly discussions on an
ever-widening range of subjects. By way of Prague, Leipzig and Berlin he returns
to Konigsberg after more than three years on December 14th, 1714.

Young Goldbach must have made a good impression on the scholars, artists
and statesmen — often well-established or even famous people — whom he met on
his travels; many of them granted him favours, recommended him warmly to their
colleagues or continued their discussions with him in letters on a great variety of

3 In fact, among the Goldbach papers at the Russian State Archive there is an entire tragedy in
Horatian verse by the 16-year-old student which has prince Absalom from the Old Testament
for a subject.

4 Four letters Leibniz had written to Goldbach were published by Sebastian Kortholt in
1734/35; an additional one and six letters by Goldbach — partly from the Leibniz papers
conserved at Hanover, partly from Goldbach’s copybooks — were added in the edition of the
Goldbach-Leibniz correspondence by Yushkevich and Kopelevich in 1988.
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topics. On his return he was able to show for his pains not only a lot of collected
knowledge, but also an impressive patronage network — and, besides his academic
degree, the title of Court Councillor (Hofrat) conferred by the Prussian minister
of foreign affairs, von Ilgen, a few days after their meeting at Berlin. For the three
years that he now remains at Konigsberg, his networking activities continue on
another level: by a vast correspondence across much of academic Europe as well as
by several publications both of a literary and scientific nature. There are no explicit
statements on what kind of career Goldbach planned for himself at that time, but
Leibniz — then an international leader in the “republic of letters”, an influential
member of various academies and advisor to several princes on scientific matters
— may well have presented a role model.® It seems significant that two important
journals — the Neue Zeitungen von gelehrten Sachen at Leipzig and the Nouvelles
litteraires at the Hague — printed Goldbach’s Latin funeral ode (Goldbach 1717b)
on the great philosopher and mathematician.

Late in 1718, Goldbach set out on another long journey, embarking for Sweden
at Rostock. This time his first visits were to leading statesmen, among them State
Councillor (Riksrad) Lillienstedt, who headed the Swedish delegation in the peace
negotiations with Russia then under way. The implication that Goldbach may have
had some kind of semi-official diplomatic mission from Ilgen during his nine-month
stay in Sweden is strengthened by his introduction to the Prince Consort, later
King Frederick I. However, he also found the time for conversations with scientists
and engineers.

In the following years, we find Goldbach again travelling at a frenetic pace:
across Denmark and all of Germany to Venice, then — based on Vienna — to most
of the Middle European countries then composing the German Empire: Bavaria,
Bohemia, Saxony, Hungary, even Serbia. The purpose behind all those short stays
and meetings is not obvious, and Goldbach’s diaries are very reticent; even at the
time his friends suspected there was more on his agenda than just the pleasure of
seeing ever new places. After finally returning to Prussia in 1724, he reported to
statesmen, diplomats and courtiers, at one time even to the king himself, but also
resumed his intense frequentation of academic and literary circles.

During all this time and in spite of the difficulties implied by his constantly
changing places, Goldbach continued his vast correspondence, providing his net-
work of philologists, antiquaries, physicists, librarians, astronomers, musicians and
naturalists with news from all over Europe on subjects ranging from nuances of
literary style to an edition of Kepler’s manuscripts, the spontaneous generation of
lower animals, a music automaton by Kircher and Orffyreus’ perpetuum mobile:
some of these topics will resurface in the Euler correspondence. The letters Gold-

5 At least this is what Goldbach’s countryman Th.S.Bayer — later also a member of the
Petersburg Academy — suggests in a letter written shortly after Leibniz’s death in 1716:
“Pondering and comparing all the circumstances I believe that you will in the future transfer
Leibniz’s glory to your own name and to all our native country” (Bayer’s letter, which is
preserved with the Goldbach papers at Moscow, is quoted here from Yushkevich / Kopelevich
1983, p.29).
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bach exchanged with some mathematicians of the “Basel school” — the brothers
Nicolaus II and Daniel Bernoulli and another former student of their father’s, Ja-
cob Hermann — are of special interest for us: they will be discussed in the context
of his few research publications on mathematical topics (mainly in the theory of
series) and his early correspondence with Euler.

1.1.2. At the Petersburg Academy

Meanwhile, Goldbach’s eye, in looking for a professional position, was more and
more attracted to the East, where Tsar Peter the Great was now finalising the plans
for an academy of science at his new capital, St. Petersburg. In the early 1710s,
Peter had discussed this project — one element in his grand design of opening his
empire towards Europe — in several meetings with Leibniz, who was fascinated
by the chance of helping with the design of a model academy for the new model
state that was to come into being on the “blank slate” of vast, backward Russia.
Now Peter sent his librarian and advisor Johann Daniel Schumacher to France,
England and Germany on a mission to study those countries’ scientific institutions,
draw up blueprints for the new academy and sound out potential candidates for
membership. Early in 1724 the project was approved by the Russian senate and
circulated in the Western scientific community by personal communication and
publication in scientific journals.

Among the scholars who were asked for help with planning the future academy’s
structure and — even more importantly — recruiting capable scientists for member-
ship, we find several connections of Goldbach’s. Goldbach probably first learned of
the project from the astronomer and physicist Doppelmayr at Nuremberg, who had
been invited but did not want to join; together they decided to propose Nicolaus II
Bernoulli to the future President, Peter’s personal physician Lorenz Blumentrost.
In October 1724, Jacob Hermann, by then professor at Frankfurt on the Oder,
wrote to Goldbach that he had been offered the chair of mathematics at Peters-
burg but was still uncertain whether to accept. Christian Wolff at Marburg also
played an important role as an advisor, and he consulted Johann I Bernoulli, then
the leading teacher of mathematics in all Europe. Bernoulli refused to leave Basel
himself, but adroitly negotiated the appointment of his sons Nicolaus and Daniel;
both brothers — the first from Berne, the second from Padua — tried to make use
of Goldbach’s connections in fixing the conditions of their engagement.

In May 1725, Hermann and the physicist Georg Bernhard Bilfinger, who came
from Tiibingen, passed through Berlin, on the way to take up their chairs in
the new academy. Goldbach was invited by the Russian ambassador to Prussia,
A.G. Golovkin, to participate in several meetings with the two scientists; and ev-
idently these encounters and the prospects Golovkin presented impressed him so
much that he decided on the spot to apply for a position in Russia himself.

At the age of 35, Goldbach gave his life a decisive turn and immediately left
Prussia for Petersburg, never to return. Only on a stopover at Riga did he find the
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time to announce his imminent arrival to President Blumentrost, offering Dop-
pelmayr’s and Wolff’s testimonials as to his qualifications, listing his previous
publications and referring to his many acquaintances among Blumentrost’s med-
ical colleagues. The President, who was busy preparing the opening ceremony, at
once replied that all positions in the Academy were by now filled; but Goldbach
travelled on, arriving at Petersburg on July 28th (old style) / August 8th (new
style), 1725, three days before Hermann and Bilfinger. They at once introduced
him to Blumentrost, and Goldbach’s cosmopolitan charm won the President over
to such a degree that he decided on the spot to make him Secretary of the Acad-
emy. A few days later, along with the four other academicians who had already
reached Petersburg, Goldbach was presented to Tsarina Catherine I, the widow of
Peter I, who had died half a year earlier.

On September 4th (15th), a contract was signed, by which Goldbach engaged
himself to “diligently serve the Academy’s progress and glory”, write its history
and cultivate mathematics for a period of at least five years. His salary was fixed
at 600 roubles per year, plus free lodging and candles — equal to the most junior
professors’ wages; the best-paid member, the French astronomer Delisle, received
three times as much. The Imperial Academy of Sciences at St.Petersburg — to
give it its full name — at once started working; on September 28th (new style),
Goldbach recorded its first official meeting in the minutes.

In the months that followed, the Academy’s crew was gradually completed: to
quote just a few of the members who were to become most important, the Bernoulli
brothers and the historian Gerhard Friedrich Miiller arrived in Petersburg late in
1725, the philologist Bayer, who had been recruited by Goldbach, and the physiol-
ogist Duvernois in 1726, the physicist Georg Wolfgang Krafft and Euler in 1727.5
Since Goldbach’s interactions with his colleagues and his research on mathemati-
cal topics — mainly in the theory of series — will be analysed in subsequent sections
of this introduction and in the notes to his early correspondence with Euler, we
will limit ourselves here to a few words on working conditions at the Academy in
those first years.”

There were eleven professorships in three “classes” (departments): mathematics
(in the 18th-century sense, including astronomy, geography, mechanics and naval
science), physical sciences (with chemistry, botany and anatomy) and humanities
(rhetoric, history and law). Several chairs had posts for adjoint members, technical
staff and laboratories attached. Those members who were young and single — a

6 For a long time, all the Academy’s personnel consisted of “Westerners”; most came from
German-speaking countries. Only in the 1740s did Peter’s project of raising an elite of native
scientists and engineers begin to bear fruit and the first Russians were called to fill academic
positions. Among them we find several mathematicians and physicists who had been sent to
Berlin to study with Euler (S.K. Kotel’nikov, M. Sofronov, S.Ya. Rumovskii); the best-known
scholar among this second generation, M.V. Lomonosov, had also been supported by Euler,
who was among the first to appreciate his extraordinary gifts.

7 The Russian literature on this topic is extensive; an excellent overview with many additional
references is given in Nagel / Verdun 2005.
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majority — lived in furnished quarters in the building which the Empress had made
available to the Academy and which also housed the library and Peter’s important
naturalist collection (the basis of today’s “Kunstkamera”). Twice a week they held
meetings where one of them presented a lecture, which was then discussed — often
contentiously, since widely divergent philosophical and scientific views were repre-
sented. The choice of research topics was rather free, obligations in teaching and
giving expert opinions not too heavy, and research publications in the Academy’s
journal Commentarii were welcome but by no means compulsory.

Goldbach worked at the Petersburg Academy for approximately two years,
keeping its records (rather perfunctorily), establishing its position in an inter-
national network by official and personal correspondence, giving speeches in his
perfect prose style at its ceremonies, devising designs for the Academy’s seal and
publications. For the first volume of the Commentarii he wrote a historical preface
praising Peter’s merit in creating such an important and useful institution, and also
contributed an obituary for Nicolaus II Bernoulli, who had died at the age of 31.

1.1.3. Scholarly advisor to princes and statesmen

This quiet life, which seems to have perfectly suited Goldbach’s talents and pref-
erences, came to an end when the Tsarina appointed Peter the Great’s grandson,
eleven-year-old Peter Alekseevich, as her successor and asked Goldbach, on the
advice of Blumentrost and Prince A.D. Menshikov, to supervise the education of
the young heir to the throne and his sister Natal’ya. In May 1727, he moved into
a house next to the Winter Palace so as to be permanently available at court, ob-
taining a much increased salary of 2000 roubles and the rank of “Legal Councillor”
(Justizrat). However, his new task involved him in a political tug-of-war between
the “Westerner” faction and conservative Russian nobles, and after Menshikov’s
removal from power in September his influence on his pupil, who had meanwhile
succeeded to the throne as Tsar Peter II, waned. All the same, Goldbach was
obliged to follow the court in its move to the old capital Moscow in January 1728,
occasionally keeping the young Tsar company on rides.

On January 18th (old style), 1730, a year after his sister, Peter died from small-
pox, and his aunt Anna Ioannovna ascended to the throne. Her reign was charac-
terised by great political instability: her favourite, Ernst Johann von Biihren (in
Russian: Biron), and the German-born statesmen Ostermann and Miinnich vied for
power with the old nobility; wars against Poland and the Ottoman Empire imposed
immense burdens on an under-developed economy. Blumentrost — still the Imperial
family’s personal physician and the Academy’s President — and Goldbach remained
at court, but kept a low profile. They maintained a regular correspondence with
several academicians at Petersburg, but refused to take sides in their disputes.

In the President’s absence, the Academy’s capable but autocratic administrator
Schumacher reigned supreme, to the dismay of most members; some of the senior
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professors — divided into quarrelling camps — openly refused to accept his authority,
stayed away from the meetings and submitted complaints. Bilfinger (in 1730) and
Hermann (in 1731) left Russia, whereas Delisle and Daniel Bernoulli had to be
won over by improved contracts. It says a lot about Goldbach’s diplomatic skills
that he — and Euler as well — managed to stay on good or at least correct terms
with all participants in these intrigues.

Goldbach returned to Petersburg early in 1732, along with Anna’s court, and
Blumentrost devolved most of his tasks in the Academy upon him. For the next
years, Goldbach presided at the meetings, communicated instructions and dealt
with the academicians’ requests, mostly to their satisfaction. It is probably during
this time, the only extended period that he and Euler spent in the same place, that
their professional connection matured into friendship. When Blumentrost fell from
grace, Goldbach’s role under his successors Keyserling (1733), Korff (1734-40) and
Brevern (1740-41) remained more or less the same.® Living in a private house on
Vasilevsky Island, he seems to have led a rather retiring life. His correspondence
with Hermann, who died in 1733, and Daniel Bernoulli ceased, that with Doppel-
mayr, Hansch, Bilfinger, the Vienna astronomer Marinoni, and the Italian marquis
Giovanni Poleni continued at a moderate pace.

Among the scientific subjects discussed at the Academy in those years, the
question of the shape of the Earth — whether it is an oblate or prolate spheroid —
is of particular interest. In 1735/36 the Paris Academy of Science had sent expe-
ditions to Lapland (near the North Pole) and Peru (near the equator) to decide
between the predictions of Cartesian and Newtonian theory. In February 1737,
before the first results were available, Goldbach presented a lecture on this topic,
which has unfortunately been lost. During the same period the Petersburg Acad-
emy supervised an extensive and costly expedition along the Northern coast of the
Russian empire to Siberia and Kamchatka; both its instructions to the participants
and their reports on the results were handled by Goldbach.

Goldbach’s collaboration with President Korff, a Baltic nobleman who had
studied in Germany and was very interested in books, worked particularly smooth-
ly. Korff reorganised the Academy, entrusting the chancellery, the technical and
artistic departments to Schumacher and the scientific activities, including the
Academy’s correspondence, its public relations and historiography, to Goldbach.
In 1737 and 1738, Korff obtained cabinet orders promoting both his “assistants”
to the rank of Kollegienrat and authorising them to sign official documents.

Whenever the Russian state administration needed to present its official state-
ments in an especially elegant style (in Latin, French or German), their wording
was entrusted to Goldbach: thus he checked the translations of an apologetic plea
for Biron’s nomination as Duke of Courland, proposed inscriptions for medals and

8 The records of the Academy show, however, that Goldbach attended none of its meetings
between November 1732 and November 1734, when he resumed his visits on the day of
Korfl’s inauguration. Since no letters of his from that period seem to exist either (there is a
large gap in his copybooks), little is known about his activities during these two years.
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drafted the Foreign Minister’s speech for the celebration of a peace treaty with
the Turks.”

As he told several friends in private letters, Goldbach felt he had found his
place: he successfully filled professional tasks that suited him ideally, enjoyed the
confidence of leading statesmen and was much more pleased with his stable living
conditions than he would have thought possible in his restless youth.

1.1.4. At the Foreign Office

In 1740, Goldbach submitted to the recently nominated President Brevern a mem-
orandum on the poor state of the Academy,'® which he blamed on inadequate
funding; he deplored the fact that its salaries no longer permitted the appoint-
ment of first-rate scientists and proposed a reduction of the administrative and
technical staff and a more competitive wage structure. However, the times did not
favour reform projects: indeed, after Anna Ioannovna’s death in October 1740 and
during the troubled “reign” of her infant great-nephew Ivan VI, the Academy’s
budget and its very survival seemed to be in jeopardy. Several members, fed up
with the arbitrary power Schumacher exercised in the President’s absence, thought
about leaving, and Euler actually decided to accept the job in Berlin that he had
been offered by the new ruler of Prussia.

When Elizaveta Petrovna, Peter I's daughter who had twice been kept away
from power, finally seized the throne by a coup d’état in November 1741, several
of the statesmen of German origin that her cousin had favoured were deposed
and banished to Siberia. Brevern, however, rose to the rank of a Minister at the
“College for Exterior Affairs” (i.e., the Russian Empire’s Foreign Office), and as
one of his first decisions appointed Goldbach as a State Councillor on his staff.
In March 1742, at the age of 52, Goldbach left the Academy for good, receiving a
honorary membership for his long service, and again made his way to Moscow. All
in all he was to spend four years mainly in Moscow (1742, 1744, 1749 and 1753),
but he returned to Petersburg each time and definitively settled there again in
March 1754 for the ten years remaining to him.

At the Foreign Office Goldbach was in charge of the Code Department, estab-
lished by Peter I when the importance of communicating in secret with Russia’s
representatives in other countries — and the usefulness of reading other nations’
diplomatic mail — became apparent. However, the first Russian ciphers were very
primitive, and the crafty diplomat Bestuzhev-Ryumin who was now appointed
as Chancellor was aware that his coding service’s competence must be improved.
Although little is known about Goldbach’s work in his new function (as is only
to be expected, given the secret nature of his tasks), he seems to have been well

9 Goldbach’s task as a master of ceremony even extended to designing an allegoric display of
fireworks for the Academy’s contribution to the wedding celebrations for Anna Leopol’dovna,
the Tsarina’s niece (see Werrett 2010a, p. 104).

10 Cf. Materialy (1885-1900), t. VI, p. 528-532.
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suited for it, combining solid linguistic and mathematical abilities with a broad
knowledge of international politics, excellent connections all across Europe and
a naturally discreet, reserved personality. Some traces that his new professional
activities may have left in his correspondence with Euler will be commented on
in their place.!! One remarkable feat accomplished by the Russian codebreakers,
which influenced both internal and foreign politics, speaks for Goldbach’s talents:
In June 1744, a letter in which the French ambassador at Petersburg, the Marquis
J.J.de La Chétardie, dropped some unflattering remarks about the Tsarina’s abil-
ities and personal habits, was intercepted and decoded, and La Chétardie had to
leave Russia post-haste.!?

Goldbach’s accomplishments earned him a remarkable career in the higher ech-
elons of the Russian civil administration. In 1744, soon after his contract at the
Foreign College was finally settled with the King of Prussia’s assent, he was pro-
moted to the rank of Actual State Councillor. Some marks of the court’s personal
favour were also conferred upon him: the Tsarina gave him a golden snuff box,
and in December 1745 King August III of Poland issued a diploma confirming his
(non-hereditary) nobility. In the following year Elisabeth bestowed a country estate
in Livonia on him; the leasehold rent of 1400 roubles for this nearly doubled his
already considerable salary. Finally, in 1760 Goldbach rose to the rank of Privy
Councillor (the third highest of fourteen civil levels, equivalent to a lieutenant
general or vice-admiral), and his wages reached 3000 roubles per year.

The social circles in which Goldbach moved also changed: he now associated
with the top flight of Russia’s ruling class. Among the visitors and hosts he lists in a
diary for 1753-57 we find — besides the officials of the Academy with whom he had
kept in touch — various ministers, princes, chamberlains, senators and admirals.
Several times he took part in the Tsarina’s private receptions for other nations’
ambassadors. Two among his new patrons must be specially mentioned since they
also play a role in Goldbach’s correspondence with Euler: K.G. Razumovskii (a
brother of Elisabeth’s favourite at that time), who was named President of the
Petersburg Academy in 1746, and the diplomat and statesman M.I. Vorontsov
(Chancellor from 1758 to 1762), to whom he was linked by a close friendship.'?

Meanwhile, many of Goldbach’s old associates and correspondents abroad had
died (Hansch in 1749, Doppelmayr in 1750, Marinoni in 1755, Kortholt in 1760).
Euler seems to have been the most important of his very few remaining links to
the West. In the late 1750s, Goldbach’s personal circle in Russia also narrowed,

11 See Goldbach’s questions about Wallis’s work in cryptography (n° 53, note 5) and a treatise
on steganography (i.e., the art of secret writing) by the little-known natural philosopher
J.A. Kulmus in Danzig (cf. n° 71, note 15). Moreover, one could even wonder for what purpose
he ordered from Berlin two or three copies each of several popular novels (cf. n° 122, 127).

12 The historian R.N. Bain, quoting a document from Vorontsov’s archive, explicitly attributes
the decoding to Goldbach, “who had a genius for finding the key to the most abstruse and
complicated cipher-writing” (Bain 1899, p. 112). See also Anisimov 1995, p. 91-93.

13 This is again attested by Vorontsov’s and his wife’s solicitous enquiries about Goldbach’s
failing health when they visited Euler at Berlin in 1763 (see n°® 189-194).
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as it seems mainly due to the onset of old-age complaints:'* among those who
continued seeing him were the Academy’s Secretary G.F.Miiller (also a lifelong
friend and correspondent of Euler’s), the natural philosopher J.A.Braun, Gold-
bach’s physician J.J. Lerche and the librarian Gottfried Bock; most of them were
fellow countrymen.

Another visitor in this period, the polyhistor Anton Friedrich Biisching who
lived at Petersburg from 1761 to 1765, describes Goldbach as “a learned, very well-
read and experienced man of great intellect and an admirable memory”, a devout
Christian, reserved, modest and somewhat timid.'® These last personal traits are
supported by the fact that no portrait of Goldbach’s exists; indeed none seems ever
to have been painted, which is rather unusual for a person of his rank.'® Goldbach
kept an orderly but not sumptuous lifestyle and generously donated money to
the needy. In the last two years of his life he suffered from a pronounced stoop
and a violent tremor, possibly due to Parkinson’s disease. After a long period
of gradually increasing weakness, Christian Goldbach quietly died on November
20th (December 1st), 1764, in the presence of G.F.Miiller, who sent a detailed
description of his last days and his funeral in three letters to Euler.!”

Goldbach had never married and had no close relatives left: after a few lega-
cies he bequeathed his residual fortune, which must have been considerable, to a
subordinate official, the librarian Bock at Oranienbaum. His body was buried at
the (no longer extant) cemetery near St. Samson’s Cathedral; the great amount of
papers in his estate was at once sealed and transferred to the State Archive — now
the Russian State Archive for Old Files — at Moscow, where it is still preserved.
Goldbach’s biographers have made some use of this collection; much of it remains,
however, unexplored.

1.2. Goldbach and Euler

The relationship between the two protagonists of the present volume has its own
history. Some of its characteristics were inherent in their curricula and mindsets
before either of them even knew about the other. In the period from their first
meeting in May 1727 to Euler’s departure from Russia in 1741, the functionally
defined roles they played for each other matured into what was apparently per-

14 There may have been additional reasons: In 1761 a self-styled nephew of Goldbach’s arrived
in Petersburg and lobbied for his protection, but Goldbach denied the kinship, annoying some
of his noble acquaintances who were patronising the young man. Moreover, in these turbulent
years — during the long wars with Prussia and the violent events between Elisabeth’s death
and Catherine II’s accession to the throne in 1762 — several of Goldbach’s patrons lost their
prominent positions; so he may also have felt it prudent to keep a low profile.

15 Biisching 1783-87, Th. III, p. 10-19.

16 The pictures that can be found by an internet search are all spurious: some of them in
fact show Leonhard Euler, Hermann Grassmann and a 19th-century Portuguese general, the
Duke of Terceira (cf. Tent 2009, p. 151).

17 Cf. JW 1, p.253-258.
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ceived by both as a close, if still very formally expressed, friendship. In the 1740s
and early 1750s, the nature of the contact changed: frequent letters substituted
for personal meetings. In a final phase, communication between Berlin and Peters-
burg was obstructed by political and military confrontations, but also marked by
Goldbach’s failing health. The hope of meeting again, which both partners had
occasionally expressed, was to be denied: when Euler finally returned to Russia
in 1766, Goldbach had been dead for some time. The main testimony of their re-
lationship that remained and remains even now is their correspondence — a very
important one, as Euler himself, his heirs, and his early editors were keenly aware.

1.2.1. Prelude: The “Basel School” and Goldbach’s early work
in mathematics

As mentioned in the last section, Goldbach’s interest in mathematics dates right
back to his youth; some traces can be found in his correspondence as early as
1708. In the following years he read mathematical books and papers, among many
other things and, it seems, not very systematically; what he did and did not recall
in his later exchanges with the Bernoullis and Euler speaks of a vivid but non-
professional interest in the subject. His personal acquaintance with many of the
leading mathematicians of the age — Leibniz, Newton, de Moivre, Varignon, Poleni
— does not seem to have led to a more focused attitude.

However, all the papers which Goldbach published in scientific journals deal
with mathematical topics;'® with one exception they belong to the period from
1717 to 1728. It is no coincidence that during the same period we find among
his most active correspondents a group of mathematicians who had studied at
Basel. A look at this “Basel School” of mathematicians and theoretical physicists
is necessary to understand the educational background of its most gifted scion,
Leonhard Euler, and Goldbach’s expectations of the youngster when he arrived at
Petersburg.

The “dynasty” of great mathematicians coming from the smallish Swiss univer-
sity town originated with Jacob Bernoulli (1654-1705), who started in the mid-
1680s to publish research papers on the latest advances in mathematics. Among
his achievements we find several pioneering theorems in differential geometry, im-
portant results on the integration of algebraic functions and differential equations,

18 The list is given in Yushkevich / Kopelevich 1994, p. 187. It comprises two very short papers
from 1717 (on the tuning of musical instruments and on an elementary problem in number
theory), one from 1720 (on series) and one from 1724 (again about an elementary theorem on
integers); these were all printed in the Leipzig Acta Eruditorum. After his arrival in Russia,
Goldbach published six more papers in the Commentarii of the Petersburg Academy: two
on differential equations in t.I for 1726 (printed in 1728), two on series and differential
geometry in t.1I, 1727 (1729), one on series — probably his most important mathematical
work —in t. III, 1728 (1732), and a last one on a result in the theory of algebraic equations in
t. VI, which concerns the years 1732/33 but was only printed in 1738. Everything Goldbach
published after those first years in Russia is of a non-scientific character: surveys of academic
history and institutions, occasional poems and a few popular articles.



14 Introduction

the first systematic treatment of infinite series and ground-breaking insights in the
mechanics of extended bodies; but his most significant contribution to mathemat-
ics was the posthumously published book Ars Conjectandi (1713), which promoted
probability theory from a collection of rule-of-thumb computations for gamblers
into a branch of rational science.

Jacob Bernoulli taught his younger brother Johann (1667-1748, convention-
ally called Johann I to distinguish him from his son and grandson), his nephew
Nicolaus I (1687-1759) and another gifted student, Jacob Hermann (1678-1733).
Johann’s first academic position was at the University of Groningen in the Nether-
lands, but after Jacob’s death he returned to Basel with his family and took up
the chair of mathematics. Three of his sons were also to make their (very differ-
ent) careers in science: Nicolaus II (1695-1726), Daniel (1700-1782) and Johann II
(1710-1790). Two of Johann II’'s sons make up the numbers of the Bernoulli dy-
nasty in mathematics and natural science: Johann III (1744-1807), who became
an astronomer with the Berlin Academy and a travelling “science journalist”, and
Jacob II (1759-1789).

Of the nine scientists just mentioned, all have played some role in different
periods of Euler’s life;'¥ all but Jacob I are linked in various ways to St. Petersburg,
and for at least five of them there is a direct connection with Goldbach, which will
be examined in the following paragraphs.

In September 1712, Nicolaus I Bernoulli passed through England on his educa-
tional grand tour;*® at Oxford he met not only Abraham de Moivre, with whom he
struck up a friendly and very productive collaboration, but also Christian Gold-
bach. Bernoulli at once communicated to Leibniz the good impression Goldbach
had made on him, and recommended him to Varignon; it is likely that the young
Prussian was then also favourably heard of in Basel for the first time. During
his days in England, Goldbach made his first discovery in number theory that he

19 Jacob Bernoulli had been the author and supervisor of the master’s thesis on series that
Paul Euler, Leonhard’s father, defended in 1688; the mathematical education he provided
for Leonhard and his approval for the career his son chose certainly had to do with his
own early interest in mathematics. On Euler’s formational years in Basel in general and
his connections with Johann I Bernoulli and his sons, see the introduction to O.IVA/2 by
Fellmann and Mikhailov, where Euler’s correspondence with Johann I and Nicolaus I is
edited. The same editors have been responsible for preparing Euler’s correspondence with
Daniel, Johann IT and Johann III, which will appear in O.IVA /3. Finally, Jacob II (the only
one who will not be cited any more in this volume) was called to the Petersburg Academy
in 1786; in 1789 he married a granddaughter of Euler’s, but died only two months later in
a bathing accident.

20 Another objective of this journey was an important correction in Newton’s Principia, which
Johann Bernoulli had sent his nephew to communicate to the author. In fact, Newton re-
ceived him several times, adopted the proposed change for the second edition (1713), pre-
sented Nicolaus with a — still extant — copy of his great book and initiated both Bernoullis’
election to the Royal Society. An account of Nicolaus I Bernoulli’s life and works can be
found in O.IVA /2, p.459-472.



1.2. Goldbach and Euler 15

thought worthy of publication, and discussed it with Bernoulli and de Moivre.?!
It is not known whether Goldbach and Nicolaus I ever exchanged letters; none has
been preserved.??

When Goldbach passed through Padua in June 1714, Jacob Hermann had just
vacated the chair of mathematics; Nicolaus I Bernoulli was to become his successor
only in 1716,?% so there were no further meetings with the Basler mathematicians
then. However, Hermann’s publications in mathematics and mechanics came to
Goldbach’s attention in the following years, and from January 1721 to November
1724 they exchanged a few letters.?

When Goldbach returned to Italy in May 1721, he probably met Nicolaus I
Bernoulli again, and he certainly struck up an acquaintance with his cousin, Jo-
hann’s eldest son Nicolaus II Bernoulli. Goldbach (writing from Padua, Vienna,
Dresden, Leipzig, Osijek, Budapest, Bratislava, Kremnica and finally Petersburg)
and Nicolaus II (from Venice, Basel and Berne) led, despite the difficulties caused
by the frequent changes of address, an intense correspondence for four years, right
up to Bernoulli’s arrival at Petersburg in November 1725.%

In April 1723, Nicolaus II proposed to Goldbach to also enter into correspon-
dence with his younger brother Daniel, who had just gone to Italy to continue
his studies of practical medicine, but preferred physiology, hydrodynamics and
mathematics.?6

The agenda for this small correspondence network was mainly set by its patri-
arch Johann I Bernoulli at Basel, then past his prime in research but all the more
actively disseminating mathematical ideas and pulling academic strings all across

21 Goldbach’s first published paper on pure mathematics (1717b), an extract from a letter to
Bayer, states and proves the elementary theorem that no square number leaves the remainder
2 when divided by 3 (i.e., 22 = 2 has no solutions mod 3), and shows that several other
congruences for powers are impossible.

22 Some indirect communication between the two was, however, maintained by Daniel
Bernoulli, his father Johann I and later Euler (see O.IVA/2, Correspondance, t.1I, and
the present volume).

23 Both appointments to the prestigious chair Galileo had once held were part of Leibniz’s and
Johann Bernoulli’s strategy to extend their scientific “empire” to the south (at a time when
the progress of their version of infinitesimal calculus in France and England was more or less
blocked). Their and their students’ outreach towards Russia should probably also be seen
in this light.

24 This correspondence continued sporadically in Russia, and Hermann again replied to a letter
of Goldbach’s in 1732, after his return to Basel. The nine preserved letters (5 by Goldbach,
4 by Hermann) are printed in Yushkevich / Kopelevich 1994, p. 165-179.

25 Of this correspondence 14 letters by Goldbach and 13 by Nicolaus II have been preserved;
they were edited in Fufl, Correspondance, t.11, p. 97-170.

26 Before they met in Petersburg, Goldbach and Daniel Bernoulli exchanged 19 letters; their
correspondence continued — with Goldbach mostly in Moscow and Bernoulli in Petersburg
— until 1731. After Bernoulli’s return to Basel in 1733, no more letters were apparently
exchanged. The entire correspondence (35 letters by Goldbach, 37 by Bernoulli) has been
edited in Correspondance, t.11, p. 173-406; this volume also contains, as a hard-to-find annex
(p-229-230), the only letter that Johann I Bernoulli addressed (on January 20th, 1725) to
Goldbach, in the context of his sons’ appointment to the Petersburg Academy.
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Europe. Among the scientific topics discussed, we find several that will recur in

the Euler-Goldbach correspondence:2”

— the Riccati equation, an important non-linear first-order differential equa-
tion. Around 1718, the Venetian amateur mathematician Count Jacopo Ric-
cati proposed an equation that was soon generalised to the form dy =
az™dx + by"zPdx (a special case had already been treated by Jacob and
Johann I Bernoulli in the 1690s). The main question discussed in the follow-
ing years between Riccati’s Italian colleagues and the Bernoulli circle was
for which values of m, n and p it is possible to separate the variables or even
integrate the equation explicitly. Riccati himself, Nicolaus I, Johann I and
Daniel Bernoulli published answers of varying generality obtained by their
different methods, and so did Goldbach in 1726.%8

— series with a number of terms counted by different “orders of infinity” (Gold-
00
bach explicitly writes oo, ER 00?). The problem — originally motivated by

the comparison of coefficients in series raised to integer powers — turns on the
question whether a sum can be determined even in those cases where some
terms are reached (and can be added) only after infinitely many prior steps.
Nicolaus II Bernoulli, taking hints from infinite and infinitesimal ratios in
calculus, is skeptical whether this viewpoint makes sense, whereas Goldbach
insists it only matters that the differences between partial sums ultimately
become “inassignable”.

— “general terms” for individual sequences, which are mainly intended to pro-
vide a means for interpolation and summation. The first examples concern
powers with irrational exponents and the sequence of factorials, where it is
immediately clear what the terms for integer index should be; later the same
question is also posed for “Fibonacci type” series defined by linear (and al-
gebraic) recursions, where the direct calculation of those terms is much less
obvious. Since problems of this kind, where the 18th-century perspective sig-
nificantly differs from ours, are a main topic in Euler’s early correspondence
with Goldbach, they will be discussed in detail in Section 2.1.2 below.

— “squareable lunes” and their parts, i.e., plane figures bounded by circular
arcs (and possibly straight lines), whose area is measured by a rational — or
an algebraic — number.?’

27 There are also a few subjects Goldbach and Euler did not take up later: experiments in
elasticity and magnetism, curves defined by geometrical conditions or mechanical tracing
devices (orthogonal trajectories, tractrices, hypocycloids), expectations in games of chance
and so on.

28 See the introduction to Daniel Bernoulli’s Werke, vol. 1 (p.142-165, 176-188), where the
editor U. Bottazzini investigates in detail the early results obtained by the Italians and the
“Basel school” (including Goldbach); see also Yushkevich / Kopelevich 1994, p. 119-125.
Euler later devised yet another solution method by continued fractions (see Cretney 2014).
This was to yield a very interesting side effect: it became instrumental in Euler’s irrationality
proof for e (see Havil 2012, ch. 3).
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— a few problems in elementary number theory which can be traced back to
Fermat: his unproved theorem that no triangular number except 1 is a fourth
power, congruences which powers of integers never satisfy, rational squares
in arithmetic sequence, .... This is the only area of mathematics where
Goldbach feels competent enough to propose his own topics for discussion
instead of just taking up his correspondents’ questions.

Finally, the professional activity of the younger members of the circle is also a
frequent issue: they discuss their publications, their participation in prize com-
petitions, disputes with colleagues and appointments to academic positions, and
they ask for advice in decisions to be made and for mutual recommendation.
Goldbach’s role in this exchange is janus-faced: As a researcher, he is more
often than not outdone by his friends from Basel, who have had the advantage of
the best professional training in mathematics available at the time. On the other
hand, the first-rate network of connections in the “republic of letters” Goldbach
has built up gives him legitimate status as a useful advisor and sponsor for his
correspondents. Both roles — Goldbach as an active and interested participant in
the discussion of scientific issues of whose recent development he is, however, often
only vaguely aware, and as the well-placed patron of his correspondents who are
still striving for preferment — will also characterise his early relationship with Euler.

1.2.2. Gaining a foothold at the Petersburg Academy

Leonhard Euler first met Goldbach three days after his arrival in St. Petersburg:
On the evening of May 27th, 1727, the Petersburg Academy’s first President,
Lorenz von Blumentrost, gave a reception for the academicians on the very day
when Tsarina Catherine I had been solemnly laid out for burial.?® Goldbach, then
37 years old, had settled down two years earlier in a position which was not very
prestigious but influential; Euler, who had just turned 20, had left his native town
for the first time, making his way to Russia in order to take up his first job as
an “éleve” attached to the chair of physiology and anatomy. It is hard to imagine
that the young Swiss research assistant was not impressed and a bit shy when,
two weeks later, sophisticated, urbane Goldbach introduced him to the young Tsar

29 This topic again occurs in Daniel Bernoulli’s first book FEzercitationes quaedam mathemati-
cae, published at Venice in 1724 (see U. Bottazzini’s introduction in Daniel Bernoulli Werke
1, p. 188-194). See also infra n°9, notes 10 and 13.

30 In his travel diary Euler notes: “On the 27th the funeral of the late Empress took place
[...] we went into the [Peter and Paul] Fortress and the Church, looked on her again and
kissed her hand; from there we went to see Mr.de I'Isle and Mr. Leutmann and towards
evening visited the Court Physician [Blumentrost|, where we met Justice Councillor Gold-
bach, Mr. Henninger and Mr. Schumacher”. (“den 27. war die Leichbegengnuff der seligen
Kaiserin [...] da giengen wir in die Festung und Kirche, beschaueten die Kayserin nochmahls
und kiisseten ihr die Hand, von dar giengen wir zu Mr. de 'Isle und H. Leutman und auf
den abend zu H. Leibmedicus, da wir H. Justitien-Raht Goldbach, H. Henninger und H.
Schumacher antraffen”: Notebook II, quoted according to Mikhallov 1959, p.278).
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and his bride, congratulating Peter on his betrothal with an elegant Latin speech
and several poems on behalf of the Academy.

It is likely that they occasionally met again at the Academy in the following
months; in fact, Euler presented his first lectures (on the outflow of water from a
vessel and on a model of the Earth’s atmosphere) in June and September 1727.
However, the only encounter positively established by the lacunary records of the
Academy is their joint presence at a public experiment involving the vertical firing
of cannonballs in October.

There is no evidence that Fuler made a great impression on Goldbach then;
neither seems to be mentioned in the other’s correspondence prior to 1729. How-
ever, this is not at all hard to understand since they both had more pressing tasks
on their minds: Goldbach — opposed by conservative Russian nobles — struggled to
hold on to his new position as supervisor of the young Tsar’s education; and Euler
was busy proving that his wide-ranging talent for research far exceeded the modest
role as an assistant in physiology for which he had been engaged. Most of Euler’s
papers presented in 1728 and 1729, even those motivated by problems in mechan-
ics or astronomy, were primarily theoretical in content and used mathematical
methods: differential geometry, spherical trigonometry and differential equations.
It seems plausible that he already had designs on the chair of mathematics then
held by Hermann, who never settled down in Russia and left for Basel when his
five-year contract expired in 1730; but finally Euler had to accept a provisional
appointment as Bilfinger’s successor in physics and won his favoured position only
when Daniel Bernoulli also returned home in 1733.

In January 1728 Goldbach had followed his noble pupils and the court to
Moscow, but he stayed in contact with the Academy, exchanging letters — both
privately and on behalf of President Blumentrost — with several professors and with
Schumacher, who was in charge of its administration. Meanwhile tensions between
the mixed little group of academicians — caused in part by differences in scientific
outlook, in part by vivid competition — broke out in open battle: while the most
spiteful quarrel raged between Daniel Bernoulli and Bilfinger, who openly accused
one another of incompetence and plagiarism, most of the Academy’s members
were implicated in one way or another, and Schumacher exploited the splits and
Blumentrost’s absence to establish an arbitrary, bureaucratic regime.3! It proves
Euler’s diplomatic talent that he not only managed to keep out of the dispute
but also to publish in the Commentarii for 1729 a concise, correct and entirely
non-polemical solution of the astronomical problem that had triggered the conflict.
Blumentrost and Goldbach, to whom all parties had appealed, kept their distance
— to Bernoulli’s great disappointment.

31 In the title of the file that the Academy’s later historian G.F.Miiller compiled, the entire
affair is harshly but appropriately characterised by the word “Zankereyen” (“squabbles”). An
analysis of the scientific content of the controversy by the editor M. Howald-Haller can be
found in Daniel Bernoulli Werke 1, p. 381-441. Mumenthaler 1996, p. 124-137, gives another
detailed account of the conflict, focusing on its personal aspects.
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But in the meantime Euler had entered into correspondence with Goldbach
on his own. The occasion to do so arose in October 1729, when Bernoulli read
a paper of Goldbach’s on series and their interpolation to the Academy.?? Euler,
who was obviously aware of the topics discussed and developed in Goldbach’s
correspondence with Bernoulli during the previous months, had some new and
deep results of his own on this subject, which he communicated to Goldbach a few
days later in a long, deferential letter.?3

During the following year Euler freely participated, along with Daniel Bernoulli,
in the exchange of mathematical ideas with Goldbach in Moscow. Among the top-
ics discussed in their letters we still find expressions for series, squareable lunes
and the integration of algebraic differentials; in fact all three go on publishing pa-
pers on these subjects. On the other hand, the properties of numbers considered
“in a Fermatian spirit” — primality and factorisation, representation of integers
in various forms, transcendence and approximation — now become a central area
of common interest of Euler’s and Goldbach’s which none of their other corre-
spondents shares.?* Their enthusiasm for this “outmoded” field is to remain an
important base for their collaboration.

This regular flow of letters between Petersburg and Moscow — in 14 months
Goldbach exchanges 25 letters with Bernoulli and 13 with Euler — was suddenly
interrupted in November 1730. It is not known whether the silence, which lasted al-
most a year, while Bernoulli and Euler went on with their intense and productive

32 This paper, De terminis generalibus serierum, was printed in 1732; it is the most substantial
of Goldbach’s scientific publications.

33 In this first letter Euler indicates the values to be interpolated for fractional “indices” in

several series. In particular the value for the index % in the series of factorials 1, 2, 6, 24, ...

is described both in the form %\/ (\/—1 L — 1), where ¢ — 1 is the “hyperbolic” (natural)
logarithm of —1, and as “the side of a square equal to the circle whose diameter is 1”. In
modern notation these statements are equivalent to

r(3)-5vilecn- /T

thus Euler implicitly presents not just his result on interpolation, but also his determination
of the values that must be given to the logarithms of negative numbers. Obviously this result,
which he had cautiously suggested to his teacher Johann I Bernoulli at Basel a year earlier
(see O.IVA/2, p.88,91), is closely related to his later theory of the multi-valued logarithm
function for complex arguments and the famous “Euler’s formula” (never explicitly written
down by Euler)

™+ 1=0.

34 Daniel Bernoulli much later expressed the derogatory views on number theory typical of
most of his contemporaries when Nicolaus Fuft sent him a paper of Euler’s on a primality
test for large numbers (probably E.715): “Do you not think that it is almost too much
honour for the prime numbers to spend such a wealth of ideas on them, and should one
not pay some respect to the refined taste of our century?” (“Ne trouvez vous pas que c’est
presque faire trop d’honneur aux nombres premiers que d’y répandre tant de richesses, et ne
doit-on aucun égard au gott raffiné de notre siécle 7”: D. Bernoulli to N. Fufs, March 18th,
1778, quoted according to P.H. Fuk, Correspondance, t.11, p. 676-677).
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research and re-negotiated their contracts with the Academy, was due to per-
sonal, professional or political reasons. On November 29th, 1731, Goldbach just as
abruptly resumed contact, writing on the same day to both his younger colleagues
without any reference to the reasons for his silence; his correspondence with Daniel
Bernoulli in fact terminates with this letter.?> Bernoulli remained at the Academy
as professor of mathematics until June 1733, but for unknown reasons his relations
with Goldbach were now distant and even hostile, as several disparaging remarks
in his later letters show.3

Euler on his part was evidently interested in re-establishing his communication
with the influential Secretary; he at once replied to Goldbach, and in the next two
months four more letters were exchanged. Even before Goldbach was installed in
his new charge as the President’s deputy at the Academy, Euler had taken over
the disgruntled Bernoulli’s role as his main contact within the professorship and
his most important partner in discussing scientific matters.

1.2.3. The 1730s: patronage and collaboration

The decade from 1732 to 1741 was the only period of some length that Euler and
Goldbach spent in the same place; it is for this very reason that the development
of their rapport and the modes and subjects of their interaction are thinly docu-
mented. Since they both lived in the same district of St. Petersburg on Vasilevsky
Island, a short stroll away from each other, and met regularly — sometimes twice
a week — at the Academy’s conferences, there was no need to communicate in
writing. So, possibly pending a systematic study of Goldbach’s diaries, our evalu-
ation of their relationship must rely on official documents, such as the Academy’s
minutes, and on the few places in Euler’s publications, notes and letters where he
is mentioned.

35 Ful’s conjecture (Correspondance, t.11, p.405) that Bernoulli broke the correspondence off
because he was offended by Goldbach’s tardy reply seems unwarranted: Goldbach’s return
to Petersburg in January 1732 re-established the opportunity for personal contact, obviating
the necessity of communicating by letters. Indeed Goldbach’s relationship with Euler, which
grew close in the following years, is also documented by just six letters from the period up
to 1738.

36 In spite of his awareness of their friendship, he complained to Euler: “Goldbach was the
only one to arouse in me strong feelings of outrage and even contempt [...] There is truly
nothing in Goldbach but a hidden, unfounded and incomprehensible pride and such peculiar
principles as have never entered a human heart” (“Der eintzige Goldbach hat bej mir alle
sentimens einer indignation und wahren verachtung erwecket: [...] Hinter dem Goldbach
steckt wahrhafftig nichts als ein heimlicher ungegriindeter und unbegreifflicher stoltz nebst
so seltzsamen maximes die in keines menschen hertz gekommen sind™ R 145, September
20th, 1741); “I do not want to belittle [Goldbach’s| scholarly merit, particularly since you
show so much respect for him, but I cannot think much of his moral values, since he treated
me without any cause so rudely as is improper for honourable people” (“demselben will ich
seine merites in litteris nicht benemmen sonderlich da Ew. HEdgb. so viel estime fiir ihn
bezetigen, in moribus aber kan ich wenig auff ihn halten, indeme er ohn einigen anlaaft auff
eine weifs gegen mir grob gewesen, die keinen honneten leiiten wohl anstehen kan”: R 146,
July 28th, 1741). Both letters will be edited in O.IVA/3.
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Goldbach seems to have led a quiet life during that period, virtually aban-
doning his own research activities.?” For Euler, on the other hand, these were
extremely busy times: he presented on average five research papers a year to the
Academy, published his first books on arithmetic, mechanics and music theory
and, in addition, competed successfully for the Paris Academy’s prize three times.
During this decade he established his international fame by solving important,
long-standing problems in almost all fields of contemporary mathematics: series,
integration, number theory, differential equations, variational calculus and differ-
ential geometry.?® Moreover, as we know from a report he wrote to President Korff
in 1737, he also taught and examined students and naval cadets, submitted expert
opinions on technical projects and on candidatures for the Academy, and exerted
himself in the department of geography in preparing a first reliable map of the
largely uncharted Russian empire.?” As very few among the early chairholders of
the Petersburg Academy did, Euler really settled down in Russia, acquiring a sound
working knowledge of Russian and getting involved with all the educational and
technical development projects that had been Peter I’s main aim; this may well
have been one reason for his particularly friendly bond with those two members
who chose to remain in Russia for all their life, G.F. Miiller and Goldbach.

Since he was now established in a solid position, Euler could also think about
setting up his own household. On December 27th, 1733 (old style), he married
Katharina Gsell, the daughter of the painter and craftsman Georg Gsell from
St. Gallen in Switzerland, who was involved in the decoration of Russia’s new
capital and played a central role in its small, close-knit Swiss community.*® On
November 16th, 1734, their first son — one of only three among their thirteen
children who were to survive their parents — was born; it seems significant of the
good connections Euler had built up that the President of the Academy, Baron
Johann Albrecht von Korff (from whom the child got his first names), and its
Secretary Goldbach agreed to act as godfathers. Four more children followed in
the six years the Eulers remained in Petersburg, but the three daughters all died

37 The records of the Petersburg Academy (published in Protokoly 1897-1911) mention just two
scientific contributions of his for all that period: a lecture on algebraic equations that admit
no rational solutions (September 26th, 1732; printed as his last paper in the Commentarii
in 1738), and a project for measuring the shape of the Earth, which was not judged feasible
(January 29th and February 4th, 1737). The many other references to Goldbach in t.I of
the Protokoly all concern his administrative charges.

38 After his nomination to the chair of mathematics in 1733, Euler did not stop doing research in
physics and astronomy, but he temporarily relegated those fields to the background, reserving
his contributions for specific occasions such as requests for expertise and prize questions,
while the main thrust of his systematic investigations was now in “pure” mathematics.

39 Cf. Kopelevich 1983.

40 Contrary to what is sometimes stated, Katharina was not directly related to the painter
Maria Sibylla Merian: her mother had been Gsell’s first wife Marie Gertrud von Loen.
However, in Petersburg Gsell lived and worked together with his third wife Dorothea Maria
Henrietta Graff, a daughter of the famous painter. Late in his life, after Katharina’s death,
Fuler remarried in 1776, and his second wife Salome Abigail, a half-sister of Katharina’s,
was indeed a granddaughter of Maria Sibylla Merian.
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early. Euler himself was seriously ill at least twice in this period; in January 1735
and in August 1738 he suffered from unspecified but life-threatening infectious
diseases, and the second time an abscess cost him the sight in his right eye.!

Obviously it was good policy on Euler’s part to secure Goldbach’s enduring
goodwill: the Secretary exerted not only considerable influence within the Acad-
emy, counteracting Schumacher’s high-handed regime over scholars whose scientific
merits he could not appreciate, but also had the ear of other, mostly Western-born,
civil servants and moved adroitly in high political and diplomatic circles. This as-
pect of the relationship — Euler benefiting from Goldbach’s patronage — shows
again clearly in the last few communications that passed between them during the
time they both spent at Petersburg: Goldbach’s assurance that a satisfactory new
contract for Euler has been arranged, Euler’s well-known note asking Goldbach
for help in getting excused from the task of examining maps, which harms his
already impaired eyesight, and Goldbach’s promise to take the matter up with the
President.*?

On the other hand, one should not overlook the fact that Goldbach, even if he
did not actively participate in mathematical research any more, was one of the very
few people in Euler’s vicinity who could understand his work, appreciate its depth
at least to some extent and suggest avenues to explore. In fact, after the deaths
of Nicolaus II Bernoulli and Friedrich Christoph Mayer and the departures of
Hermann, Daniel and Johann IT Bernoulli, nobody else at the Petersburg Academy
had ever done research in mathematics or was even qualified to follow Euler’s
advanced lectures. This state of affairs was quasi-officially recognised when, in
August 1735, it was decreed, on Goldbach’s recommendation, that Euler should
henceforth present his papers just to a special “mathematics conference” consisting
of Goldbach himself, Delisle, G.W. Krafft — now professor of physics and mainly
busy with experiments — and C.N. von Winsheim who had recently been nominated
professor of astronomy.*> Whereas most papers presented to the Academy were
circulated among all the members, several of Euler’s were communicated only to
Goldbach, Krafft and possibly Delisle.**

The Academy’s records for 1735-38 (the first years of Korfl’s presidency are
particularly well documented in the minutes) show that Euler and Goldbach reg-
ularly collaborated in additional tasks, mostly along with some other members:

41 René Bernoulli (1983) suspects scrofula, a tuberculosis-related infection now largely extinct.
Euler himself and his first biographer Fuf (1786) mistakenly attributed the damage to
excessive strain on the eye by overly assiduous work on maps (see his appeal to Goldbach
for a dispensation, n° 34).

42 See n° 33-35 below.

43 Protokoly, t.1, p.221. The fact that Euler now worked virtually alone also shows in the
contributions for the “Classis Mathematica” of the Commentarii: in T. VIII for 1736, e.g.,
this section comprises twelve papers, one by Daniel Bernoulli at Basel and eleven by Euler
(who thus produced 159 of the section’s 188 pages).

44 Indeed, in some cases Goldbach got to see Euler’s manuscripts before they were presented

to the Academy; one meeting in 1735 had to be cancelled because Goldbach forgot to bring
along the paper Euler had proposed to read (Protokoly, t.1, p.227).
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examining students and applicants for staff positions, giving expert advice on
treatises and inventions submitted to the Academy, supervising the printing and
distribution of its publications. When the new President Brevern needed to reform
the Academy’s budget in 1740, the committee he charged with giving their exper-
tise consisted of Goldbach, Schumacher, Euler and Krafft; Goldbach’s final report
seems to give more weight to scientific than to purely financial considerations.*>

In comparison with this wide-ranging activity in the Academy’s administra-
tion and on its educational and technical sidelines, the record of strictly scientific
collaboration between Euler and Goldbach is, as has already been stated, mea-
ger. The few surviving notes from 1732-37 (n°20-24 below) bear on individual
problems in elementary and differential geometry, but no systematic investigation
emerges. In 1738-39, the summation of number-theoretically defined series again
surfaces in a series of missives (n°25-32) which are not easy to interpret out of
their original context; some very interesting and far-reaching speculations about
zeta-type series can, however, be tentatively identified and at least partially recon-
structed in them. As established by A.A.Kiselév in his notes to the 1965 edition,
Goldbach triggered here a research project that was to lead Euler towards impor-
tant results in analytic number theory.*6 At least one of Goldbach’s results in this
area impressed Euler so much that he included it — attributed in a very explicit
way, which was unusual — as the starting point for one of his papers.*” Euler par-
ticularly admired the fact that the peculiar type of series considered here for the
first time admitted neither what could properly called a general term nor a “law
of continuation” (i.e., a recursion formula), yet could be summed explicitly.

Even taking all of this into account, the extant evidence from the 1730s does
not by itself show that a close, friendly relationship between Euler and Goldbach
had evolved on both the professional and personal levels. This is, however, clearly
proven by the fact that the correspondence continued and grew in intensity when
Euler left the Petersburg Academy and there was no necessity — indeed no func-
tionally defined point — in pursuing it.*®

45 Materialy, t. VI, p. 504-505, 528-532. Goldbach’s report is also reproduced as Appendix A2
in the Yushkevich / Kopelevich biography (1994), p. 180-182.

46 See the present editors’ notes to letters n°® 25, 26 and 28-30.

47 E. 72, Variae observationes circa series infinitas (presented in April 1737 but printed only in
1744) quotes as Theorema 1 Goldbach’s summation of the series % + % + % + % + i + % +
% + ..., where the denominators are all the proper powers of natural numbers diminished by
1 (0.1/14, p.217). Euler also brought this calculation, which Goldbach had communicated
without any response to Daniel Bernoulli as early as 1729 (cf. Correspondance, t.11, p. 296),
to his correspondents’ attention in several letters, again emphasising Goldbach’s original
feat (R594 to C.G.Ehler, R 202 to Johann I Bernoulli: O.IVA/2, p. 165).
Strangely, Goldbach later quoted to Euler an erroneous version of this old result, insisting
even when Euler had tactfully pointed out the mistake (see below n° 73-75).

48 The official correspondence about publications, appointments, expert opinions, errands and
so on that Euler exchanged with the Petersburg Academy as a (very active) foreign member
during his entire stay at Berlin was addressed to its officers, mainly Schumacher and Miiller.
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1.2.4. A Russian-Prussian axis

Euler’s move to Berlin was motivated — to use the terms of social science — both by
“push” and “pull” factors. The political instability which threatened the Petersburg
Academy’s status has already been mentioned;*” the risks that the extreme climate
and constant overwork posed for Euler’s health were compounded — as we know
from a later letter to Miiller®® — by the ever-present danger of disastrous fires in a
city built almost entirely of wood.

On the Prussian side, the re-establishment of the Berlin Academy sadly ne-
glected by his father was among the first priorities Frederick II set himself when
he succeeded to the throne in 1740: within a couple of weeks he had started nego-
tiations to lure top-flight men of letters to Berlin. When Voltaire preferred to keep
his independence and Wolff cautiously chose a traditional university post at Halle,
it became all the more important to attract the rising stars among the scientists
of the day: Maupertuis, who had just “flattened the Earth” by his spectacular ex-
pedition “to the Pole”, and Euler, who was by then already considered the world’s
greatest research mathematician.®’ In February 1741, an improved salary offer by
the Prussian ambassador Mardefeld induced Euler to ask for his discharge, which
was granted only after some diplomatic tug-of-war: Goldbach’s pleas to President
Brevern and Vice-Chancellor Ostermann finally overcame Schumacher’s procras-
tinating resistance.

Although Euler was warmly received by several of Prussia’s intellectual leaders
and even by Frederick himself, who personally welcomed him in a short letter writ-
ten from an encampment in Silesia, the war severely hampered the establishment
of the restored academy; in the end it could be officially opened only in January
1746, and its set-up and finances remained shaky for a long time.?? Goldbach, who
was familiar with the circumstances and acquainted with many of the protagonists
of social life in Berlin, was the ideal correspondence partner to receive confidential
first-hand reports and sometimes give advice.

Indeed, the frequent and often extensive letters Euler sends to Goldbach are
a main source not only for learning about his professional activities, but also his
personal and social life in the 1740s. Euler’s growing family, his living conditions

49 Euler himself emphasised this aspect in the short autobiographical sketch he dictated to his
eldest son in 1767: he decided to leave Russia “when things began to look rather awkward
under the ensuing regency” (“nachdem [.. .| es bey der darauffolgenden Regentschafft ziemlich
miRlich auszusehen anfieng”: quoted according to Fellmann 1995, p. 13).

50 Cf. JW 1, p.226.

51 “le plus grand Algébriste de I’Europe” is the term Frederick’s envoy, Axel Freiherr von
Mardefeld, uses in a letter to the king written on June 17th, 1741 (cf. Winter 1957, p. 18),
in which he announces Euler’s imminent departure for Berlin, telling him that the Russian
court regrets the loss — and warning him at the same time that Euler’s physical appearance
does not give a favourable impression.

52 See below n° 40, 43, 54, 66, 72; cf. also Harnack 1900, vol. I, p. 245-331; Winter 1957, p. 12—48;
0.IVA/6 (correspondence between Euler and Frederick, in particular Winter’s introduction,
p. 280-288).
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and his financial success are mentioned as well as his encounters with high-ranking
members of the nobility and the administrative élite, with scholarly and scientific
colleagues, with artists and men of letters orbiting around the court. A detailed ac-
count of Euler’s journey to Berlin on the Baltic (n° 38) is followed, nine years later,
by the report on another of his rare trips (n°146), when he meets his Basel rela-
tives at Frankfurt on the Main in order to take his widowed mother back to Berlin
to live with him. Goldbach shows his interest by enquiring after Euler’s health, his
domestic circumstances, common acquaintances, developments in Berlin society
and the studies of his godson Johann Albrecht.

Even more space in the letters is given over to the exchange of academic and
scientific news — mostly on Euler’s side: as has already been remarked, Goldbach
is very reticent about his own work.?® Although Euler’s duties and benefits from
his ongoing membership in the Petersburg Academy are mainly dealt with in his
official correspondence with Schumacher, later also with Teplov and Miiller, he
continues to ask Goldbach for his help with financial claims. And the Russian
Academy’s arbiter elegantiarum is still his main authority in matters of sophisti-
cated style: whenever a poetic device for a prize paper or a commemorative medal
is needed, he requests Goldbach’s advice.

On Goldbach’s side, the main incentive for continuing with the correspondence
is the desire to keep in touch with developments in Western Europe: he asks for
news of the prize contests at Paris and Berlin, enquires about the progress of
Euler’s and his colleagues’ publications and enlists his help in obtaining scientific
and literary items from German bookshops.>*

But of course the central point of interest for most of those reading the Gold-
bach-Euler correspondence today is the copious information on research in math-
ematics (in particular number theory), on the questions often suggested by Gold-
bach and on their development in Euler’s fertile mind. Since this will be systemat-
ically discussed in Section 2 of this Introduction, a terse list of the principal topics
discussed in the period from 1741 to 1756 — in more or less chronological order —
will have to suffice here:*?

— representation of numbers by quadratic — and higher-order — forms (in par-
ticular, Fermat’s Four Squares Theorem): this is the only field which remains
constantly in view during all the 35-year exchange

— integration of rational and algebraic functions: via partial fraction decom-
position, this leads to a discussion of complex zeros and the Fundamental
Theorem of Algebra, which also involves Nicolaus I Bernoulli; later on there
are traces of Euler’s discovery of the addition theorem for elliptic integrals

53 Some exceptions are mentioned in note 11 above.
54 The systematically ordered Subject Index (infra p.1201-1205) permits to locate the letters
in which these issues are mentioned.

55 The places where some given topic appears in the correspondence can be identified by
consulting the Subject Index (p. 1201-1205).
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— the connection between complex powers and trigonometric functions, “Euler’s
formula”, trigonometric (“Fourier”) series

— series of zeta and “multi-zeta” type, infinite products and continued fractions,
conditional convergence, divergence (with some hints at what later came to
be called summation methods), orders of infinity

— the determination of algebraic curves characterised by geometrical conditions
(in particular, a tricky challenge problem in catoptrics publicly proposed by
Euler in 1745).

Besides these ongoing research projects, there is also a wealth of incidental remarks
from many areas of mathematics: here we find paragraphs on primes represented
by polynomials or with a given difference, algebraic differential equations and their
singular solutions, perfect numbers and the factoring of Fermat numbers, divisor
sums and partitions (leading to the “Pentagonal Number Theorem”, one of Euler’s
most surprising results), the additive representation of integers by primes (with
the conjecture that is Goldbach’s one claim to lasting fame), the reordering of
divergent series, transcendental numbers and their numerical approximation, an
interpolation of the factorials connected with asymptotics for the harmonic series,
general terms and sums for series defined by recursion, the number of dissections
of a polygon into triangles (here “Catalan numbers” and their generating function
make their first appearance), rational parametrisation of algebraic equations (and
solvable cases of degree 5 and 6), an investigation of the general properties of solids
enclosed by plane faces (which yields the earliest non-trivial discoveries in com-
binatorial topology), “multiply polygonal” numbers, Euler’s attack on “Fermat’s
Last Theorem” (where he made the first step beyond Fermat himself by presenting
a proof for the case n = 3, which however has an important gap), and so on ...
almost to infinity.

Among the topics in natural science raised in the correspondence we find Euler’s
theories of gravity and magnetism, his attempt to produce achromatic lenses, plan-
etary motion (with a curious digression that leads from the three-body problem
towards a kind of epistemological “anthropic principle”), the discussion on the
correct measure of “action” that is preserved in collisions (an important source of
confusion and dissent in 18th-century mechanics), astronomical tables, comets and
eclipses — not to mention such little gems by the wayside as an enquiry into the
composition of erythrocytes (with an early foray into fractal geometry). However,
Euler is aware that Goldbach does not take as much interest in these fields as in
his research in pure mathematics, and mostly limits his remarks to short hints.

Goldbach’s role in the development of Euler’s scientific work — more specifically
of his number-theoretical research — is often underrated. Of course the mathemat-
ical achievements in Goldbach’s few published works pale compared with the huge
body of results that Euler obtained. But at the beginning of his career, Euler at-
tacked problems that were “fashionable” at the time and had already been studied
by his contemporaries, principally the Bernoullis — and Goldbach. In his first let-
ter to Goldbach, Euler reported on his results on interpolation of sequences, an
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area of mathematics in which Goldbach was active. Later other topics to which
Goldbach had contributed came up: Fermat’s observation on triangular numbers
that are fourth powers, the Riccati equation, the integration of binomial differen-
tials. In the context of this last problem Euler attempted to compute the integral
/ \/%, but remarked in n°11 that he could not do it “even by admitting
logarithms”. This certainly was one of the reasons why he was electrified when he
saw Fagnano’s account of “elliptic integrals”, and started working out the addition
formula in greater generality.

Even more important for defining Euler’s mathematical interests was Gold-
bach’s fascination with number-theoretic problems. Goldbach’s innocent question
whether Euler knew of Fermat’s claim that all numbers of the form 22" + 1 are
prime eventually made Euler study everything by Fermat he could lay his hands
on. Euler’s contemporaries, first of all the Bernoullis, remained indifferent to this
aspect of Euler’s research, leaving Goldbach as virtually the only person with
whom Euler could discuss such topics®® until, towards the end of Euler’s life and
after Goldbach’s death, Lagrange entered the stage.

1.2.5. The final years

In the decade from Euler’s move to Berlin in June 1741 to the end of 1750, Gold-
bach and he wrote frequently to each other, on average every two months on each
side; many of both correspondents’ letters are long and substantial. However, to-
wards the end of this period Goldbach’s messages became rarer and shorter, and
the scientific content dwindled: as he explained to Fuler in 1751, “the attention
required for such speculations is ever more fading away, by a progression that
strongly converges to nothing”. Goldbach was by now in his sixties and gradu-
ally retired from his professional activities; if he had earlier dreamed of a vigor-
ous return, undistracted by other obligations, to his mathematical pastimes, his
creativity and his concentration span now drained away fast. In spite of Euler’s

56 Among the few exceptions we mention Euler’s correspondents Ehler, Naudé, Krafft, Wins-
heim and Segner: Some of the topics in Euler’s correspondence with Ehler were the “Chinese
Remainder Theorem” (R 581: April 8th, 1735), Fermat’s Little Theorem and the primality
of Fermat numbers (R 584: June 1735), triangular numbers that are squares (R 592: August
27th, 1736), and the summation of the series 14+d+d>+d®+. .. (R 594: February 11th, 1737).
With Naudé, Euler discussed squares among the triangular numbers as well as partitions
(R1903-1904: August to September 1740). In the Krafft correspondence, two letters from
1744 (R 1282, 1283) deal with series involving figurate numbers, one from 1746 (R 1288)
poses a problem on sums of divisors; in 1747 Krafft is looking for an analogue to perfect
numbers among negative integers and marvels at Euler’s recursion formula for sums of
divisors (R 1293, 1294); a letter from 1750 (R 1303) mentions divisibility properties of the
numbers 27 —2 and 2P — 1, and another one (R 1304) asks Euler about his result that integers
which are sums of two squares in a unique way are prime (the Krafft correspondence has
been summarised in JW 3, p. 134-176, but many of Euler’s letters are apparently lost). In
the autumn and winter of 1748, Euler discussed Mersenne primes and factors of 2 — 1 with
Winsheim (R 2813-2816). And in 1757, he pointed out errors in Segner’s attempted proof
of Fermat’s Last Theorem (R 2494-2497).
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encouragement, there are no new suggestions from his side, and his analysis of the
questions Euler raises becomes ever more laborious and repetitive. Euler, who has
always exhibited great patience with Goldbach’s (relative) shortcomings, contin-
ues to assess his efforts kindly and explain at length what has not been correctly
understood; but after a few years his part of the dialogue also trails off.

Moreover there are also weighty external reasons for this fade-out: after Mau-
pertuis’ flight from Berlin in 1753, in the aftermath of the Konig affair, Euler was
burdened with official chores as acting president of the Berlin Academy (without
receiving either the title or the salary raise that should have gone with the task).
And in August 1756, after a decade of strained quiet, the struggle between Prussia
and Austria for supremacy in Central Europe again erupted into a war that was to
go on for seven years, and this time Russia joined the hostilities against Frederick.
In October 1760, a Russian army even occupied Berlin for a short time, pillaging
Euler’s estate at nearby Charlottenburg.

Apparently Goldbach’s position in the Tsarina’s Foreign Department precluded
the continuation of his correspondence with Prussia, although the postal service
between Petersburg and Berlin went on more or less undisturbed (in fact Euler
regularly exchanged letters, parcels and bills with Miiller and several other col-
leagues in Russia all during the war). The only note Euler was able to send to
Goldbach between June 1756 and June 1762 was a letter of recommendation de-
livered personally by F.U.Th. Aepinus, who had been called to the chair of physics
at the Petersburg Academy.®”

But even when normal means of communication were reopened after “this vi-
olent thunderstorm”,>® the tone of the correspondence was changed: the messages
exchanged in the two years that remained of Goldbach’s life — eight letters from
Berlin, just four very short notes from Petersburg — are centered on personal news,
touching on mathematics only in a desultory way. They contain reports on Euler’s
family, congratulations on Goldbach’s career and — increasingly — expressions of
concern, advice and good wishes for his declining health. Euler’s last letter, written
eight months before Goldbach’s death, ended up not among the Goldbach papers,
but in G.F. Miiller’s files at Petersburg; apparently by then the Academy’s Secre-
tary took charge of his terminally ill friend’s correspondence. Miiller also informed
Euler of Goldbach’s death and described to him in detail his last days, the funeral
rites and the arrangements for the disposal of his financial and literary estate.””

Let us close this summary of our protagonists’ relationship, which for most of
the time of their acquaintance had been restricted to written expression, with a
remark on form and content: The style of the letters — the only testimony of their

57 This note was accompanied by a letter in which Johann Albrecht Euler also recommended
himself to his godfather’s goodwill; see n°® 184, 184®.

58 Cf. n°185. After Peter III succeeded to the Russian throne and made a separate peace with
Prussia in May 1762, Euler immediately profited from the occasion to resume contact with
his former patron after a five-year hiatus — incidentally mentioning that he was hoping for
compensation of his losses during the Russian army’s occupation of Berlin.

59 Cf. JW1, p. 253-258.
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dealings that remains — is easy to misinterpret as distanced, since conventions have
changed so much since Goldbach’s lifetime. The tone employed by both correspon-
dents always remains very courtly: they address each other in not only respectful
but seemingly stilted terms and close their letters by elaborate, almost uniformly
phrased salutations. But although the expression of their mutual regard seems
much more formal than is customary in recent times or, indeed, in contemporary
letters from other countries, the personal warmth Goldbach and Euler felt for each
other should not be overlooked. Both partners profit from every opportunity to
congratulate each other on their professional, social and economic success; Gold-
bach seldom neglects to send his sincere regards to Euler’s wife, his felicitations on
his children’s birth and his condolences when one of his relatives dies. When the
bookseller Spener erroneously charges Goldbach for a book Euler has had sent to
him as a gift, Euler is literally inconsolable in his fear that this misunderstanding
might damage their relationship; when Euler learns about an illness affecting his
elder friend, he is sincerely concerned and tries to counsel him. This tone of affec-
tionate, on rare occasions even jocular, comradeship is hardly ever perceptible in
Euler’s other correspondence. There should be no doubt that Euler, the greatest
mathematician of his time, and Goldbach, the worldly-wise “dilettante”, regarded
each other as tried and valued friends for a lifetime.

1.3. The Euler-Goldbach correspondence:
chronology and statistics

The main remaining testimony of the relationship between Leonhard Euler and
Christian Goldbach sketched in the last section is their correspondence. This con-
sists of 196 extant letters, 102 written by Euler and 94 by Goldbach.® In the table
on the next two pages, three periods of intense correspondence and two gaps when
almost no letters were exchanged can be distinguished:

— October 1729 to January 1732, letters 1-19: Goldbach is living in Moscow
with the court of his former pupil Tsar Peter II; Euler is launching his career
at the Petersburg Academy. Taking up many of the topics Goldbach has
already been discussing with their colleague Daniel Bernoulli — mainly in
the theory of series, integral calculus and elementary number theory — Euler
works at impressing Goldbach with the advances he has made in his research.
Goldbach has found a partner who shares his interests in pure mathematics
and can be expected to tackle the most difficult problems successfully.

60 In most cases, the autograph manuscript of the letter as it was actually sent is preserved
among the documentary estate of the recipient. For most of Goldbach’s letters from the
periods 1730-31 and 1742-1749, we also have the (often partial) copies that he entered in
his “correspondence book”. A fuller description of the manuscripts is given in Section 3.1
below; see also the Synoptic Table of the correspondence, p. 1141-1146.
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— February 1732 to June 1741, letters 20-37: Goldbach and Euler now both live

in Petersburg and regularly meet at the Academy, where they collaborate in
various roles as researchers, scientific experts, educators and administrators.
Most of their communication takes place directly; only a few occasional mes-
sages document their interaction in this period. FEuler still relies on Gold-
bach’s patronage to support his career, but his outstanding talent makes
him the rising star of Russia’s small academic community, while Goldbach
is withdrawing, in the same period, from public visibility as a scientist.

July 1741 to July 1756, letters 38-183: Euler has moved to Berlin and is
now supplying the lion’s share of research for two academies; Goldbach —
by now in his fifties — occupies a senior position in Russian civil service,
commuting between Moscow and Petersburg.®! The correspondence with
Euler is now the only link to Western Europe he has left and his only hold
on his passion for mathematics. Up to the late 1740s, both partners write
frequently, alternating regularly; besides the scientific topics, they discuss
many events in their academic and personal life and help each other with
errands. Towards the end of this period, the correspondence thins out both
in quantity and content; Goldbach is gradually retiring from his charges, and
Euler is busy with many other tasks and new networks.

August 1756 to May 1762, letter 184: Prussia has unleashed the third and
most obstinate war for Silesia; this time Russia is seriously involved. Euler’s
correspondence with Petersburg is restricted to official business with the
Academy, of which he is still an active foreign member. Only once is he able
to entrust personal messages for Goldbach from himself and his son Johann
Albrecht, Goldbach’s godson, to a colleague who is travelling to Petersburg.

June 1762 to November 1764, letters 185-196: Immediately after the con-
clusion of a peace treaty between Prussia and the new Tsar Peter 111, Euler
resumes the correspondence, but Goldbach is now in his seventies and his
health is failing. Euler’s effort to reawaken his interest in mathematical ideas
is not very successful; the notes sent on both sides are now mainly limited
to civilities and friendly advice. Apparently Goldbach, who was terminally
ill by then, did not take note of Euler’s last letter; later Miiller reported to
Euler on their old friend’s death and funeral.

61 A word on the service provided by the Royal Prussian post may be in place here. According

to a description with regard to a slightly earlier period (Matthias 1812, vol. 1, p. 325-328),
the riding mail couriers for Russia left Berlin every Tuesday and Saturday evening at 6 p.m.,
going to Moscow by way of K&nigsberg, Riga and Petersburg; on the same weekdays, mail
from Russia arrived at Berlin by noon.

Indeed most of Euler’s letters from Berlin and of those Goldbach sent from Petersburg are
dated from these two days of the week; when Goldbach was in Moscow, he often wrote on
Monday or Thursday. The sequence of letters in our correspondence strongly suggests that
letters between Berlin and Petersburg usually took two weeks to arrive (see, e.g., n°39,
note 1, and n°®107, note 1); so the time lapse until a reply arrived was expected to be
approximately one month (at least in summer).
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The table on the next double page shows the chronological progress of the Fuler-
Goldbach correspondence, month by month, and the number of letters written on
both sides each year. On the right-hand page some important events for the two
correspondents and their environment are listed in order to correlate the sequence
of letters with the course of their personal and professional lives.
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Year Letters EG n° lg.
J F M A M J J A S 0] N D

1725

1726

1727

1728

1729 E G 11 12 Latin

1730 E G EGEG E GE GE 6 5 3-13

1731 GE G 1 2 14-16

1732 EGE [E] 31 17-20

1733

1734

1735 [E] G 11 21-22

1736 G 1 23

1737 E 1 24

1738 G 1 25

1739 GEGE EGE 4 3 26-32

1740 G EG 1 2 33-35 French

1741 E G EG EE G E 5 3 36-43 German

1742 EGG EE G E GE G E GE GEG 8 8 44-59

1743 EE GGE G E GE G EG E G E G 8 8 60-75

1744 E G E G EG G E G E 5 5 T6-85

1745 G E G E G E G E GGE G 5 7 8697

146 E EG G E GGE E GE G E G E 8 7 98-112

1747 EG E G E G EG E G E 6 5113-123

1748 G E G E GE G E G E 5 5 124-133

1749 G EG GEE G E 4 4 134-141

1750 G E E G EE G E 5 3 142-149

1751 G EG G E G E 3 4 150-156

1752 GE E [G] E GE G E 5 4 157-165

1753 G E G E 2 2 166-169

1754

1755 G E GE GG 2 4 170-175

1756 EG E GG E G E 4 176-183

1757 E 184

1758

1759

1760

1761

1762 E E G E 3 1 158-188

1763 EEGG E E 4 2189-194

1764 G E 1 1 195-196

1765

1766
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Year

1725
1726
1727
1728
1729
1730
1731
1732
1733
1734
1735
1736
1737
1738
1739
1740
1741
1742
1743
1744
1745
1746
1747
1748
1749
1750
1751
1752
1753
1754
1755
1756
1757
1758
1759
1760
1761
1762
1763
1764
1765
1766

Goldbach
arrives in Pb (July)

supervisor of Peter II

in Moscow with court

to Pb (Jan)

AcPb “deputy President”

to Foreign Office (Mar)
to Pb (Jan)

to Moscow (Feb)

in Pb (Jan)

receives estate in Livonia

to Moscow (Jan)
to Pb (Jan)
buys house in Pb

to Moscow (Jan)
to Pb (Mar)

Privy Councillor

dies (Nov 20)

Euler

negotiates with AcPb
arrives in Pb (May)

professor of physics
professor of mathematics
marries (Jan), * J.A. Euler
seriously ill (Jan)

loses sight in right eye (Aug)

* Karl Euler

moves to Berlin (June/July)
* Christoph Euler

* Charlotte Euler

1 Paul Euler (Mar)

Fellow of Royal Society
meets Frederick II

takes his mother to Berlin

buys estate at Lietzow
de facto president of AcBe
member of AcSci Paris

J.A. Euler marries
travels to Halle with Karl

negotiates return to AcPb

returns to Pb (July)

other relevant events
AcPDb opens (Sep)

Peter II Tsar
troubles at AcPb
Start of Commentarii

Anna Ioannovna Tsarina

Keyserling AcPb President
Korff AcPb President

Frederick II King (May)
Elizabeth I Tsarina (Nov)

end of 1st Silesian war (June)
Société Litteraire Berlin

AcBe statute proclaimed (Jan)
end of 2nd Silesian war (Dec)
Maupertuis AcBe President

t Johann I Bernoulli (Jan)

Maupertuis-Koénig affair

3rd Silesian war (Aug)
T Maupertuis (July)
Berlin occupied by Russians

Catherine II Tsarina (July)
end of 3rd Silesian war (Feb)






2. MAIN SUBJECTS OF THE CORRESPONDENCE

This introduction is written for the benefit of a 21st-century reader who would
like to get a first overview of the questions Euler and Goldbach discussed in their
correspondence. For this reason we have used modern notions and modern notation
throughout the present section. This change of notation with respect to the sources
is, in our view, harmless when we write, e. g., 22 instead of zx, or replace the ratio
p between the circumference and the diameter of a circle by 7, a notation that
came into common use during Euler’s lifetime.!

The use of our notations for factorials (Euler called them “Wallis’s hypergeo-
metric series”) and binomial coefficients is slightly more problematic, because they
are accompanied by a whole body of formulae and relations that were not as
familiar to Euler’s contemporaries as they are to us.?

The modern index notation (a,) for sequences was also not available to 18th-
century mathematicians; instead they used two-line “tables” linking index numbers
and the corresponding terms. Thus, e. g., the array

4 5

[index:] 3
6 24 120

1 2
[term:] 1 2
refers to the sequence a, = n! of factorials.

In the 17th century, Wallis, Huygens and their contemporaries had solved
“quadrature” problems without systematic notions of calculus or an established
notation for integration. The general idea of an algorithm for solving problems of
that kind and the | sign were devised by Leibniz, and in the 1690s Euler’s teacher
Johann Bernoulli coined the word “integral”; but since the notion of a definite inte-
gral f; f(x) dx was lacking, 18th-century mathematicians still had to fix the range
of integration by words. In Euler’s later work, the gradual transition towards a
formalised notation for the definite integral can be studied.

As will be discussed below, the understanding of the terms “irrational” and
“transcendental” in the writings of Euler and Goldbach also differs greatly from
their modern meaning.

In the following we will present the main topics that show up in the correspon-
dence between Euler and Goldbach. Most of these topics belong to one of the

1 Euler’s textbooks were actually instrumental in disseminating this sign and the concept of
7 as a number, which had been introduced in 1706 by the Welsh Newtonian William Jones
(see Mattmiiller 2008, p.42).

2 In E. 421, Euler used the notation [7*] for his interpolation of the sequence of factorials at
x = 7%;in E. 652 he introduced the symbol A : n =1-2-..n, and in E. 768 he employed the
notation ® : m. The symbol n! is due to Kramp (1808); Gauss used IIn (as did Riemann, by
the way), and Legendre (1811) introduced the notation I'(s) still in use (with a shift of the
argument: I'(n) = (n — 1)!). For the binomial coefficient that we denote by (%), Euler used,
in E.575 and E.584, the symbol [2]; in E. 663, E.709, E. 722, E.726, E. 747 and E. 768, he

employed several other notations such as (7).
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“three A’s”: algebra, analysis and arithmetic. The main difficulty in classifying
Euler’s work comes from the subsequent development: Euler probably did not

consider his summation of the series — as being related to number theory,
n

and neither did the Bernoullis;® modern readers, on the other hand, recognise this
result as an example of the theory of special values of zeta functions and L-series,
which today is considered a part of number theory.

Even the topics that we have listed under the title “analysis” have a number-
theoretical touch: the technique of interpolation is used nowadays for defining
p-adic analogs of classical functions such as the Gamma function and L-series
(where, by the way, Bernoulli numbers play a central role); Euler used the Riccati
equation for deriving continued fraction expansions of e, and elliptic integrals are
today mainly studied in connection with elliptic curves.

Despite these problems we could not bring ourselves to throw out the classifi-
cation into number theory on the one hand and analysis on the other; to accom-
modate some of the more problematic cases we have added a section on analytic
tools in number theory.

2.1. Number theory

Number theory in Euler’s times was an area of mathematics that dealt with prop-
erties of whole numbers and with problems that were more or less inherited from
Pythagoras, Euclid and Diophantus: prime numbers, perfect* and amicable® num-
bers, square and polygonal® numbers, Diophantine equations, and similar topics.
Fermat regularly tried to interest mathematicians such as Huygens, Pascal and
Brouncker in number-theoretic problems, but his efforts — like those of Euler a
century later — were largely in vain.

2.1.1. Fermat’s legacy

Euler was brought into contact with Fermat’s problems by Goldbach’s first letter,
when Goldbach asked him whether he knew of Fermat’s claim that all numbers
of the form 22" + 1 are prime. Subsequently Euler started reading Fermat (see

3 All the same, Jacob (I) Bernoulli gave to his 1689 paper on the problem of evaluating sums
of the form 3°°° | n™* the title “ Arithmetic theses on infinite series and their finite sum”.

4 A number n is called perfect if it equals the sum of its proper divisors; for example, 6 =
1+ 2+ 3 is perfect.

5 Two numbers m and n are called amicable if s(n) = m and s(m) = n, where s(n) denotes
the sum of the proper divisors of n; the classical example of a pair of amicable numbers is
m = 220 and n = 284.

6 Polygonal numbers, sometimes also called figurate numbers, generalise the notion of square
numbers; they count the dots that can be arranged in a pattern of nested regular polygons.
The n-gonal numbers p,(cm form a sequence with first term pgn) = 1 and second difference

(n) _ 1

equal to n — 2; explicitly, they are given by p,’ 5((n— 2k — (n — 4)k).
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result

Fermat

Euler-Goldbach letters

22" 41 is prime

2P — 1 is only prime if p is prime
q| 2P — 1 implies ¢ = 2kp+ 1
dn—1#4 22+ forz,yeQ

8n+7# 2+ y?+ 22
forz, y, z € Q

Fermat’s Little Theorem

pta? + y? for primes p = 4n — 1
and coprime integers x, y

Two Squares Theorem
Four Squares Theorem

8m + 3 = 2% + y% + 22 and the
Triangular Number Theorem

Polygonal Number Theorem

There is no right-angled triangle in
numbers whose area is a square

The only triangular number that is
a fourth power is 1

Solvability of “Pell’s Equation®
Fermat’s Last Theorem (n = 3)

Multiply Polygonal Numbers

Fermat 1679, p. 162
Fermat 1679, p. 177
Fermat 1679, p. 176

Fermat 1891, t.II,
p-202-205

Fermat 1891, t. 11,
p- 66

Fermat 1679, p. 161
Fermat 1679, p. 162

Fermat 1891, t.II,
p- 203, 213, 221-222
Wallis 1693, p. 857

Wallis 1693, p. 857

Wallis 1658, p. 857
Frénicle 1676, p. 100

Wallis 1693, p. 858

Fermat 1679, p. 190
Fermat 1679, p. 193
Fermat 1679, p. 168

n°2-4, 7,8, 52
n°15

n° 165

n°11

nel1l

n° 15, 47
n° 15, 47, 73, 74

n° 87, 115, 138
n°5, 74, 115, 127, 138,
140, 141, 147

n° 74, 114, 125

n°11

n°7

n°9, 169, 173
n° 125, 169, 171
n° 167

Table 2.1: Fermat’s problems in the Euler-Goldbach correspondence

infra p.39) and investigated almost all the problems that Fermat had left. Among
his first five papers on number theory (E. 26, E. 29, E. 36, E. 54, E. 98), only E. 36
on amicable numbers does not refer to work done by Fermat (although Fermat,
like many of his contemporaries such as Descartes and Frénicle, had also studied

amicable numbers).

Euler rediscovered the power of Fermat’s main technique, infinite descent, and
found out how to use it for proving the following results that Fermat had obtained

by the same method:

— Certain Diophantine equations, such as z* + y* = 22, do not have any non-
trivial solutions in integers: see, e. g., E.98, in which Euler referred to Fréni-
cle’s Traité des triangles rectangles en nombres (1676): this contains a proof
(believed to be akin to Fermat’s) of his result that there is no right-angled
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triangle with integral sides whose area is a square. This problem is equivalent
to solving z* — y* = 22 in non-zero integers.” In E. 98, Euler presented his
own version of Frénicle’s proof and applied the same technique to equations

such as x4 + gyt = 22.

— The only fourth power among the triangular numbers 7;, = %n(n + 1) for
n > 1is T7 = 1. The corresponding problem for squares in the sequence of
triangular numbers led Euler to investigating “Pell’s equation” (incidentally
establishing this erroneous attribution).

— All odd prime divisors of integers of the form 2z 4+ y? have the form 4n + 1;
Euler gave several proofs of this fact, and with a little help from Euler,
Goldbach found one, too (see n°73). For the corresponding results on prime
divisors of the forms x? 4+ 2y?, Euler used a proof by descent (see E. 256 for
2?2 4 292 and E. 449 for 22 — 2y?). Euler’s idea became the basis of the first
proof of the quadratic reciprocity law by Gauss,® who replaced descent by
induction.

— Every prime p = 4n + 1 is the sum of two squares: see, e.g., E.228. Euler
later tried to prove the Four Squares Theorem along the same lines.

In fact, Euler worked out proofs for most of Fermat’s claims — with some notable
exceptions:

10
11

— the Four Squares Theorem, according to which every positive integer is the
sum of at most four integral squares: Euler could reduce the claim to rep-
resenting prime numbers as sum of four squares and was also able to prove
that positive integers are sums of four squares of rational numbers, but it
was Lagrange who first succeeded in fully proving the theorem.”

— the solvability of “Pell’s Equation™ for positive non-square integers A, the
equation Ay? 4+ 1 = z? has infinitely many solutions in integers. This was
also first proved by Lagrange, after Euler had translated Brouncker’s method
into the language of continued fractions.

— the Triangular Numbers Theorem: every positive integer is the sum of at
most three triangular numbers %n(n—i— 1). The observation that this is equiv-
alent to representing numbers of the form 8m + 3 as sums of three integral
squares was known to Fermat and Euler. The “Three Squares Theorem” was
proved by Gauss'® and figures prominently in his diary.'!

Catherine Goldstein (1995) has devoted an important monograph to this theorem, the his-
tory of its reception and various “reconstructions” of Fermat’s ideas.

Cf. Gauss, Disquisitiones (1801), art. 107-114.
FEuler came very close to a complete proof, however: see Lemmermeyer 2010.
For a later version of his proof, cf. Gauss, Disquisitiones (1801), art. 266-293.

In his early years, Gauss kept a diary in which he entered his main discoveries (see Gauss
2005). In entry n° 18 from July 10th, 1796, he encoded the result that every positive number
is a sum of three triangular numbers as “EUREKA! num = A + A + A”.
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— the general Polygonal Number Theorem, according to which every positive
integer is the sum of at most three triangular numbers, four squares, five
pentagonal numbers etc., was derived by Cauchy (1815) from Gauss’s Three
Squares Theorem just mentioned.

— “Fermat’s Last Theorem”, the unsolvability of ™ + y™ = 2™ in non-zero

integers for exponents n > 2, was finally proved by Wiles and Taylor in the
1990s.

Although Euler’s first reaction on learning of Fermat’s statement concerning the
primality of 22" + 1 was rather reserved, in his next letter to Goldbach (n°5) he
admitted that he had become interested and had started reading Fermat’s works.
At that time Euler had access to Fermat’s Varia Opera edited in 1679, to Wallis’s
Commercium Epistolicum'? first edited in 1658, which contains several letters by
Fermat, and to Frénicle’s 1676 Traité, which contains Fermat’s proof by descent
that there is no triangle in integers whose area is a square. André Weil suggests
(Weil 1984, ch.III, §IV) that Euler read Fermat’s Observations on Diophantus,
which had been edited by his son Samuel in 1670, only in 1748; in fact, in his
letter n°® 125 to Goldbach, which was written in February 1748, FKuler mentioned
for the first time what later would be called Fermat’s Last Theorem, a result that
Fermat did not mention in his correspondence and which only appeared in the
commentary to Diophantus.'3

Fermat numbers and Mersenne numbers

Prime numbers of a special form have a tendency to show up in most investigations
on amicable or perfect numbers. Euclid already proved (Elements 1X.36) that if
2P — 1 is a prime number, then 2P~1(2P — 1) is perfect, i.e., this number equals the
sum of its proper divisors. In two notes dating probably from the late 1740s but
published only in 1849, Euler proved the converse and established the generality of
Euclid’s construction: all even perfect numbers are of the form 2P~1(2P — 1) where
p and 2P — 1 are prime.'?

One of the classical problems that Fermat mentioned several times in his corre-
spondence was that of finding an explicit formula that would yield prime numbers
greater than any given number. Fermat believed he had found a solution to this
problem: he conjectured that all numbers of the form F, = 22" + 1 are prime.
Goldbach asked Euler in n°3 whether he knew Fermat’s claim, and explained in
n° 8 that all Fermat numbers are pairwise coprime. Euler, in n°7, looked at the
more general problem of the primality of numbers of the form (2]9)21C + 1 and ob-
served that these are not always prime. In n° 52, Euler indicated the divisor 641
of the fifth Fermat number.

12 Euler refers to this in E. 26.

13 In the spring of 1757, J.A.Segner discussed his attempt to prove Fermat’s Last Theorem
with Euler in several letters (R 2494-2497, to appear in O.IVA/8).

14 See E. 798, §8, and E. 792, §106-109.
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Mersenne numbers first show up in n° 5, where Euler remarks that some believe
all numbers of the form M, = 2P — 1 to be prime,'® whereas 23 | My, 47 | Mas
and 223 | M37. In n° 15, he observed that g | M), for p =11, 23, 83 and ¢ = 2p+ 1.
More generally, Euler claimed that 2" — 1 is divisible by n + 1 whenever n+1 is a
prime number; this is a special case of “Fermat’s Little Theorem” that p | a?~! —1
for primes p and numbers a coprime to p, which Euler proved in n°47. Euler later
generalised this result to m | a®?(™) — 1 for arbitrary coprime numbers a and m,
where (m) denotes the number of integers 1 < k < m coprime to m.'% The
number of known perfect numbers, and in particular the primality of 23! — 1, is
discussed in n°® 162-165.

Sums of squares and polygonal numbers

The problem of representing numbers as sums of two squares has a long history.
Apparently Diophantus already knew how the representations of 65 as a sum
of two squares can be computed from the representations of its prime factors
5 and 13, and the idea underlying the “product formula” (a? + b%)(c® + d?) =
(ac — bd)? + (ad + bc)? was also known to Indian mathematicians such as Brah-
magupta. Girard and Bachet studied the problem of writing numbers as sums of
two squares, but it was Fermat who finally succeeded in proving the fundamental
result that primes p = 4n + 1 can be written uniquely as a sum of two squares.'”

In n° 6, Goldbach conjectured that the smallest nontrivial divisor of a number
of the form a®" + 1 has the same form n?" + 1, and stated this could easily be
proved for x = 1. In his reply, Euler politely remarked that the claim is true if
one allows 1 as the smallest divisor, and then observed that “even when these
smallest divisors do not exceed a square by 1, possibly all of them are sums of
two squares”. In n° 11, Euler observed that a number of the form 4x + 3 is not the
sum of two rational squares,'® and that a number of the form 8z + 7 is not the
sum of three rational squares; both observations also occur in letters by Fermat
to which Euler did not have access, and both claims can be proved by elementary
congruence arguments. In n°47, Euler stated that a sum of two coprime squares
a® + b% is never divisible by any number of the form 4n — 1 and acknowledged
that this theorem was due to Fermat. Euler also sketched a plan of how to attack

15 He did not give a reference for this statement and admitted in n° 7 that he did not remember
where he had seen it; but in fact the error is present in several textbooks that were widely
diffused in Euler’s time (cf. n°5, note 4).

16 Cf. E.271, Theorema 11 (O.1/2, p.554-555).

17 Fermat gave a rough sketch of his proposed proof in a letter to Carcavi written in August
1659; this letter was published much later under the title Relations des nouvelles decouvertes
en la science des nombres (see Fermat’s (Buvres, t.1I, p. 431-436).

18 Euler observed in the introduction to E. 556 that the equation z? 4+ 3? = 32?2 is not solvable
in rational integers, and then studied, more generally, the solvability of fz? + gy* = hz>.
This investigation was completed by Legendre, who showed that the necessary solvability
conditions given by Euler are actually sufficient.
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Fermat’s Two Squares Theorem. This result showed up again in n° 52 and 87, and
Euler finally proved the Two Squares Theorem in n°115.

Like Bachet, Fermat believed that the content of the Four Squares Theorem,
which claims that every positive integer is a sum of at most four integral squares,
was known to Diophantus. Bachet first stated it explicitly and tested it empirically
for small numbers. Fermat claimed to have found a proof of this result in the late
1650s.

Euler’s and Goldbach’s attempts at proving the Four Squares Theorem are doc-
umented in many letters of their correspondence. Already in n° 5, Euler mentioned
this “elegant theorem” due to Fermat. Eighteen years later he gave, in n® 127, the
product formula for sums of four squares, a result which is used in most proofs of
the Four Squares Theorem.

In the same letter (see also n°147), Euler suggested proving results like this
using generating functions: write

A4z’ +a®+a 2042+ )= ana”, (2.1)

where the exponents on the left-hand side are the triangular numbers;'® then a,, is
the number of ways in which n can be written as a sum of at most three triangular
numbers, and the desired theorem is equivalent to the claim that a, > 0 for all
n > 1. Euler presented this idea in E. 565, and in E. 586 he explained the same
idea for sums of squares and general polygonal numbers.

Jacobi later gave a proof of the Four Squares Theorem,?’ adopting Euler’s idea

by observing that
(e’e} 4 [ee]
2
(3 ) =S rimar
n=0

k=—o00

where r4(n) is the number of representations of n as a sum of at most four squares;
using analytic properties of the “theta function” q"€2 on the left-hand side,?! he
found the formula r4(n) = 8%y, y4qd for n = 1 (for odd numbers n, we have
ra(n) = 8c(n), where o(n) denotes the sum of the divisors of n). Legendre, by the
way, found the analogous result that the number of representations of n > 1 as a
sum of four triangular numbers is equal to o(2n + 1). The corresponding numbers
for sums of three triangular numbers and for sums of three squares are connected
to class numbers of certain binary quadratic forms.

In n° 138 Euler wrote that he could almost prove the Four Squares Theorem:
the only piece of the puzzle that was still missing was the lemma that if ab and a

19 Euler’s efforts at finding a closed form of the series (2.1) are mentioned in his letter R 594
to Ehler from February 1737 (see Smirnov 1963, p. 381-382). Daniel Bernoulli, in his letter
R 145 dated April 14th, 1742 (to be published in O.IVA/3), asked Euler whether his method
of summation also applied to sums of the form a + a* +a® +a'® + .. ..

20 See Jacobi 1829 (Gesammelte Werke, Bd. I, p. 239).

21 In modern terms, this theta function is a modular form of weight % with respect to I'o(4).
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are sums of four squares, then so is b. And in n° 141, he actually almost succeeded,
coming very close to a proof of the missing lemma.??

Euler observed twice, in n° 74 and 125, that Fermat’s claim that every number
is the sum of at most three triangular numbers is equivalent to 8n + 3 being a
sum of three squares. In n° 144, Euler formulated a conjecture that happens to be
equivalent to this result: every odd number 2n + 1 can be written as a sum of four
squares in such a way that 2n +1=p> + > +r2 +s?2andp+q+r+s=1.

Diophantine equations

One of the first Diophantine problems ever studied was that of finding Pythagorean
triples, that is, positive integers z, y and z with 22 + y? = 22. Proclus credits the
Pythagoreans with an infinite family of solutions,?® and Euclid already knew all
of them. Diophantus later studied much deeper problems, all of which asked for
solutions in rational numbers. In the centuries that followed, mathematicians in the
Islamic world solved Diophantine problems such as 2% + 4% = 2% and 22 + 3% = 24,
and already claimed that 2* 4+ y* = 2% is impossible in integers. Fermat studied
nontrivial Diophantine equations (such as the “Pell equation” Ax? +1 = y? or the
Bachet-Mordell equation y? + 2 = 23) over the integers.?*

The correspondence between Euler and Goldbach regularly touched upon Dio-
phantine equations of varying difficulty. The first such topic was brought up by
Goldbach in n°6, where he claimed that no triangular number increased by 4 is
an eighth or tenth power. In his reply Euler mentioned Fermat’s theorem that
no triangular number > 1 is a fourth power. Goldbach answered in n°8 he had
even proved (in Goldbach 1724) that no triangular number > 1 could be a square,
which Euler showed to be false in the next letter n®9. There he also mentioned
that he could not yet solve the analogous problem of making values of cubic poly-
nomials squares; in fact, equations y?> = f(z) for cubic polynomials in general
describe curves of genus 1 and have a much richer structure than conics, where f
is quadratic.

After having studied triangular numbers that are squares Euler immediately
asked the more general question how az?+bz+c can be made to be a square.?® This
led Euler to the problem of solving equations of the type az? 4+ 1 = 32 in integers,
“which had once been discussed between Wallis and Fermat”. Euler referred to a
method in Wallis’s Algebra, which he credited to the English mathematician John
Pell but which is actually due to Viscount William Brouncker, the first President

22 See Lemmermeyer 2010 for a detailed discussion of this episode.
23 Cf. Dickson (1919-1923), vol. 2, p. 165.

24 Bachet knew how to obtain additional rational solutions of an equation y? = z® + k from
a known solution; his method is equivalent to what we call the “tangent method”. Fermat
claimed that the only positive integral solution of y*> = 2® — 2 is (z,y) = (3,5), which
Euler tried to prove in his Algebra (E. 388, §188, 193: O.1/1, p. 429-432) by using algebraic
numbers of the form a + by/—2.

25 Triangular numbers that are squares correspond to solutions of the equation 2z? + 2z = 3.
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problem Euler-Goldbach letters
sn(n+1)+4#a® n°6

in(n+1)+10 #a® n°6

in(n+1) = a* n°7,8,9

a(a —1)(a —2) = 6b> n°9
ala—1)(a—2)=3b(b+1) n°9

224 £2 = 22 n° 119, 121

24yt +22 -2 -2y—22+1=0 n° 129

xy(z+y)=a n° 139
zyz(z+y+2)=a n° 139

“Pell’s equation” n°9, 169, 173
“Fermat’s Last Theorem” n° 125, 169, 171

p? +eq?® = a® + b2 n° 168-173, 178-181, 187, 195

Table 2.2: Diophantine problems discussed in the Euler-Goldbach correspondence

of the Royal Society.?® Brouncker’s method consisted in what we call computing
a cycle of reduced forms; Euler later realised that this algorithm is equivalent to
computing the continued fraction expansion of /a, and in n°169 he mentioned
that he had found the solutions of naz? 4+ 1 = y? for n = 61 and n = 109 within a
few minutes using his “new method” (see also n°173).

One of Fermat’s favourite problems was the investigation of “multiply poly-
gonal” numbers. This problem first occurred in a book attributed to Diophantus,

26 Cf. n°9, note 7.
The “Pell equation” has a long history: Archimedes used integral solutions of 2% — 3y* = 1
and 22 — 3y? = —2 for approximating v/3 in his calculation of m, and his famous cattle
problem involves several similar equations. Indian mathematicians such as Brahmagupta
and Bhaskara developed methods for solving the equation in integers.
In 1657, Fermat challenged mathematicians in Europe, and especially Wallis and Brouncker
in England, to show that the equation Az? + 1 = y? has solutions in integers for all positive
non-square integers A. Brouncker found a method for solving these equations similar to the
Indian method, and Fermat claimed to have a proof that the equation always has a nontrivial
solution.
In his proof that 2> — Ay? = 1 is always solvable for non-square positive numbers A,
Lagrange mentioned Wallis, but not Brouncker. Legendre did not use the expression “Pell’s
equation”, and Gauss remarked in his Disquisitiones (1801) that it was incorrect to credit
Pell with this result. Dirichlet, who had studied the Disquisitiones inside out, must have
known that naming the equation after Pell was incorrect. In fact, he always talked about “the
indeterminate equation” t>— Du? = 1; in Dirichlet 1842 he even called it “Fermat’s equation”;
only in 1846 did he use the phrase “the well-known Pell equation”. The first textbooks on
number theory and Diophantine equations which started appearing in the middle of the
19th century all used the term “Pell’s equation”, as did Kummer and Kronecker in their
publications. Wilhelm Berkhan, for example, wrote that “the English mathematician J. Pell
(+ 1685)” succeeded in solving the equation ax® + 1 = y? (Berkhan 1856, p. 121).
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large parts of which are lost.?” In a report sent to Carcavi for Huygens,?® Fermat
mentioned the following two problems:

— Given a number, to find in how many ways it is polygonal.

— To find a number which is polygonal in a given number of ways, and to find
the smallest such number.

Euler reported on his efforts in this direction in n° 167.

In n° 125, Euler remarked that he had found in Fermat’s work the claim that
for exponents n > 2 the equation x" 4 y™ = 2" is impossible in non-zero numbers,
and lamented the fact that Fermat’s proof was lost. In n°169 he wrote that he
had a proof for the exponents n = 3 and n = 4, and in n° 171 he mentioned, in
connection with the case n = 5, the fact that primes dividing a® + b° must have
the form 10n + 1.

In n° 139, Euler remarked that he had studied the solvability of the Diophantine
equation xy(x 4+ y) = a and observed that this equation has rational solutions
whenever a = pg(pm?® & qn®) for integers p,q,m,n. For the higher-dimensional
equation zyz(x+y+ z) = a Euler wrote down a parametric solution which he had
found “after taking a lot of trouble”, and in fact even with the tools of algebraic
geometry available today?? it is a difficult problem to derive Euler’s fantastic
parametrisation of certain rational points on the surface defined by this equation.

2.1.2. Quadratic forms and quadratic residues

It seems that the investigation of binary quadratic forms has its origin in Diophan-
tine problems coming from geometry: the form z2+y? is related to the Pythagorean
Theorem, and the question which numbers occur as the sum a + b of the two
smaller sides in a right-angled triangle with integral sides a, b and c¢ leads to the
form 22 — 2y%: in fact, by the “main theorem on right-angled triangles” we have
a =m?—n? and b = 2mn, hence a +b = (m + n)? — 2n?. It is therefore no
surprise that Fermat studied the forms z? + y? and 22 — 2y? and their possible
prime divisors very early on.

Euler mentioned his first observation in this direction in n°40: he claimed that
odd prime divisors of z2 — 2y? all have the form 8n =+ 1, and presented analogous
results for the forms 22 — my? with m = 3 and m = 5. A year later, in n°54,
Euler had extended his calculations to many other values of m and stated that the
prime divisors of 22 — my? coprime to 2m all lie in certain residue classes modulo
4m. This statement can be seen as the essential part of the quadratic reciprocity
law: for if p is an odd prime coprime to m which divides 2 — my? for coprime
values of = and 7, this means that 22 = my? mod p, so these are exactly the

27 See Heath 1885, p. 247-259.

28 Relation des nouvelles découvertes en la science des nombres, August(?) 1659: published in
Fermat, (Buvres, t.11, p.431-436, and in Huygens, (Buvres, t.11, p. 458-462.

29 Cf. Elkies 2009.
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primes for which the Legendre symbol®’ (m) = +1. Euler’s observation means

m m

that <> = <> for prime numbers p = ¢ mod 4m, which is one possible
p q

formulation of the quadratic reciprocity law.3!

In n° 166, Goldbach claimed that for prime p = 4n + 1 and for every divisor
d | n, the prime p can be written as p = 22 +dy?. Euler answered in n° 167 that he
already knew this was true — at least if one allowed rational values for  and y — but
was unable to prove it. For several years Goldbach and Euler continued to discuss
whether primes p = 4ef + 1 can be rationally represented by forms x? + ey? (see
n°168-173, 179, 182). This question was answered in a satisfactory manner only
by Gauss’s theory of binary quadratic forms, and in particular his principal genus
theorem.3?

Goldbach’s remark in n°39 that numbers of the form (3m + 2)n? + 3 cannot
be squares led Euler, in n°40, to present a result he had known for a long time,
namely that numbers of the form 4mn — m — n for positive values of m and
n cannot be squares. Since the equation a?> = 4mn — m — n is equivalent to
4a® + 1 = (4m — 1)(4n — 1), this follows from the fact that sums of two coprime
squares cannot be divisible by numbers of the form 4m — 1, which Euler proved
in n°47.

Euler’s result that a? # 4mn —m —n for positive integers m, n is discussed and
generalised in several more of the Goldbach letters, starting with n°®49. In Decem-
ber 1742 (n°57), Goldbach attempted a proof, but Euler pointed out in his reply
n° 60 that this was not valid. In the letters n°® 65-72, each of Goldbach’s attempts
of closing the gap was proved to be incorrect by Euler, until Goldbach eventually
found a full proof (via Fermat’s descent) in n°73. The discussion continued until
February 1745 (n°79-87).

2.1.3. Goldbach’s conjectures

Goldbach was very fond of studying additive problems involving prime numbers.
In n°51 he put forward the conjecture that every number > 2 is the sum of three
primes (where 1 is counted as a prime). Euler replied in n°52 that this would

30 For odd primes p and a not a multiple of p, the Legendre symbol <9> has the value £1
p
determined by the congruence a2 = (E) mod p.

31 The standard formulation of the quadratic reciprocity law, <B> ) = (—1)(1’7”(‘771)/4
q

for odd primes p and g, is due to Legendre. For a description of Euler’s achievement, see
Edwards 1983.

32 Cf., e.g., Lemmermeyer 2007.



46 Introduction

follow from Goldbach’s earlier (but not documented) conjecture that every even
number is a sum of two primes.33

In n° 57 Goldbach asked for a characterisation of twin primes. In n° 73, he ob-
served that the values attained by the polynomial f(z) = 22 + 19z — 19 are very
often prime, but at once added the remark that every non-constant polynomial
with integral coefficients must also yield composite values (this result is again
mentioned by Euler much later in n°163). Goldbach’s question whether f(2™) is
always prime was answered negatively by Euler in n°74. Euler’s famous prime-
producing polynomial f(z) = 22 — 2 + 41 is not mentioned in the correspondence
with Goldbach, but can be found in a published note addressed in 1772 to Jo-
hann III Bernoulli.?*

Goldbach and Euler formulated several incidental questions about the repre-
sentation of numbers which were more or less disregarded by subsequent research.
Some of these conjectures that still remained open when the Euler-Goldbach cor-
respondence was last published in 1965 have by now been settled:

33 Both forms of the Goldbach conjecture — the “ternary” and the stronger “binary” one — ap-
peared in print for the first time in the Cambridge professor Edward Waring’s Meditationes
Algebraicae (1770). At the end of this work, which deals mainly with algebraic equations,
Waring adds some paragraphs on number theory. In particular, he remarks: “It seemed ap-
propriate to add here two or three properties of prime numbers”, of which the first reads:
“Every even number consists of two prime numbers, and every odd number is either prime
or consists of three prime numbers, etc.” (“Omnis par numerus constat e duobus primis nu-
meris, & omnis impar numerus vel est primus numerus, vel constat e tribus primis numeris,
&c.”: op. cit., p.217). The third and last of the additions is, by the way, the observation that
for prime p, (p—1)!+1 is divisible by p, also published here for the first time and attributed
to Waring’s student John Wilson.

Waring’s discovery is generally assumed to have been independent of Goldbach; however,
this is somewhat called into doubt by the fact that, a few pages earlier in the same work,
Waring mentions two other results by “D°. Goldbatch” (as he calls him). Indeed he could
have learnt of these results from the short paper that Goldbach had published in the 1724
supplement of Acta Eruditorum; but it is also conceivable that a common colleague told
Waring about them (probably not Goldbach himself: Waring graduated only in 1757 when
Goldbach was no longer active), and in this case Waring might also have heard of Goldbach’s
conjecture from the same source.

A weaker variant of the ternary Goldbach conjecture had already been stated by Descartes:
“But any even number also arises from one or two or three primes” (“Sed et omnis numerus
par fit ex uno vel duobus vel tribus primis”). However the manuscript containing this sen-
tence was only published in 1908 (cf. Varia Mathematica: Descartes, (Buvres, t.X, p.298).
Lagrange, at the very end of his 1775 Recherches d’Arithmétique, observed that “by induc-
tion” (i.e., on an observational basis) he had formed another similar conjecture: every prime
of the form 4n — 1 is the sum of a prime of the form 4n 4 1 and the double of a prime of the
same form (like Euler and Goldbach, Lagrange considered 1 to be a prime number in this
connection).

34 See E.461: 0.1/3, p.337.

Goldbach’s and Euler’s polynomials gained additional interest through a 1912 publication
by Frobenius, who showed that they owe their existence to class number phenomena: the
prime-producing property of Euler’s polynomial f(z) = x? —x 441, for example, is related to
the fact that the class number of the binary quadratic forms (or, equivalently, the quadratic
field) with discriminant —163 is equal to 1.
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— Goldbach’s claim that the Diophantine equations

n?+n+8=2 and n?+n+8=2"

do not have solutions in positive integers (see n°6) is correct.

— Goldbach’s conjecture that every number 4n + 3 can be represented as

2a% 4+ 40 + ¢ +2 = 2(a + 1)? + 4B% 4 2C?

(see n°130) is false.

— Goldbach’s claim in n°132 that if a is a positive integer not divisible by 4

with a®> < 8m + 7, then the equation 8m + 7 = a® + b?> + ¢®> + d? has an
integral solution, follows from the Three Squares Theorem.

Other problems are still open, the most famous being of course the one universally
known as the Goldbach conjecture — at least in its binary form: Every even integer
> 2 is the sum of two primes. A complete proof of the weaker “ternary” version,
according to which every integer > 1 is the sum of at most three primes, has
recently been announced.

Euler was right in refusing to rise to Goldbach’s bait: neither the 18th nor
the 19th century had any tools that permitted to tackle the question. Substantial
progress became possible only much later, within the framework of analytic number
theory. Among the important contributions to the Goldbach problem(s), we list
the following:

1922

1930

1937

1966

1995

2012

2013

Hardy and Littlewood (1923) show that, assuming the Generalised Riemann
Hypothesis, every sufficiently large odd integer is the sum of three primes.

Shnirel’'man (1930) proves the existence of a number S with the property
that every integer > 1 is the sum of at most .S primes.

Vinogradov (for a presentation in English see Rexrode 1966) shows that
every sufficiently large odd integer is the sum of three primes.

Chen (see Chen 1973) proves that every sufficiently large even integer is the
sum of a prime and a number with at most two prime factors.

Ramaré (1995) proves that every integer > 1 is the sum of at most seven
primes.

Terence Tao (see Tao 2014) proves that every integer > 1 is a sum of at most
five primes.

Harald Helfgott announces that he has completed the proof of the ternary
Goldbach conjecture by closing the remaining “size gap” (previously it was
known that every odd natural number > 7 smaller than 8-10%6 or larger than
2 - 10'3%6 is the sum of three prime numbers). As a corollary, every integer
> 1 is a sum of at most four primes.
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A conjecture made in n° 164, according to which every odd number can be written
in the form 2a? + p for primes p, has also received quite some attention, e.g., from
Hardy and Littlewood.

Somewhat less known is a beautiful observation due to Goldbach in letter n° 55:
let S be the set of all integers a such that 4a® + 1 is prime; then for every ¢ € S
there are a, b € S such that ¢ = a+b. This would imply in particular that there is
always a prime of the form 4a? + 1 between 4n? + 1 and 4 - (2n)% + 1, a conjecture
reminiscent of “Bertrand’s postulate” stating that there is a prime number between
n and 2n — a theorem which can be proved quite easily.

2.2. Analytic tools in number theory

Many analytic tools used by number theorists have their origin in Euler’s work:
zeta functions, L-series, theta functions, Lambert series, summation formulae, the
dilogarithm and multi-zeta values can all be traced back to Euler.

2.2.1. Zeta functions

The problem of finding a finite expression for the sum 1 + i + % + % + ... of the
inverse squares had received a lot of attention at the hands of Leibniz and the
Bernoullis,* after Pietro Mengoli had first posed the question.?® Jacob Bernoulli
had already found in his 1692 Positiones arithmeticae de seriebus infinitis (Pars

35 In a letter to Johann Bernoulli dated November 1696, Leibniz asked for the value of the sum
% + i + % + etc.. Leibniz already suggested using calculus for the evaluation of this sum,
and he and Jacob Bernoulli came up with the formula

1
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The same approach was later taken by Euler when he expressed ((2) with the help of the
dilogarithm Liz(x) in n°54. We remark that the substitution z = 1 — e~ * shows that

" log(1 — * td
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Although this formula does not seem to have played a major role in Euler’s summation of
¢(2), its generalisation
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which is an easy consequence of Euler’s definition of the zeta function via integrals, occurs
in an 1823 paper by Abel as well as in Riemann’s famous memoir from 1859 (Riemann 1860)
on prime numbers and the zeta function, where it is used to extend the zeta function to the
whole complex plane.

36 See Mengoli 1650, Praefatio, p. [ix]. For an excellent account of the early history of the zeta
function, see Schuppener 1994.
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altera, Prop. XXIV) that
k-1 =27 1)) (2k)"
k=1 k=1

Euler was eventually able to show that the sum of the inverse squares equals 72 /6.
The principal tool used for this result is the product representation of the sine

function:
Smﬂx_H(l——). (2.2)

Euler immediately observed that the same technique allowed him to compute sums
of the form?”

ns
n=1

for any even integer s. In fact, he found the formula

_ - ok _ j1 (2m)%"
> (-1) 2(%)!3%, (2.3)
n=1

where k denotes an integer > 1, and where the Bj, are Bernoulli numbers.?®
Throughout his life, Euler tried without success to find a similar formula for odd
integers s > 1. By working with the limits 1"z — 2”22 + 323 F ... as x — 1 he
could “evaluate” the zeta function at negative integers,® and used his results for
guessing the correct functional equation of ¢(s).** Euler also found the product
decomposition of the zeta function in the form

5.35.55.75.115...

¢(s) = (25— -G -1 -5 —1) .-

and used it to deduce the fact that the sum Z% of the inverse primes diverges;

actually he even found the correct asymptotic behaviour of 3> _ 1 which he

p<x p

37 The notation ¢(s) was introduced by Riemann in 1859.

38 The convention for the Bernoulli numbers used here and everywhere in this volume is the one
suggested by Jacob Bernoulli in Ars Congectandi (1713). In a table for the sums of powers
(p-97-98) he implicitly defines B, as the coefficient of n in the development of > ~}'_, k™ as a
polynomial (of degree m+ 1) in n. This yields the sequence By = 1, B1 = %, By = %, Bs =0,
By =— 30, Bs =0, Bsg = 42, ..., which Goldbach mentions in a letter from 1738 (see n° 25,
note 2) and which Euler also used in many papers, starting with the recursion formula given
in E.25, §2 (0.1/14, p.42-44). See Faber’s introduction in 0.1/16.2, p. XVI-XXXIX.

39 The fact that Euler’s limit coincides with the analytic continuation of the zeta function is
not obvious at all.

40 A rigorous analysis of Euler’s work on the functional equation that takes account of 19th-
century developments can be found in Landau 1906.
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formulated as the claim that the sum of the reciprocals of all primes is “so to speak
the logarithm of the harmonic series” (i. e., asymptotic to loglogz as  — co).!

In his correspondence with Goldbach, these results played only a minor role.
m—1 _ ,..m—n—1
In n°52, Euler considered integrals of the form / a * dx and their

1—2an

connection with the famous expansion??

; 1 n 1 1 n 1
cotmy = — — — —
T T r 1—2 142 2—-2 24z

of the cotangent function, which follows easily from (2.2) by taking the logarithmic
derivative. These integrals later showed up in Dirichlet’s explicit evaluation of his
L-series in his proof of the class number formula. Euler derived Leibniz’s series for
7 as well as his own formula %2 =1+ 3% + 5% + ... and a wealth of similar results
from this source.

x
Euler introduced the function > ;2 72
Liz(z), in n°54 in connection with finding a numerical approximation of {(2),

and in E. 20 he proved the functional equation
Lig(x) + Liz(1 — x) = —logzlog(1 — z) + {(2)

of the dilogarithm.
Expressions that are nowadays called multi-zeta values first show up in Gold-
bach’s letter n°57; see also n°59 and 61.

k
nowadays called the dilogarithm

2.2.2. The Pentagonal Number Theorem

In a letter to Euler dated August 29th, 1740, Philippe Naudé (the Younger) asked
Euler in how many ways a number n can be written as a sum of positive integers. In
his answer written on September 12th (23rd),** Euler explained that if we denote
this “partition number” by p(n), then

[T = pm)"
n=1

n=0

with p(0) = 1. Euler mentioned the identity

[o.¢] o
[[a-2")=1-2-2>+a"+a" —2 24 ... = 3 (-7 (24)
n=1 n=-—00

over and over again in his correspondence.?

41 See the last theorem of E. 72 (0.1/14, p.242-244); cf. infra n° 163, note 4.
42 Cf. Aigner / Ziegler 2010, p. 149-154.
43 See R 1903-1904: Euler’s letter has been edited in Smirnov 1963, p. 179-206.

44 Equation (2.4) is called the Pentagonal Number Theorem since the exponents on the right-
hand side are “pentagonal numbers”.
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Euler’s identity (2.4) is closely related to the functional equations of Dedekind’s
eta function

oo
niz)=¢[a-q"), q=e""
n=1
and Jacobi’s theta function®®

()
2 . .
93(,077_) — § : 2" e2n7r7,v’ T = ™7,

n=—oo

In addition, (2.4) is a special case of Jacobi’s triple product identity for 03: setting

z=¢"%and z =¢/? in
o o 5
[[a-2*)+2* )@+ ) = Y 2 er
n=1 n=-—oo

yields Euler’s identity (2.4).
Gauss observed®® that Euler’s series (2.1), whose exponents are the triangular
numbers, admits a similar product expansion:

_1—352 1—2% 1—25 1—2

1 3 6 0y . . .
+rx+x"+x +x + T—7 1-28 125 1-#7

8

These remarks show that what must have been — at first, at least — little more
than a curious identity for Euler became an important tool in modern analytic
number theory. Euler did see, however, the connection with classical number the-
ory: in n° 113 (see also n°114 and 115), Euler finds the recursion

on)=cn—-1)+ocn—-2)—ocn—->5—ocn—-7+oc(n—-12)+o(n—15) —...

for the function o(n), which denotes the sum of all divisors of the number n. The
connection with the Pentagonal Number Theorem is presented in n° 144, along
with the remark that Euler had now found a proof; this proof was published in
E. 244, another two in E. 541.47

See Euler’s letters R 236, R238 to Nicolaus I Bernoulli (September 1st, 1742; November
10th, 1742: O.IVA /2, p. 518-519, 555-560) and to Goldbach (n° 74, October 15th, 1743; see
also n° 75, 76, 102), Daniel Bernoulli’s reply R 140 (January 28th, 1741: to be published in
O.IVA/3), as well as R6 to Adami (February 14th, 1749) and R23, R25 to d’Alembert
(December 30th, 1747; February 15th, 1748: O.IVA/5, p.275, 281). Euler published these
results in E. 101 and E. 158.

45 The eta and the theta functions are important tools in the theory of elliptic functions (see,
e.g., Dedekind 1877).

46 This relation is a special case of a more general identity proved in Gauss 1811, the article
in which Gauss determined the sign of quadratic Gauss sums and applied it to give his
fourth proof of the quadratic reciprocity law. Gauss remarked that “the equality between
two technical expressions [...| certainly is highly remarkable”. For a modern proof of Gauss’s
identity and the derivation of the sign of quadratic Gauss sums see Shanks 1958.

47 For a thorough study of the Pentagonal Number Theorem, see Bell 2010.
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2.2.3. Bernoulli numbers

The numbers that Euler named after Jacob Bernoulli first showed up in connection
with explicit formulae for the power sums » ", a*. They occur over and over again
in Euler’s work, for example in the explicit evaluation of {(2n) for integers n > 1
(see (2.3)), or in the summation formula named after Euler and MacLaurin.®

This summation formula is a precise version of rules for approximating inte-
grals, such as the trapezoid rule, which says that

£ % G50+ £0) 5 £) 4 Fn 1)+ 560,

or Simpson’s rule. Euler wanted to turn this around and find a method for summing
series using integrals:

FO)+ F(1) +...+ /f )it 1O 1) f()

By adding higher correction terms he found, neglecting remainder terms or con-
vergence criteria, that*’

Zf(k) _ /On £(£) dt + f(0) "2‘ f(n) + Z %(f(k—l)(n) _ f(k71)<0)>.
=0

Since the higher derivatives vanish when f is a polynomial, Euler could derive
the summation formulae for kth powers that had already been obtained by Jacob
Bernoulli (see n°54 as well as E. 352 and E. 746); it is this connection which made
Euler call the numbers B, Bernoulli numbers in the first place.

Euler presented his summation formula in E. 25, and showed how to derive it
in E.47.°0 He gave the generating function for Bernoulli numbers in E. 130.

Goldbach mentioned that he had found a formula for Bernoulli numbers in
n° 25. Euler used his summation formula in n° 64 for giving a (divergent) expression
for ¢(3) in terms of Bernoulli numbers, and for computing an approximation of 7
in n°66; a related formula involving ((2) can be found in n° 68.

48 Schuppener (1994, p.73-89) casts some doubt on the statement — found among others in
Faber’s introduction to O.1/16.2 (p. VIII, note 2) — that MacLaurin discovered the summa-
tion formula independently, and points out the possibility that he could have learned about
Euler’s result from his correspondence with Stirling, to whom Euler had sent the formula
in June 1736, several years before the publication of MacLaurin’s Treatise on Fluzions in
1742. Schuppener also remarks that the summation formula published in 1827 by Poisson is
just a modification of the Euler-MacLaurin formula, and that what today is known as the
Poisson summation formula first occurs in some writings of Gauss that were published only
in 1900.

49 An excellent introduction to the Euler-MacLaurin summation formula can be found in Ed-
wards 1974, ch. 6.

50 Schuppener 1994 analyses the contributions of Euler, MacLaurin, Poisson etc. concerning
summation formulae in careful detail.
Paraphrases and commentaries on many of Euler’s early papers on series can also be found
in Hofmann 1959, Ferraro 1998, Varadarajan 2006, Sandifer 2007b and Ferraro 2008.
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2.3. Algebra: roots of polynomials and transcendence

Algebra in Euler’s times basically consisted of studying properties of roots of poly-
nomials: their existence, their representation by radicals, and their approximation
by real (or complex) numbers. The entire second part of Euler’s Introduction to
Algebra consists of “indeterminate analysis”, that is, the theory of Diophantine
equations.

2.3.1. Squaring the circle

The notions of irrationality and transcendence of numbers developed in a rather
tortuous way; before we come to the contributions by Goldbach and Euler, we will
therefore briefly sketch some relevant stages of their history.

Euclid distinguished carefully between numbers, which were proper multiples
of the unit such as 2, 3, 4, ...,°! and magnitudes, such as line segments or areas of
simple figures. Ratios of line segments, for example the ratio between the diagonal
and the side of a square, can be commensurable or not; in the first case, their
ratio can be expressed as a ratio of (natural) numbers, and in the second case this
is impossible. Euclid investigated different types of incommensurable ratios in his
Book X; magnitudes whose ratio is equal to a ratio of numbers were called com-
mensurable.’> Among the incommensurable numbers, Euclid distinguished those
whose square is rational: such ratios were called enunciable.?

Daniel Bernoulli, Goldbach and Euler often used the word irrational in Euclid’s
original sense: in his Introductio, for example, Euler remarked that logarithms of
rational numbers to a rational base cannot be “irrational”, since if log, b = /n,
then aV™ = b, which he claimed was impossible for rational numbers a, b.>* In the
summary of a paper from 1758, Euler observed that all irrational quantities which
arise from the extraction of (square) roots can be constructed geometrically.*® By
the time he wrote his Algebra, he also regarded cube roots of noncubes as irrational

51 The unit 1 was not considered as a number (let alone a prime number) by Euclid. In a letter
to Wallis dated February 18th, 1657/8, Brouncker writes: “For that 1 is not a number in the
opinion of some, every one knows; but they all doe know as well, that it is a number in the
opinion of others.” (see Wallis 1658, Letter XX).

52 The Greek word is cUppetpoc (symmetros) and means that the magnitudes in question have
a common measure.

53 The Greek word is gntéc (rhetos); its opposite was called 8hoyoc (alogos), which was trans-
lated into Latin as érrationalis by the translator Gerard of Cremona (ca.1114-1187) and
as surdus by Leonardo da Pisa (Fibonacci). For more on the usage of the terms “surd” and
“irrational number” see Tropfke 1930, vol. 2, p.94-95.

54 Introductio in analysin infinitorum, T.1 (E.101), §105 (O.1/8, p.108).

55 “Incommensurabilitas autem in se spectata non obstaret, quominus ratio diametri ad pe-
ripheriam geometrice assignari posset, cum quadrati diagonalis ad latus quoque sit incom-
mensurabilis atque in genere omnes quantitates irrationales, quae ab extractione radicum
oriuntur, geometrice construi possint™ E.275, Summarium from Novi Commentarii VIII

(0.1/15, p. 1).
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numbers.?® However, Euler was aware that the sort of irrationality exhibited by
the rectification of the circle is of a qualitatively different kind:

“However, the circumference of a circle must be considered to belong
to a much higher class of irrationals, which can only be reached by
repeating the extraction of roots an infinite number of times; thus it
is also impossible to do more geometrically than to approximate the
true ratio of circumference and diameter more and more closely.”®”

Numbers that are neither rational nor irrational were occasionally called transcen-
dental,®® but the definitions and terminology that we use today were only firmly
established by Lambert in the 1760s.

Beyond the facts obtained by the Greeks (Theaetetus is credited by Plato with
proving the irrationality of y/n for all non-square numbers n), definite results on
irrationality were few and far between: let us just mention in passing the reflections
of Leonardo da Pisa (Fibonacci) in the 13th, Stifel in the 16th, Stevin and Fermat®®
in the 17th century.

Thus Goldbach was one of the first who actually asked for proofs of irrational-
ity:%° In a letter to Goldbach dated April 28th, 1729, Daniel Bernoulli had claimed

that the numbers log Z? (0 < g < p) “not only cannot be expressed as rational
numbers, but neither as radicals or irrational numbers.” In his reply, Goldbach
wondered about the reasons supporting this assertion, but Bernoulli could not
deliver; he even admitted the possibility that future mathematicians might find
such an expression, which would immediately lead to the quadrature of the hyper-
bola and perhaps that of the circle. A few letters later, Bernoulli went on to ask
whether Goldbach could specify a number that could be proved not to be a root of

any degree of a rational number. In his letter from October 20th, 1729, Goldbach

56 The title of Chapter 15 is “On cube roots and the irrational numbers arising from them”
(“Von den Cubikwurzeln und den hiedurch entstehenden Irrationalzahlen”).

57 “Verum peripheria circuli ad genus irrationalium longe sublimius referenda videtur, ad quod
demum radicis extractione infinities repetita pertingere liceat, unde etiam geometrice plus
praestari non potest, quam ut vera peripheriae ad diametrum ratio continue propius ex-
primatur.” (In the Summarium of E. 275 this sentence immediately follows the one quoted
above).

58 In 1685, Wallis had called for the invention of new numbers beyond rationals, surds, or roots
of polynomial equations.
Euler used the term “transcendental” more often with respect to “quantities” (i. e., functions)
than for individual numbers; he never seems to have given a precise definition. In the in-
troduction to E. 71, Euler remarked that “irrational and transcendental quantities, among
which are logarithms, circular arcs, and the lengths of other curves, are frequently expressed
by infinite series”.

59 See Fermat’s letter to Roberval dated September 16th, 1636 ((Euvres completes, t. 11, p. 59—
63).

60 Indeed Euler, just as most of his contemporaries, regularly asserted that numbers such as
e, or certain logarithms are not rational, but never even attempted to prove these claims.
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came up with the number 372, 1072°"" = 0.1101000100000001 . . .; Bernoulli ac-
knowledged that this has the desired property, since none of its powers can have
a periodic decimal expansion.6!

In 1720, Goldbach had proved the formula

Nt 1
Hf_;]w_1+2+...+f (2.5)

for positive integers f; this had, however, already been known to Pietro Mengoli
(see Mengoli 1650) and to Jacob Bernoulli. In his letter to Daniel Bernoulli from
August 18th, 1729, Goldbach mentioned this result and claimed that the sum
POt m is irrational for nonintegral rational values of f.52

In the early 18th century, many mathematicians were convinced that 7 is not
rational, and perhaps not even irrational in the sense of belonging to the classes
of irrational ratios studied by Euclid. In n°2, his first letter to Euler, Goldbach
wrote “that the quadrature of the circle cannot be effected by rational numbers”.
This claim was not novel: there is even an ambiguous statement in Aristotle’s
Physics (VII, part 4) which some interpret as a claim that the circumference
and the diameter of a circle are not commensurable. The Hindu mathematician
Nilakantha Somayaji (ca. AD 1500) is credited with the question of why we give
rational approximations to 7 instead of its exact value, and also with the answer
that this is because the ratio of the circumference and the diameter cannot be
expressed as a ratio of two integers.%3 In 1656, Wallis claimed that 7 is neither a
fraction nor a surd; Grégoire de Saint-Vincent (1647) made the first attempt at
proving that 7 is not rational, but his proof contains errors that were criticised,
among others, by Huygens.%4

Lagny, whose paper Goldbach mentions in letter n° 8, conjectured (in geometric
language) that tan 7z is not rational for any rational number z with 0 < z < %
except for %; Lambert later proved the much deeper fact that tanx is irrational
for all rational values of x with tanz # 0, a fact that implies the irrationality of
7 since tan § =1 is rational %

Goldbach had proved early on that square roots of numbers divisible by 3 but
not by 9 cannot be rational (see n°10, note 5), and in n°39 he extended this to
numbers of the form (3m + 2)n? + 3. Similar results had been known for a long
time, but Goldbach’s ongoing investigation shows that he was trying hard to go
beyond simply asserting irrationality.

From his work on the Riccati differential equation, which is mentioned for
the first time in letter n°15, Euler had deduced the simple continued fraction

61 Cf. Fufs, Correspondance, t.11, p. 301, 306, 310, 318-319, 326, 329.

62 Correspondance, t.11, p. 312-313.

63 See Brezinski 1991, p. 84, and Ramasubramanian 2011.

64 See Baron 1969, p. 230.

65 Lambert 1768; for a modern exposition of Lambert’s proof see Petrie 2009.
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expansions®® of e and (e? — 1)/2. Since these expansions are neither finite nor
periodic, it follows from results later proved by Lagrange that e and e? are irrational
numbers.5”

In n°69, Goldbach alluded to his construction of irrational numbers in his
discussion with Daniel Bernoulli. Euler answered in n° 70 that this idea was known
to him, and explained why rational numbers have periodic decimal expansions.
In E.565, Euler observed that putting z = 7 in the series (2.1), in which the
exponents are triangular numbers, produces the number 1.101001000100001 .. .,
which cannot be rational since the number of zeros placed between the units

increases continually.

2.3.2. The Fundamental Theorem of Algebra

After the Italians had shown how to solve cubic and quartic equations, it was
natural to look at equations of degree 5 and higher. In n° 18, Goldbach mentions
a solution of the quintic 2° + %mx + D = 0 under suitable conditions. Much later,
in n° 165, Euler studies an idea of de Moivre’s for investigating the roots of certain
quintics. He proposes writing the roots of a polynomial of degree n as a linear
combination of nth roots, but — as is now well known — this does not work for
general polynomials of degree > 5.

The fact that polynomial equations have as many roots as the highest occurring
exponent indicates had already been asserted by Girard (1629) and in Descartes’
Géometrie (1637). One version of the Fundamental Theorem of Algebra claims that
every polynomial with real coefficients can be written as a product of real linear
and quadratic factors. In this form, the theorem is used for integrating rational
functions via their partial fraction decomposition. In n°58, Euler mentions his
correspondence with Nicolaus I Bernoulli on this topic and explains, as an example,
how to factor the polynomial z#* — 423 + 222 4 42 + 4. In n° 64 Euler reports that
he can prove the Fundamental Theorem for polynomials of degree < 6.8

66 Actually, a continued fraction expansion for e — 1 had already been obtained by Roger Cotes
(1714); cf. Gowing 1983, p. 24-26, 147148, and Fowler 1992, p. 361-363.

67 Euler never claimed to have proved the irrationality of e. In E. 71, he remarked that rational
numbers can be transformed into a finite simple continued fraction (all numerators equal to
1), and that “irrational and transcendental” numbers have infinite simple continued fractions.
This implies that infinite simple continued fractions must be irrational in the modern sense
if it can be shown that every simple continued fraction expansion of a rational number is
finite. This in turn would follow from the fact that the simple continued fraction expansion
of a number is essentially unique — but Euler neither states nor proves this. On the other
hand he seems to have been convinced that e cannot be expressed as a rational number
when he wrote in E. 71 (translation taken from Wyman 1985): “These continued fractions
converge so fast that it is an easy matter to find the values of e and /e as closely as you
please.”

68 An attempt to deal with the general case was presented by d’Alembert in 1746 (printed in
1748), but neither this nor Euler’s argument in E. 170 are nowadays regarded as complete;
the first proofs now accepted as rigorous are due to Gauss and Argand. For a thorough
discussion of the origins of the Fundamental Theorem of Algebra and its early proofs, see
Gilain 1991.
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Approximations of roots of algebraic equations come up in Euler’s letters n° 19
and n° 80, and in his last letter n® 196 he mentions Lambert’s series for the largest
root of a special trinomial.

2.4. Analysis

For properly understanding the breadth of Euler’s contribution to analysis one has
to recall that calculus had just two generations before been invented by Newton
and Leibniz and extended immensely at the hands of Jacob and Johann Bernoulli.
After Euler’s “algebraic analysis”, the Sturm und Drang period continued at the
hands of Lagrange (calculus of variations), Legendre (elliptic integrals), Fourier
(trigonometric series) and others, and ended only when Cauchy’s work shifted the
focus of mathematicians’ interest to the new area of complex analysis.

2.4.1. Interpolation

The term “interpolation” is nowadays attached to the process of finding the value
of a function at some point lying between two tabulated (or otherwise known)
values. Wallis used the word interpolation for describing a different problem: Given
a sequence aq, ag, as, ..., find “the value between the first and the second term”.
In other words, he was looking for a (preferably simple) formula for a,, that would
make sense even for non-integral values of n, in particular for n = %

In 1651, Wallis began looking into the problem of “squaring the circle”. He

wanted to compute what we would write as? fol V1 — 22dx, and looked at the
more general quantities
1 /1 1
= 1 — 2Py dy
Apn 0 ( )

where the case he was interested in was A1 1. By evaluating special cases, Wallis
2

n—+p
b= ("47),

Manipulating series and guessing patterns, he eventually reached the conclusion
that

M

was led to conjecture

3-3 5:5 7.7 4
A, = . . b= 2.
27 2.4 4-6 6-8 T (2:6)
Substituting this result into the formula A, , = (n Py = (n —'H'? yields
n:p:

69 Wallis did not use integral signs, indices as we know them or a particular notation for our
binomial coefficients.
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that is,

2) " 27
Fermat did not think highly of Wallis’s Arithmetica Infinitorum (1656), mainly
because he did not accept Wallis’s use of induction (in the early-modern sense
of “empirical mathematics”) as a method of proof. Fermat could not do a lot
with Wallis’s interpolation problem, just as Wallis had little respect for Fermat’s
number-theoretical problems.”

Other mathematicians, however, found Wallis’s work on interpolation highly
inspiring. Newton, in his famous “second letter” to Oldenburg dated October 24th,
1676, explained how Wallis’s method led him to the binomial theorem. Stirling,
a student of Newton’s, attacked the problem of interpolating Wallis’s “hypergeo-

-

metric sequence” 1, 2, 6, 24, 120, ...: actually he interpolated the sequence logn!
numerically — in the modern sense of the word — and from (3)! ~ 0.8862269. ..
guessed correctly”" that (3)! = @

The problem of interpolating sequences was taken up by Goldbach in 1722.72 He
claimed that he could give the value of the intermediate terms of any sequence, at
least as an infinite series;™ given a sequence (ay,), it is easily proved by induction™

that
> -1
an = E <n k: >Aka1

k=0

for all n € N; here A%y = a1, Alay = az — a1, Aa; = (ag — a2) — (a2 — a1) =
a3 — 2a9 + a1 etc. But, once the binomials have been interpolated, the expression
on the right-hand side is defined for all real numbers n > 1. Goldbach mentioned
this result in a letter to Daniel Bernoulli, who replied that the intermediate terms
should be given by a “finite expression” rather than by infinite series.”™

Euler’s contemporaries who were working on the problem of interpolating se-
quences were all convinced that certain “natural” sequences such as n! could be
assigned values for non-integral values of n as well, and apparently most of them
were also convinced that any natural method of assigning values to such expres-
sions would give the same result.”® In fact, in his letter n° 91 Euler writes:

70 See in particular Wallis’s letter to Kenelm Digby: Fermat, (Buvres, t.I11, p.427-457.
71 For Stirling’s well-known approximation of logn!, see Stirling 1730, Prop. XXVIII.
72 See his letter to Nicolaus II Bernoulli dated January 2nd, 1722 ( Correspondance, t. 11, p. 128).

73 His results were printed in 1732, in a paper which he had sent to Nicolaus II Bernoulli in
January 1728 and to Daniel Bernoulli in November 1728.

74 Goldbach’s formula is mentioned in Perron’s book on continued fractions as being “well-
known” (Perron 1913, §32). A similar technique was used by Hasse for extending the zeta
function analytically to the entire complex plane (see Hasse 1930, in particular the remark
at the end).

75 Letter to Goldbach dated Jan.30th, 1729: Correspondance, t.11, p.247-248.

76 For the general context of their methods, cf. Hofmann 1959, Ferraro 2008.
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“I am confident that one and the same series can never arise by devel-
oping two finite expressions that are really different.”

Euler thought that any interesting series arises by developing some finite “analytic
expression”, and conjectured that this cannot be done in two essentially different
ways, thus allowing the solution of the interpolation problem by finding this finite
expression. On the other hand, Euler realised that there are infinitely many ways
of interpolating sequences: in a paper from 1749, he writes:

“even if all the terms of a series that correspond to integral indices are
determined, one can define the intermediate ones, which have fractional
indices, in an infinite variety of ways so that the interpolation of this
series continues to be indeterminate.””’
In fact, if (ay,) is a given sequence and a,, = f(n) for some finite expression f, then
we also have a,, = f(n) 4+ h(n) for any function h that vanishes at the integers,
e.g., ap, = f(n) +sinmn for all n € N.

An even more serious problem arose when Euler, in E. 190, investigated the
series

1—=x l—z)(a—=z 1—2z)(a—2x)(a®—2x
1o (oaesa)  (ose-odos)

Sq()

which has the property s,(a™) = n; in other words, it takes the same values at
x = a™ as the function log,(z). On the other hand, we have

1 1 1 1
Sa(o)_1—a+1—a2+1—a3+1—a4+”" 27)

and this clearly implies that s,(z) # log,(x). Thus s,(x) interpolates the same
sequence as log,(z), yet the two functions are different!™

Euler observed that for numbers a > 1, the series (2.7) yields a finite value;
however, this

“cannot be expressed either in rational or in irrational numbers. It
appears therefore especially worth the effort that mathematicians in-

vestigate the nature of that transcendental quantity by which its sum

is expressed.”™

77 “etsi omnes seriei termini, qui indicibus integris respondent, sunt determinati, intermedios
tamen, qui indices habent fractos, infinitis variis modis definire licet, ita ut interpolatio istius
seriei maneat indeterminata” E. 189, §3 (0.1/14, p.466).

78 Cf. Gautschi 2008; Bell 2010, p. 323-326.

79 “tamen neque numeris rationalibus neque irrationalibus exprimi potest. Quocirca ea imprimis
digna videtur, ut Geometrae naturam illius quantitatis transcendentis investigent, qua eius

summa exprimatur”: E. 190, §28 (0.1/14, p.538).
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The function —s,(x), with a = %, can be interpreted as a g-analog of the loga-

rithm; the values s,(0) for integers a > 1 are known to be irrational, but their
transcendence still seems to be open.8°
As another side remark, Euler stated the result

1 1 1 1
+ + + +...=) t(n)a",

a—1 a?2—1 a3—1 a*t—-1
n>1

where 7(n) denotes the number of divisors of a number n. Lambert observed the
n

same fact,3! which is why series of the form Y~ b, — are called Lambert series.

Dirichlet®? used Lambert series to derive the average behaviour of the function
7(n). We note in passing that the identity

—logH(l—x Zlog = e
n=1 1

(the series involved converge for |z| < 1) relates the product in the Pentagonal
Number Theorem to a Lambert series.®

Euler’s reason for starting a correspondence with Goldbach was his desire to
communicate his own results to someone who had already worked on the interpo-
lation problem for a long time; it was Daniel Bernoulli who suggested Goldbach’s
name to Euler. In n°1, Euler presented his interpolation of the sequence of fac-
torials, and in particular showed how to express (%)' using the quadrature of the
circle. He also gave an interpolation of the harmonic series: using the substitution

= fol 2" dz, he found

H, —Zn:l—/l(l—i-x—i-xQ—i— —i—x"l)dx—/ll_xndx
nikzlki 0 o 0 ].—LU

for all integers n > 1; observe that the right-hand side has a well-defined meaning

1
for all real exponents n > 0.%* By writing 12 = l+x+22+23+...asa

geometric series, the integral can be transformed into the power series

Hn—/ (1—2a") ack ld:c—/ b=t — gkl gy
0
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80 Cf. Erdds 1948 for a = 2, Borwein 1991 and Koelink / van Assche 2009 for all integers a > 1.
81 See Lambert 1771.

82 Cf. Dirichlet 1838.

83 Cf. again Bell 2010.

84 Dirichlet later used the same trick to compute the values of his L-series at s = 1.
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thus giving (2.5), a formula that Goldbach had already found directly and which
Euler later published in E.613. Although Goldbach’s and Euler’s formulae are
equivalent from a modern point of view, their contemporaries much preferred
Euler’s formulation since definite integrals (quadratures of bounded areas) were
seen as “finite” objects, whereas power series or infinite products were regarded
as expressions that could not be determined exactly, since an infinite number of
arithmetical operations was involved.

In the long run, Euler’s method of interpolating sequences using integrals
turned out to be more powerful than Goldbach’s idea of using power series. Euler’s
interpolation of the sequence of factorials presented in n°1 is equivalent with the
modern definition of the Gamma function as an integral; although Euler at first
only regarded “finite analytic expressions” as functions, he later accepted the in-
terpolated sequence of factorials as a genuine function, and in n° 80 Euler already
discussed the derivative of the Gamma function.

Some less well-known mathematicians also studied interpolation problems: in
letter n°112, Euler mentions a question by the lawyer and amateur mathemati-
cian Jacob Adami®® concerning the interpolation of the terms of the power series
expansion of tan x.

2.4.2. Riccati’s differential equation

Wallis’s product formula (2.6) for 7 is related (although not in an obvious way) to
a continued fraction expansion for % found by Brouncker at about the same time.

Brouncker claimed that )
4 1
-_ =11 2.8
-1+ - (28)
2+ w2

2
+2+,..

but did not supply a proof. In E. 123, Euler compared the continued fraction
1
d
expansion of / vz~ log 2 to Brouncker’s formula (2.8) for /0 1 _:;2 = %,
and then more generally studied the continued fraction expansions of the integrals
/ U da
0 1 + ZEk '

When Euler computed the continued fraction expansion of e, he observed a
pattern that led him into investigating continued fractions

1
lao, a1, az,a3,...] = ag + N (2.9)
ar +
1 . 1
(1/ S —
2 as + PPN
in which aq, ag, ... form an arithmetic sequence (see E. 71). He managed to find an

expression for the nth convergent of such a continued fraction, and wrote the limit

85 Cf. Adami’s letter R 2 to Euler dated August 16th, 1746.
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for n — oo as a quotient of power series.’¢ These power series satisfy a certain
differential equation, which, after a few simple transformations, takes a form that
was by then already well known and had been much investigated: that of Riccati’s
equation. This allowed Euler to compute the values of such continued fractions
from solutions of the Riccati differential equation

¢ =nr"?% — ¢, (2.10)

where ¢ is a function of r. Solving this equation in the case n = 2 gave Euler a
continued fraction expansion of

eQ/a +1 B el/a _i_efl/a
e2/a _ 1 T el/a _ e—1/a

which today is usually written in the form

tanh z = - 5>
Substituting z — iz in this equation shows that®”
tanz = -
%)
1-— =
3— =
5 — =

These expansions were the basis of Lambert’s proof that e* and tan z are irrational
for all nonzero rational values of z; since tan § = 1, this implies the irrationality
of 7.8

86 From a modern point of view, Euler’s proof in E. 71 is not rigorous (for a beautiful survey see
Havil 2012, ch. 3). Euler later gave other derivations of the continued fraction expansion: for
a discussion of Euler’s results see, e. g., Khrushchev 2006. The continued fraction expansion
of e can also be determined from Hermite’s proof that e is transcendental (see Cohn 2006).

e+1,

87 Euler derived the continued fraction expansions of tanz and cot z from that of in

E. 594, E. 595, and E. 750. The first extensive investigation of the hyperbolic functlons and
their analogy with trigonometric functions was published by Lambert in 1768.

88 Legendre observed that Lambert’s proof even shows that 72 is irrational, as follows easily
by assuming that = = y/m for some rational m and substituting z = y/m into the continued
fraction expansion of ztanz. Siegel (1929, p. 231) was able to show that all continued
fractions of the form (2.9), in which the a; form an arithmetic sequence, are transcendental.
In his proof, Siegel used the fact that the logarithmic derivative of a solution of the Bessel
differential equation satisfies a Riccati equation.
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Differential equations of the type

Y =p+qy+ry?

where p, ¢ and r are functions of the independent variable z, are called Ric-
cati equations. Jacopo Riccati had started studying special cases of this equation
around 1714, motivated by the example

nx? —ny? + 2%y = zy

mentioned in Gabriele Manfredi’s 1707 treatise. Riccati was able to solve cer-
tain equations of this type using the method of separation of variables (Johann I
Bernoulli immediately claimed this method as his own, which led to a priority
dispute).??

The differential equation

y = az™ + by*a?, (2.11)

which is slightly more general than (2.10), was studied by Nicolaus II Bernoulli:
in a letter to Goldbach dated December 6th, 1721, he claimed that the variables
(2n+1)p+4n

2n+1
m,n,p.”0 Some months earlier, Daniel Bernoulli had informed his brother in a
letter sent from Basel to Venice that he had found a similar, if slightly less general
result: for the equation

in (2.11) can be separated when m = — for some positive integers

y =ax™ + byz, (2.12)

separation of variables works and an explicit solution depending on “the quadrature

dn 91

ntl
Daniel Bernoulli’s claim was proved by Liouville in 1841, in the more precise
form that (2.12) has a solution in elementary functions (algebraic expressions of

x, trigonometric functions, exponential functions and logarithms) if and only if
an

IECESN

Bernoulli had solved (2.12) by repeatedly applying certain transformations®?
for reducing the exponent m; the individual steps look a lot like applying some
kind of Euclidean algorithm, which may have given Euler the idea of writing

of the circle and the hyperbola” can be given when m = —

89 For a detailed history of the Riccati equation, see Bottazzini’s account in his introduction
to vol. 1 of Daniel Bernoulli’s works (Bottazzini 1996), p. 176-188.

90 Cf. Correspondance, t.11, p. 119-124.

91 Daniel’s solution was published in 1724 in his Ezercitationes quaedam mathematicae and
reprinted in the 1725 Acta Eruditorum; the original letter to his brother seems to be lost,
but an extract was included in the posthumous publication of Nicolaus’ results in t.I of
the Petersburg Commentarii (1728), the same volume in which Goldbach published his own
results on the Riccati equation.

92 These transformations still show up in 20th-century accounts: see, e. g., Kamke 1956, § 4.20.
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down a single substitution in the form of a continued fraction which transformed
(2.12) into the simpler equation 3’ = a +by? in a single step. Euler communicated
this observation to Goldbach in his letter n° 15. The integrability of differential
equations, in particular of the Riccati equation, was discussed in n° 16 and 17 (see
Euler’s articles E. 11 and E. 12), as well as in n° 173.

2.4.3. Integrability of binomial differentials and elliptic integrals

The problem of classifying those triples of rational numbers m, n and p for which
the differential 2™ (a + bx™)Pdx can be integrated by elementary functions goes
back to Newton and Jacob Bernoulli. After having heard from Daniel Bernoulli
that Goldbach had found new results in this direction, Euler reported in n°11

a?dx

that he believed that the integral e cannot be expressed in terms of
a* —x

what we call “elementary functions”. Euler knew that this integral shows up in

the rectification of ellipses and in connection with the lemniscate and the elastica

(the curve that a thin beam describes when it is bent). In n°13 Euler stated the

dz
VP + 24

is an integer;”® this was later proved by Chebyshév.

conjecture that the differential can be integrated algebraically only if

-m qg—m
or

m(p—q)  m(q—p)

For more attempts at integrating these differentials see Goldbach’s reply in n° 14;

in n° 15, Euler already studied the related problem for Riccati’s equation, which

we have already discussed above. See also n°43 and 66.

An elliptic integral had already shown up in Euler’s letter n° 11, where Euler
2

remarked that he could not compute the integral ——— related to the rec-
a* —x

tification of the lemniscate; in n°®40, Euler dealt with what Legendre later called

an “Eulerian integral of the first kind” (now known by the name Beta function).

Euler reported on his work on elliptic integrals, which was sparked by Fagnano’s

results, in n° 158 and 159.%4

either

2.4.4. Divergent series

Divergent series were a controversial tool even in Euler’s times. Goldbach defended
their use in his correspondence with Nicolaus I and Daniel Bernoulli in the early
1720s. Both Goldbach and Euler were convinced that one could assign values to
divergent series, and Euler knew how to obtain breathtaking results with this tool,
in particular in number theory.”®

93 Actually, he wrote “est numerus rationalis”, but the context shows that in 1730 he already
understood the problem in the same way it was much later presented in the Institutiones
calculi integralis (E. 342, §104).

94 The history of elliptic integrals and elliptic functions has often been described; for a recent
account based on Abel’s contributions, see Houzel 2004.

95 Hecke later observed that “the precise knowledge of the behaviour of an analytic function in
the vicinity of its singular places is a source of arithmetic theorems” (Hecke 1923, § 55, p. 225),
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Euler had various methods for assigning values to divergent series. Take, for
example, S =1 —2+4+ 3 — 4+ ...; formally, this series is the value of the power

series f(x) = 1+ 2z + 322 + ... at * = —1; since f(z) = ¢'(z) for g(z) =
1
l+a+2?+23+...= —/— we find f(z) = ———, and evaluating this power
11—z (1—x)2
series at s = —1 (which lies on the boundary of the domain of convergence of f and

g) Euler deduced that S = 1. Using this method Euler was able to evaluate ((s)
at the negative integers and to make a correct guess at the functional equation of
the zeta function.

Some paradoxes that arise from manipulating divergent series were pointed
out by Lambert, who observed?® that by subtracting the infinite number — log 0 =

1—&—%—1—%—1—%—1—...:oofromitselfoneﬁnds
1 1 1 1 1
1 +5 +3 +37 +5 +5 +
1 1 1 1
-1 -5 -3 -1 5 F
] -1 1 1 _1 1 _
2 6 12 20 30
that is, % + % + % + % 4+ ... = 1. This is a correct equation since it equals

(1-3)+(3—3%)+(3— 1) +-.., which telescopes to 1. On the other hand, if one
subtracts the same infinite series in a slightly shifted way,”” then one obtains

1 +1 +3 +7 +& +5 +...
~1 —1 -3 +...
1 1 1 1 1
1 -5 +3 —z7 +5 —§ +---,

that is, the difference is now log 2. Lambert explained this by observing that the
first series is the limit of —log(1 — a), the second one that of —log(1 — a?), so the
difference should have limit

. 1—a®
il_)rri log T .= il_)ml log(1 + a) = log 2.

was dis-

U dx Lody
A related phenomenon concerning integrals such as / — /
o logzx o logy

cussed in the correspondence between Lagrange and Euler,”® where they agreed
that expressions of the form co — oo are indeterminate. In a similar vein, Goldbach

which at least partially explains why Euler’s results obtained with the help of divergent series,
while not proved rigorously, often had lasting importance. Famous examples of results that
Fuler obtained using divergent series include his product formula for the zeta function and
the asymptotic behaviour of the sum ) % of inverse primes.

96 Lambert 1771, vol.II, p.518.
97 Lambert used the expression “sprungsweise”.

98 See the letters R 1387, 1388 dated February 10th and March 23rd, 1775: O.IVA/5, p. 502—
509.
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C B
mentions in n° 63 that if A, B, C are divergent series for which — = — is finite,

A 24
then it does not follow that B = 2C.

Euler manipulated divergent series in n° 66, and in n°® 91 he reported about his
“little dispute” with Nicolaus I Bernoulli, who held the opinion that an expression
such as Y2 (=1)""!n! =1 -2+ 6 — 24 + ... does not have a determinate sum.””
Euler then explained how to assign a value to this series, and showed that it can be
transformed into a continued fraction.'®" In his reply, Goldbach took Euler’s side
and gave more examples. Euler answered with the remark that he had already been
aware of Goldbach’s “most ingenious method” of transforming divergent series into
convergent ones, and remarked that ‘no series can be so divergent that its sum
could not always be expressed by a convergent series”.

2.5. Geometry, topology, combinatorics

In the fields that have been discussed in Sections 2.1-2.4 of this Introduction
something akin to a research programme can be discerned in the Euler-Goldbach
correspondence: Questions are pursued at some length, diverse formulations and
methods of proof are tested, individual problems are put into a more general
perspective, some of them resurface after a long time to be viewed from other
angles. Moreover there is often a true dialogue: Goldbach raises points of his own,
tries his own approaches or prompts Euler by his queries to elaborate and clarify
his ideas. It is no exaggeration to state that the exchange of ideas with Goldbach
played a substantial role in shaping Euler’s achievements in “Fermatian” number
theory.

This is not the case for those other areas of mathematics and natural science
that will be presented in the next two sections. Here most items are only inciden-
tally mentioned in one or two letters: Goldbach brings up questions he has read
about or heard of in conversation, or Euler says in an aside what he is currently
working on, without necessarily expecting Goldbach to enter into a discussion.
Many of the questions touched on in this way are intriguing or even important by
themselves, but — with one exception — no in-depth discussion follows.!0!

Consequently, the topics in geometry and some neighbouring areas that Euler
and Goldbach mention in their correspondence will here only be briefly summarised
in a bare list:

99 This topic had evolved from the correspondence on Euler’s evaluation of ((2); see Baltus
2008 for details from Euler’s correspondence with Bernoulli on this topic.

100 One of the earliest entries in Gauss’s mathematical diary (Gauss 2005) was noted down
on July 10th, 1796: entry no. 7 records a (divergent) continued fraction expression for the
divergent series 1 — 24 8 — 64 + .. .; in no. 58, Gauss generalised this to the series 1 — a +

a® — a® + a'® 7 ..., where the exponents are triangular numbers.

101 The exception concerns the challenge problem in differential geometry that Euler posed in
his short note E. 79 — see below.
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102

103

104

105
106

— Goldbach’s work on squareable lunes is mentioned in n°9 from 1730, where
Euler also presents his own analytic solution.!?? In n° 53, written in 1742, we
find Goldbach’s (re)discovery of the fact that the Pythagorean theorem can
be generalised to similar areas bounded by arbitrary curves, which leads to
the quadrature of some other moon-shaped figures.!?3 Euler’s own work on
circular lunes is contained in E. 73 and E. 423; ultimately the problem boils
down to finding all solutions of the equation /msin « = sin(ma) for which
sin o can be constructed with ruler and compass.'*

— In n°10, Goldbach tries his hand at a variant of a problem about the ra-
tional division of a circle that had been posed by Kepler in Astronomia
Nova (1609) and solved by Christopher Wren, Newton and, more recently,
Jacob Hermann. In this case, Euler did not pursue Goldbach’s remarkably
up-to-date solution.

— There are three notes of Euler’s from the 1730s (n°20, 21 and 24) in which
he raises questions in the geometry of plane curves, using elementary and
differential methods to translate geometrical conditions into algebraic equa-
tions for the solution curves. The individual problems can be placed in the
context of Euler’s research on trajectories, pursuit curves and algebraic rec-
tification.!0%

— In n°22 from 1735, Goldbach presents his proof of a theorem about nor-
mally intersecting circles which Euler had proposed the day before; in n° 23,
he indicates an equation that links the sides and diagonals of a general
quadrilateral. Apparently both these (elementary) problems in plane geom-
etry did not leave a trace in the Petersburg Academy’s records or in either
correspondent’s publications.

— In the 1743 Nowva Acta Eruditorum, an anonymous mathematician, who
seems never to have been identified, published a challenge problem in dif-

The problem of squareable “lunes” goes back to Hippocrates’ quadrature of the lunes over
an isosceles right-angled triangle. The question of which lunes can be squared came up again
in a book by the Scottish Newtonian John Craig published in 1718 and was immediately
taken up by the Bernoullis and L’Hépital. The problem was discussed in the correspondence
between Goldbach, Nicolaus IT and Daniel Bernoulli from 1722 to 1723 (cf. Bottazzini 1996,
p.188-194).

When Euler did not comment on this in his reply, Goldbach asked somewhat petulantly

whether his statement had been too obvious, and Euler promptly apologised for his oversight
(see n° 55, note 10, and n° 56, note 9).

The proof that the list of five squareable lunes first indicated by the Swedish mathematician
Martin Johan Wallenius in a thesis presented at Abo in 1766 and confirmed by Euler is
indeed complete was only achieved in the first half of the 20th century by the combined
efforts of Landau, Chakalov, Chebotarév and Dorodnov (cf. Scriba 1987, 1988).

Cf. n° 20, note 2, n°21, notes 1-2, and n° 24, note 1.

As has been emphasised above in Section 1.3, the few notes from 1732-1738 that have been
preserved with the correspondence may actually represent only an undetermined fraction of

the communication between Euler and Goldbach during that period. Pending a thorough
study of other parts of their manuscript heritage, many questions remain open.
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107

108

109

ferential geometry, following in the footsteps of Euler’s quarrelsome teacher
Johann Bernoulli: Euler (see n°76-78) drew Goldbach’s attention to this,
approved Goldbach’s attempt at a solution and sketched his own, general
one (E. 75). Two years later, Euler issued another, similar (but much harder)
challenge: In a short note (E. 79) he asked for the determination of a “contin-
uous” curve (i.e., one described by a single, preferably algebraic expression)
that would send a light beam back to its source after two reflections — just
as a circle does after a single reflection. This problem — which may also
have been posed in order to identify mathematical talent worthy of promo-
tion and patronage and show up those mathematical grandees who could
do nothing to solve it — set off a four-year exchange with Goldbach pursued
through more than thirty letters (n°87-109, 129-139). Euler sent hints at
his own approaches, a complete draft of one of his papers and several figures,
discussed the only solution that was received by the journal, and criticised
Goldbach’s — in this case mostly futile — attempts to analyse the question.'%7

— In n° 125, Euler sketches a result on quadrilaterals that can be viewed as a

generalisation of Pythagoras’ theorem or as a polished version of the formula
Goldbach had indicated in n°23: Assume that the diagonals AC and BD of
a quadrilateral ABCD are bisected by P and @Q; then

AB* + BC® +CD’ + DA° = AC + BD" +4PQ".
With his reply Goldbach sent a proof that now seems to be lost; Euler (in
n° 129, published in E. 135) and G.W. Krafft (1750) gave their own proofs.'%

— As is well known, Euler’s correspondence with Goldbach also contains the

first appearance of one of his most celebrated insights — one that was to grow
into what is now called combinatorial topology. In n° 149 Euler carries over
some near-trivial observations on polygons to the three-dimensional case and
arrives at the justly famous polyhedron formula H + S = A + 2, nowadays
written as V — E + F = 2, where V (Euler’s S), E (A) and F (H) de-
note the number of vertices (anguli solidi), edges (acies) and faces (hedrae)
of a (convex) polyhedron.!?® Alongside this discovery, two other important

Except for a short hint in White 2007, p. 308-311, the intriguing questions posed by these
challenge problems and their solutions have apparently not been comprehensively studied
up to now either from a mathematical or a sociological point of view.

See Sandifer 2007c, ch. 6.

The special case where the quadrilateral is a parallelogram and P@Q = 0 had been published
by Lagny in 1707. However, all these 18th-century authors were unaware that the general
theorem had actually been discovered much earlier by a Spanish Jesuit, José Zaragoza (see
n° 125, note 6).

See n° 149, notes 5-9.

Among the copious literature on Euler’s polyhedron formula, we mention Lakatos’ Proofs
and Refutations (1963/1976), where the formula is used to exemplify the heuristics of math-
ematics in general, Sandifer 2007c, ch.2-3, and Richeson’s monograph FEuler’s Gem from
2008, which studies many additional aspects of the problem.
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results communicated in the same letter have been almost universally disre-
garded: the theorem that the “angular defects”, i.e., the amounts by which
the face angles at each vertex fall short of 27, sum to 47 (a polyhedral analog
of the “Gauss-Bonnet theorem”), and the volume formula for the (irregular)
tetrahedron — implying one for more general polyhedra — that is commonly
attributed to the 19th-century geometers von Staudt, Cayley or Sylvester.

— In n°154, Euler counts the number of ways of dissecting a polygon into
triangles using diagonals. He finds that for an n-gon, this number is given

1 2n — 4
by C), = 1 < " 9 >, and writes down the generating function for this
n— n—

sequence. 110

— The problem of finding a closed knight’s tour that visits every square on a
chessboard is discussed in n°184. The paper that Euler later published on
the subject, E. 309, also presents solutions for other square, rectangular and
cross-shaped chessboards; these had been investigated and sketched in his
notebook. !

The only major area of 18th-century mathematics that is entirely absent from
the Euler-Goldbach correspondence is probability theory (which then included the
theory of errors, statistics and actuarial science). Euler’s work in these fields is
almost always motivated by external requests, and most of it belongs to his last
years at Berlin and the period after his return to Petersburg.

2.6. Natural science

Of the great bulk of Fuler’s work, more than half belongs to the physical sci-
ences: theoretical mechanics and positional astronomy take up many volumes of
his Opera. Fluid dynamics, the theory of machinery (including ships), optics and
other parts of what had traditionally been called natural philosophy and was grad-
ually becoming a separate science of physics also played a substantial role in his
research — and in his teaching, as the Letters to a German Princess eloquently
attest.

However, only very few aspects of this side of Euler’s professional identity seem
to have been of interest to Christian Goldbach, who remained at heart a humanist
scholar, not a scientist. Thus topics of physical science come up in the corre-
spondence only when ultimate principles of natural philosophy and cosmology are
under debate or when a specific occasion is supplied either by nature (in the case
of comet sightings) or by the academic community (e.g., by prize competitions).

110 For Segner’s and Kotel’nikov’s contributions and the later history of the “Catalan numbers”,
as these coefficients are called today, cf. infra n° 154, note 2.

111 See Sesiano 2012, 2014.

A knight’s tour can be interpreted as a Hamiltonian path in a certain graph: see Sandifer
2007c, ch. 16.
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2.6.1. Fundamental physics

Characteristically, the first set of questions from natural science that Goldbach
raises in the correspondence with Euler comes from a popular book which he had
read during his student days: In n°42 — the first letter he sent to Berlin after Euler’s
move — he inquires about some “paradoxes” proposed almost a century earlier by
the Heidelberg naturalist Leuneschlofs: on the (im)possibility of vacuum in nature,
on the generation of sound by strings and bells of various mass, on measuring the
density of air by comparing sound with water waves, and so on. Euler courteously
replies that some of Leuneschlofs’s notes — although they have been known for a
long time — “show real insight into nature”.

However, physics has since then moved on from the nominalist debates between
the various schools of the 17th century to a quantitative theory based on sophis-
ticated mathematics. Therefore — as Euler tells Goldbach in n° 78, replying to an
inquiry about a recent treatise on gravity — it is not to be expected that anybody
outside the narrow circle of experts, with whom he is personally acquainted, could
have discovered anything noteworthy about this subject, for

“this requires such a deep insight into the most sublime mechanics as
is not likely to be found in a person yet unknown; and without this
understanding one commonly falls back upon mere illusions and contra-
dictory hypotheses, which can neither consist with the true principles
of Physics nor satisfy the phenomena.”

Ironically, Euler’s own attempt — published anonymously around the same time —
to explain Newton’s inverse-square law of gravitation by an aether-based “mecha-
nism” (Euler 1743) and his theory of magnetism (E. 109) are nowadays considered
failures for very similar reasons.

2.6.2. Natural philosophy: The disputes on monads and
the principle of least action

Twice in his career Euler became involved in public controversies that impaired his
record as an uncommonly peaceable and mild-mannered scientist; even today the
part he played in these disputes and the motives behind his conduct are a subject
of intense debate. In both cases, when Goldbach asks about his assessment of these
causes célébres, which troubled all the European republic of letters, Euler’s replies
are uncharacteristically reticent.

From early on, Euler had been a declared opponent of Leibniz’s theory of mo-
nads as taught by Christian Wolff and his followers — then the prevailing school
of thought in German philosophy.''? In the Euler-Goldbach correspondence, the

112 He later explained his critique of Leibniz’s theory of “pre-established harmony”, which deals
with the relation between mind and matter, in several sections of his Letters to a Ger-
man Princess (E.343/344): see in particular letters n°® 82-85, 93 and 125-132 from 1760/61
(O.III/11, p.185-193, 209-212, 294-312).
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topic appears — after oblique references in n°43 and n°80 — in n° 106 from June
1746, when Euler mentions in a short postscript that the Berlin Academy has just
set “the problem of bodies’ elements or monads” as the subject for next year’s prize
competition. What he does not tell Goldbach is that he has intensively laboured
behind the scenes in order to secure the Academy’s official approval for his anti-
monadist views: the very wording of the question already suggests that the doc-
trine of monads is to be shown up as unfounded. Moreover Euler must by then
have been working on his tract Gedancken von den Elementen der Cérper (E.81),
which appeared anonymously in September 1746. Thus, while the deadline for the
competition was still open, it became semi-officially known that leading exponents
of the Academy planned to “finish the monads off”: as Euler said,

“it is not to be expected that among the remaining champions of the
Leibnizian doctrine any will be found who would continue to grant
it a place in philosophy, after the impossibility of the imaginary act-
ing forces allegedly present in the elements of bodies has been estab-
lished.”!13

A year later, after the entry by Justi that he favoured had been awarded the
prize and a compromise had been reached on which papers should be printed by
the Academy, Euler explained his views on the nature of extended bodies and
the “mind-matter problem” to Goldbach in more detail, but still refrained from
owning up to his authorship of Gedancken von den Elementen der Cérper or to
his activity as a member of the jury (see n°117). He may well have been aware
that Goldbach, who had kept in contact with some exponents of the Leibnizian
school, could not be expected to share his disparaging views.

In summer 1752, Goldbach received an even more reticent answer when he
asked Euler in n° 160 — feigning ignorance of an affair that by then violently agi-
tated and divided the academic community — about Maupertuis’ laws of motion.
In his reply (n°161), Euler tersely outlines Maupertuis’ principle of least action,
admits that he has worked out a similar result “a long time ago”, but emphasises
that its universal applicability has only now been recognised by his superior at
the Academy. Here again, almost all that he could have told Goldbach about the
debate set off by Maupertuis’ publication from 1748 remains unmentioned: Samuel
Konig’s critique in a paper written in 1749 but published only after consultation
with Maupertuis, in 1751; the frantic search for the original of a letter by Leib-
niz from which Koénig had quoted a paragraph voicing similar ideas; the meeting

113 “Es ist auch nicht zu vermuthen, daf sich unter den iibrigen Verfechtern des Leibnitzischen

Lehr-Gebadudes jemand finden werde, welcher, nachdem die Unmoglichkeit der eingebildeten
wiirckenden Kréffte, womit die Elementen der Corper begabet sein sollen, dargethan worden,
demselben noch ferner einen Platz in der Weltweifheit einrdumen sollte™ E. 81, Pt.1I, §46
(cf. O.1II1/2, p. 360).
The martial simile “finishing the monads off” (“den Monaden das Garaus machen”), which
appeared in an adverse review of Euler’s tract, has given Hanns-Peter Neumann the title of
his knowledgeable study (2010). On the entire complex of questions, see n° 117, notes 1, 4
and 5.
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of the Berlin Academy on April 13th, 1752, where Euler orchestrated the official
denunciation of this letter as a fake;'' Konig’s resignation from the Academy
under protest in June; and the first public remonstrations against this misuse of
institutional power to suppress free expression of opinion.

More was to come: in September, Konig published his Appeal to the Public
against the Academy’s judgment; Euler, Maupertuis and their colleague J.B. Me-
rian countered; and in December, Voltaire had his violent and very effective satire
Diatribe du Docteur Akakia against them printed in the Netherlands.''® Despite
King Frederick’s endeavours to protect his Academy’s President, Maupertuis suf-
fered badly from the general scorn and fled from Berlin, returning only sporadically
until his final departure in 1755.

Of all these events, which substantially affected FKuler’s work and life in the
years that followed, almost no trace can be found in his correspondence with
Christian Goldbach. One wonders whether Euler was aware that the role he had
played in them was anything but glorious and wanted to avoid disagreement with
his valued former patron and colleague.

2.6.3. Celestial mechanics: comets, lunar tables
and the three-body problem

A substantial part of Euler’s work, which comprises three separately published
books (E. 66, E. 187, E. 418) and fills nine volumes of his Opera Omnia (O.11/22—
30), is dedicated to problems in celestial mechanics.!6

The first domain of astronomy that is mentioned in the Euler-Goldbach corre-
spondence is the determination of comet orbits. Indeed during the years 1742/44
at least four comets were observed — one of them among the most spectacular ever
sighted — and vividly debated. Euler describes the first of these on March 13th,
1742, shortly after its appearance in the sky of the Northern hemisphere, in a PS
to n°48; he also corresponded about it with Delisle and Heinsius in Petersburg
and published his orbit calculation in E.58. Another comet, which approached
the Earth very closely, was discovered by Grischow at the Berlin observatory on
February 10th, 1743 (cf. n°64, note 11).117 Euler’s letters n° 76 and 78 mention
the great comet of 1743/44, which is usually called after Loys de Chéseaux; its
appearance not only gave Euler the data for another orbit calculation, which was

114 Even an author as sympathetic to Euler as his biographer Fellmann (1995, p. 83) speaks of
an “academic judicial murder”.

115 See also n° 161, note 8, and the literature cited there.

116 A comprehensive analysis of Euler’s work in this field by Andreas Verdun is currently being
published (2014).

117 Since no sources or data are indicated, it is not clear whether Euler’s surmise in E. 67 that
comets exist which describe elliptical orbits relatively close to the Sun — inside Jupiter’s
orbit — and that one with a period of only 4 years may even have been sighted, refers to this
comet (for which it may actually be true!) or to an earlier one. Anyway, by the time of his
reply to Goldbach’s enquiry in 1748 Euler had taken his distance from these speculations
(cf. n°130, esp. note 12, and n°131).
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published in E. 66, but also motivated the writing of a tract addressed to the gen-
eral public (E. 67/68), in which he included the observational journal of the Berlin
astronomer Margarethe Kirch. Moreover, Euler wonders whether the comet’s close
approach to Mercury could have disturbed the planet, later reassuring Goldbach
in n° 131 that this has not been the case; and he harshly criticises the claim by the
Kénigsberg philosopher Martin Knutzen to have forecast the comet’s advent on
the basis of an identification which Euler judges to be quite absurd (cf. n° 80, notes
15-17). Finally, in n°® 101-102 there is a short discussion of the physical nature of
comets’ tails.

Euler’s theories of the motion of the Moon and the corresponding tables were
motivated at least in part by one of the 18th century’s greatest technological
challenges: the determination of the position of a ship at sea — particularly of its
geographical longitude. At a period when clocks could not yet be relied on to keep
time at sea with an adequate degree of precision, this crucial information had to be
computed from astronomical observations. In 1765, Euler received (together with
the astronomer Tobias Mayer’s heirs) part of a prize from the British parliament
for his results on the motion of the Moon; however, by that time the astronomical
methods for solving the longitude problem were already largely superseded by the
first reliable marine chronometers that the English clockmaker John Harrison had
developed.

The theory of the Moon’s motion and the resulting ephemerides were, for the
whole period from 1744 to 1751, the object of an animated debate between Euler,
Clairaut and d’Alembert, which also involved Tobias Mayer, Maupertuis, Gabriel
Cramer, Daniel Bernoulli and Le Monnier.''® Some traces of this can be found in
the Goldbach correspondence, where Euler mentions his assiduous work on lunar
tables several times: see n°93, 112 (in particular the passage with notes 7-9), 117,
132 and 133 (notes 2-3).

In n° 128 from June 1748, Goldbach asks for two copies of a detailed prediction
of the upcoming solar eclipse, which has been calculated by Mayer according to
Euler’s theory and published by Lowitz at Nuremberg. Despite problems with a
Prussian trade embargo, Euler finally manages to have the brochures delivered to
Goldbach in time for the eclipse, as Goldbach gratefully acknowledges in n° 132. In
the meantime, Euler has already reported his satisfaction that his own observations
showed a very good agreement with his predictions.

For 1748 the Paris Académie des Sciences proposed as its prize problem the
investigation of the orbit of Saturn or, more specifically, the “great inequality”
linking the orbital motions of Jupiter and Saturn. Euler’s work on this problem,
which earned him a substantial amount of prize money in 1750 and 1752, is men-

118 Cf. Euler’s correspondence with Clairaut and d’Alembert and the pertinent commentaries
in O.IVA/5, p.6-9, 21-25, 156-217 and 260-311.
For a first overview of the competing theories and their development, see Waff 1995. A
thorough study of Euler’s early lunar theories can be found in Verdun 2013; the complex
publication history of the astronomical tables he computed is analysed in Verdun 2011.
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tioned (but not discussed in detail) in letters n° 108, 110, 112, 117, 140, 141, 151
and 158.

In one instance, these comments prompt Euler to a remarkable digression into
epistemology (see n°110, note 6): After observing that the two systems he has
studied — Saturn’s motion around the Sun, which is disturbed by Jupiter, and the
Moon’s motion around the Earth, influenced by the Sun — can be analysed in two
steps by applying perturbation theory to a two-body solution, he states that

“there might possibly be cases where one could not determine the mo-
tion of a planet in any way |[...]; if the Moon were just so far distant
from the Earth that the two forces of the Sun and of the Earth were
almost equal, so that the Moon could neither be a primary planet nor
a satellite of the Earth, its motion would be so irregular that it could
not be determined in any manner whatsoever. Thus it is very fortunate
for Astronomy that no such case occurs in our planetary system.”

The three-body problem posed by lunar motion would be quite intractable if the
Moon were about five times farther from the Earth, if its orbit were more eccen-
tric or substantially inclined with respect to the ecliptic. Characteristically Euler
pursues the argument one step further, attributing the “innocuous” geometry of
the solar system as it actually is to the benevolence of its creator:

“it really appears as if this system has been established according to the
bounds of our understanding and that such [unsolvable| cases perhaps
are to be found only in other systems, where the inhabitants possess a
greater intellect and a deeper insight into analysis.”

This passage strangely combines Euler’s insight into the difficulties with which the
general three-body problem — now known to be chaotic — is fraught, and one of
those peculiar speculations on providence that are a hallmark of his worldview — a
kind of epistemological “anthropic principle”.

2.6.4. Miscellanea

There are a few remarks in the letters on scientific and technological issues that
cannot easily be grouped into a thematic cluster, but are worth mentioning here:

— In 1742, Goldbach brings up a topic he has heard about in conversation:
Leeuwenhoek’s microscopic observations of the red blood corpuscles (ery-
throcytes). The effort to understand the geometry of what was being seen —
actually a disk with a thickened rim — suggested to some a composite struc-
ture that much later would have been called a fractal. Goldbach and Euler
discuss the possibility of such a pattern for physical objects at some length
in n° 55, 56, and 60.

— In n°115 and 117, Euler mentions the invention of “a new kind of burning
glass” — actually a compound of plane mirrors — by Buffon in Paris.
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— In n°116 from 1747, Goldbach asks for news about the alleged perpetuum
mobile that the Saxon inventor Bessler (Orffyreus) has shown around be-
tween 1712 and 1721. Euler has heard nothing new and is forced to admit
that the puzzle will now probably never be cleared up, since the “Orffyrean
wheel” has been destroyed.

— In n°133 from 1749, Euler tells Goldbach about one of his ideas that has
proved very successful in the long run: the construction of compound lenses
to eliminate chromatic dispersion in optical instruments.

“If one could manufacture objective lenses which should throw all
the rays together into a common focus, one could expect of these
the same advantages as of mirrors. However, this cannot be effected
by mere glass. The idea therefore occurred to me if it should not
be possible to produce such objective lenses from glass and water
or from two other different transparent materials.”?

Thus, whereas the Euler-Goldbach correspondence does not develop any theories
in natural science in a systematic way, there is a plethora of incidental comments
telling us a lot about public interest in their progress and about Euler’s perma-
nently active thought processes.

2.7. Professional life: Academies, prizes, publications

Undeniably the relationship between Goldbach and Euler during the initial period
of their acquaintance was one of patronage: the twenty-year-old newcomer to the
Petersburg Academy, who had stirred from his provincial hometown for the first
time, relied on the advice and support of the influential Secretary, who was his
senior by seventeen years and an excellently connected, if somewhat reserved man
of the world.

However, the letters from this first period do not explicitly address this aspect:
to begin with, Euler aimed — very successfully — at proving by his communications
to Goldbach that the Academy had indeed acquired a junior member of outstand-
ing talent, who deserved to be protected and encouraged. Goldbach’s letters, on
the other hand, show that he soon realised his counterpart’s exceptional gifts and
came to rely more and more on Euler’s guidance in the scientific investigations that
were by now more of a favourite pastime than a professional obligation for him.

119 The same idea had already been considered by Hooke and Newton around 1670, but neither
they nor Euler had the technology to make it work. The first viable achromatic lenses, com-
bining crown and flint glass, were made in the 1730s; however, they became a commercial
success only at the hands of John Dollond, after he had read Euler’s memoir (E.118) pre-
sented to the Berlin Academy in 1748 (but originally rejected the theory because Newton
had declared it not feasible).
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The outward consequences of the privileged relationship that developed within
those first few years are not reflected in the correspondence, but rather in the
facts of Euler’s career: There does not seem to have been any indecision on the
Academy’s part in appointing him to the chair of physics (at the age of 23), then to
Daniel Bernoulli’s chair of mathematics, or in extending his contract on improved
conditions. This was certainly due to the commitment Euler brought to all his
tasks and his exceptional productivity, but the “continuing goodwill” that he so
often solicited at the end of his letters to the Academy’s Secretary and its other
office holders must also have helped.

In the 1730s, Euler’s appeals for Goldbach’s support — if they were indeed
needed — were apparently submitted in person; only at the very end of Euler’s first
period in Petersburg we find some traces in the correspondence. Thus Goldbach’s
note n° 33 is a message of congratulations on Euler’s improved contract (implying
that Goldbach had had a hand in securing this); and in n°34 from 1740, it is by
way of Goldbach that Euler prefers to address to the Academy’s President his
urgent appeal to be relieved from the task of revising maps that is threatening
— as he fears — his eyesight.

Requests of this kind become more frequent during Euler’s first year at Berlin,
when the clerical office holders of the Petersburg Academy have less of an interest
in securing his contentment. The payment of a gratuity that he has been promised,
the correct settlement for the sale of his house on Vasilevsky Island, his nomination
as a foreign member of the Academy with the corresponding pension: all these
concerns are entrusted to Goldbach in 1741/42 (letters n° 38-52).

Even after Goldbach has left the Petersburg Academy in March 1742, Euler
occasionally relies, at least in an implicit way, on his intercession with patrons
in high positions: when the foreign members’ pensions are temporarily suspended
during Schumacher’s fall from grace in 1742/43 (see n°58, 72, 80), when an un-
founded and potentially damaging rumour circulates about his possible return to
Petersburg (n°110), even when, during the Seven Year’s War, Russian troops have
pillaged his country estate (n°185).

Another domain where Euler occasionally asked for Goldbach’s help is his mas-
tery of elegant style: When the Prussian civil administration wanted to coin some
medals in remembrance of King Frederick’s martial exploits, Goldbach furnished
designs and mottoes (see n°41, 48), refusing however to do so for a second time
after the first set had not been realised (n°99-100). On his own behalf, Euler asked
him in n° 108 for a device for his prize paper E. 120 on Saturn (submissions for
those academic competitions had to be entered anonymously and identified by a
motto, with the author’s name disclosed in a sealed envelope that was opened only
for the winning paper after the judging of the contest) and received a stylish verse
on the might that guides the stars (see n°110).

The letters n®157-161 contain a peculiar discussion on subtleties of French
prose style: Goldbach asks about a turn of phrase that contains a debatable sub-
junctive form, and Euler consults no less than four experts — all native speakers of



2.7. Professional life: Academies, prizes, publications 77

French who live at Berlin — to judge whether this is an infringement of the rules
of grammar or a legitimate nuance.

On the other hand, having an obliging correspondent in Prussia obviously also
suited Goldbach well: even before his departure from Petersburg, Euler got the
first commission to check whether some letters Goldbach had sent to Berlin had
arrived. There were to be many such errands: letters to be forwarded, lists of books
to be ordered from local and other booksellers in Western Europe, enquiries about
recent publications, common acquaintances, appointments, prize competitions.!?’

In these departments the main burden of the mutual errands falls clearly on
Euler’s shoulders; when Euler has similar requests for information or help from
Russia, he mostly addresses them to Schumacher.!?! All the same, Euler not only
always obliges his friend most readily, but also regularly offers his good offices.

On events at Berlin and in the Academy Euler chiefly reports when he thinks
they may tickle Goldbach’s sense of social prestige: thus he proudly copies let-
ters from King Frederick (see n°40, 48, 169) and the French minister d’Argenson
(n°173), tells of a visit with the Queen Mother (n°40) and the private lessons he
gives to the Hereditary Prince of Wiirttemberg (n°47-48). The opening ceremony
of the new Berlin Society of Sciences in 1743 (n°72) is reported in some detail,
whereas the Academy’s statutes, its inaugural meeting and the changing designs
for the building it finally moved into in 1752 are only briefly mentioned (see n° 54,
note 5, n°78, note 10, and n° 98, note 9).122

The prize competitions held by diverse academies are also a constant topic
in the correspondence: from Euler’s difficulties with an entry lost in the mail
in 1740, through his list (in n°167) of the prizes he has received at Paris, to
Goldbach’s congratulations for the two prizes Johann Albrecht Euler has won
from the Petersburg Academy in 1755 and 1762.123

Euler often mentions his own books, his popular tracts and scientific papers,
both those that are currently being printed (he often has these sent to Goldbach
as a gift) and those still at the planning stage. Thus the correspondence provides
valuable insights into Euler’s workshop — some of his books are announced as

120 The list of such tasks Euler undertook for Goldbach is long: individual items can be retrieved
by consulting the relevant entries in the Subject Index (infra p.1201-1205).

121 See the edition of Euler’s correspondence with the Petersburg Academy’s officials by Yushke-
vich and Winter, in particular JW 2.

122 It is all too easy to forget to what an extent these intellectual and academic developments
stand against a dark backdrop: during almost all the time Euler spent in Berlin, Prussia was
either at war or made use of short ceasefires to prepare for the next campaign. For most of
the time, the insecurity of the general conditions is just mirrored by the continual delays
in building up the institutions imagined by Frederick; but some few comments in Euler’s
correspondence show all the same how much he hoped for calmer times and identified with
Prussia’s fate, which would inevitably affect his own career for better or worse (see, e.g.,
his joy at Frederick’s victories in n° 52 and 83, his sense of imminent threat in n®91 and 96,
and his relief in n° 185 from 1762 when the “violent thunderstorm” is — almost — over).

123 Again readers specifically interested in this thread of the correspondence should consult the
Subject Index (infra p.1201-1205).
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completed many years before they will finally appear — and into the difficult ne-
gotiations he conducts in order to have the works with their complex formulae
adequately printed. Goldbach is grateful and suitably impressed even if he cannot
reciprocate with fruits of his own labours.!?*

The work of other scientists is also frequently brought up: Often Goldbach
asks for Euler’s opinion about scholarly publications (many of these are older and
outdated). Euler, on the other hand, keeps Goldbach informed about those books
currently being published that he thinks of interest: thus Johann I and Jacob
Bernoulli’s Opera, Johann’s correspondence with Leibniz, Clairaut’s Theorie de
la Figure de la Terre, the Geneva edition of Newton’s Principia, his Opuscula,
Mme du Chéatelet’s Institutions Physiques, Bouguer’s Traité du Navire, Le Mon-
nier’s Institutions astronomiques are mentioned with approval (and so is a rhymed
translation of the psalms by Euler’s fellow citizen J.J. Spreng).

2.8. Personal life: family, travel, health

Long-term correspondences are often a valuable source of information about the
“ Lebenswelt” — the personal living circumstances — of their authors: this is particu-
larly important in dealing with persons who did not leave copious autobiographic
memoirs, personal diaries or chronicles. In Goldbach’s case, a substantial number
of documents of this nature apparently exist in his manuscript heritage, but these
could not be accessed and evaluated by the present editors.'?® On Euler’s part,
personal records of his life outside his scientific activities are rather scarce: the
autobiographical sketch of barely two pages which he dictated to his eldest son
in 1767 only covers the time up to 1740 (ending with the laconic sentence: “what
has happened to me since then is known”), and Nicolaus Fuf’s obituary, while
comprehensive and written in proximity to those who had known Euler best, is
mainly based on recollections from his last years.26

During his long life Euler wrote somewhat more than 1200 letters; but the
overwhelming majority of these are strictly about professional matters. Remarks
of a “private” nature occur only in very few of his major correspondences, mainly
those with Daniel Bernoulli, Schumacher, Johann Caspar Wettstein (a fellow cit-
izen from Basel who lived in England) — and Goldbach. Even here they are thin
on the ground and soberly stated; intimate confessions — anyway very rare with
18th-century scientists — do not occur.

All the same, the Goldbach correspondence provides us with a great deal of
information on Euler’s personal life during almost all the period he spent in Berlin.

124 For Goldbach’s almost absolute reticence with respect to his activities at the Foreign Office
and the few putative exceptions, see supra 1.1.4, note 11.

125 The biography by Yushkevich and Kopelevich (1994) mentions, p. XI, several files of notes,
diaries and records relating to Goldbach that are preserved at the Russian State Archive,
Moscow (RGADA).

126 See, respectively, Fellmann 1995, p.11-13, and 0.1/1, p. XLIII-XCV.
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Let us mention a few points:

— Travel: In his first letter sent from Berlin (n° 38) Euler gave a detailed report
of his journey on the Baltic, his meetings in transit at Stettin and the first
visits after his arrival. The only longer trip he took during the next decades
also left its traces in a letter to Goldbach (n°146): in 1750 he traveled to
Frankfurt on the Main, where he and his wife met part of his family from
Basel and took his widowed mother to live with them in Berlin.

— Residential property: Euler told Goldbach in some detail both about the
first apartment he rented in Berlin (n°38) and about the house he bought in
1742 and moved into a year later (n°56, 58, 72, 74). Euler’s vague plans to
return to Basel if ever he could accumulate enough of a fortune to support
his family without depending on a miserably paid university position had
been abandoned by 1746, as he told Goldbach in n°80. And in 1756, Euler
was able to acquire a country estate at Lietzow near Charlottenburg where
he could accommodate his family for part of the year, obtain healthy food
and get some exercise by walking over (n°179, 181).

— Family: When the Eulers left Petersburg in summer 1741, two sons accom-
panied them; during the Berlin period, eight more children were born, but
only three of these — two daughters and another son — survived into adult-
hood. Most of these children’s births and deaths are reported in Euler’s
letters to Goldbach; so is Katharina Euler’s illness following her ninth deliv-
ery (n°143). Euler’s maternal grandmother, with whom he had lived during
his school days at Basel, died in 1744 (see n°78), his father in 1745 (n°89).
Towards the end of the Eulers’ days in Berlin, the young generation’s en-
gagements, weddings and the first grandchildren come up (see, in particular,
n° 185 and 193).

— Johann Albrecht: Euler’s eldest son occupies a special place in the correspon-
dence because Goldbach, who was his godfather, continued to feel responsible
and enquired after him. His health, which remained for a long time precari-
ous, his progress in school, his father’s private instruction, then his first pro-
fessional successes (membership in the Berlin Academy in 1754, at the age
of 21, prize contests won from the Petersburg and the Munich Academies),
finally his marriage and children are a frequent topic that seems to have
really pleased the childless bachelor Goldbach.?7

— One of Euler’s rare distractions from his professional activities also figures in
the correspondence: in n° 80, he tells Goldbach that he has profited from an
unnamed Jew’s lessons to improve his chess; and after the unofficial world

127 This volume presents — for the first time, as far as we are aware — two letters (n° 184%, 188%)
that Johann Albrecht enclosed with his father’s missives to Goldbach in 1757 and 1762, when
he was in his twenties. They are both very deferential, but a progression from an extremely
diffident to a somewhat more self-assured mode of address is all the same noticeable.
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champion Philidor has given an exhibition at Potsdam in 1750, he regrets
that he has not got the opportunity for a match (see n°150-151).

Goldbach, in turn, is much more reticent: his private life as a well-to-do elderly
bachelor may really have been rather uneventful. Once (n°44-46) an illness and
recovery are mentioned; in 1746 (n°111), he has received, as a personal gift from
the Tsarina, an estate in Livonia that will almost double his income; once (n°136)
he reports on his trip from Moscow to Petersburg by sledge in mid-winter; in
1751 (n°151), Euler congratulates Goldbach on the new house he has bought.
Finally, after the resumption of the correspondence in 1763 (n° 189), the increasing
afflictions of old age become a constant issue: Goldbach is ever more confined to
his apartment, then to his bed, and his appetite for mental activity is dwindling. In
n° 189 Euler had mentioned the possibility of his return to the Petersburg Academy
and a reunion with Goldbach; however his departure from Berlin took three more
years, and by the time he came back to Russia, Goldbach had been dead for some
time.

As we have tried to show, the Euler-Goldbach correspondence can be read at
various levels:

— as a record of the friendship between a sophisticated but ultimately unam-
bitious man of the world and an immensely talented and focused researcher
who sometimes naively blocked out the framework in which he operated,

— as a panorama of scientific life in two young and rapidly developing metro-
polises, with new research institutions that were on the rise but still rested
on shaky foundations,

— as evidence for the wide range of subjects to which open-minded intellec-
tuals could then — in this transitional phase between an age of universalist
scholarship and one of much more specialised research — still contribute an
informed opinion,

— as the chronicle of a number of long-term research projects in which each
partner used the other as a sounding-board for his approaches,

— as a testimonial of the investigations that made Leonhard Euler the 18th cen-
tury’s greatest number theorist and of the stimulus that a gifted enthusiast
like Christian Goldbach contributed by taking an active interest.

It is this multiplicity of aspects that makes editing (and, we hope, reading) an
extended correspondence of this kind such a fascinating experience.
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3. EDITING THE EULER-GOLDBACH CORRESPONDENCE

3.1. Description of the manuscript sources

The Euler-Goldbach correspondence presents one of those fortunate cases where
the original letters on both sides are more or less completely preserved. Both
Christian Goldbach and Leonhard Euler kept most of the letters they received, or
at least those addressed to them in a professional context; their papers were filed
away at the time of their death by the institutions who had employed them; and
none of the archives to which this documentary heritage — very substantial in both
cases — was entrusted has been raided, dispersed or destroyed in the 200-odd years
since then. So for a large majority of Euler’s and Goldbach’s letters to each other
the original document just at it was sent in the 18th century has been conserved
— in some cases complete with envelope, traces of the seal and postmarks.

Goldbach’s papers were seized by the Collegium for Foreign Affairs — presum-
ably for reasons of state secrecy — on the very day he died.! Euler was aware that
this estate comprised “a great lot” of his letters but did not know whether Gold-
bach had kept copies of his own missives. He also recalled that he had left “all
his learned correspondence, which made up a sizeable package”, with the Peters-
burg Academy when he left for Berlin. He wondered whether this still existed and
asked Secretary Miiller to have it sent back to him “in case the Academy thinks it
useless”. If, on the other hand, “somebody would take the trouble to sort it out”,
many important points could be found in it, and their publication “would please
the public better than the most subtle treatises”.?

Finally all the Goldbach papers — sorted and probably supplemented from
the Academy’s files — ended up at what is now the Russian State Archive for Old
Files (Rosstiskit gosudarstvennyi arkhiv drevnikh aktov — RGADA) in Moscow. The
relevant collection (fond 181, opis’ 16, nr. 1413) contains, chronologically arranged
along with many other letters to Goldbach, 100 original, autograph letters from
Euler dating from October 1729 to December 1763. In the same file, two letters
Johann Albrecht Euler wrote to his godfather Goldbach and sent along with his
father’s have been found; these are published here for the first time.

Moreover, the Moscow collection of Goldbach papers also contains a series of
notebooks in which Goldbach copied down his own letters or at least those parts
that he wanted to keep available for future reference. In two of these books, partial
copies of 51 letters Goldbach wrote to Euler were entered.® The main interest of
the copies of extant letters, which have been systematically evaluated for the first

1 This is explicitly mentioned in the account of Goldbach’s last days that G.F. Miiller gave to
Euler two days after his death (JW 1, p. 254).

2 Euler to G.F. Miiller, January 8th, 1765 (JW 1, p. 259).

3 This practice changed with time: Goldbach took copies of all his first 9 letters from the
period 1729-1732 and of 40 (from a total of 47 sent in that period) from 1742-1749; no
copies seem to have been preserved of his letters to Euler written after 1750.



82 Introduction

time for the present edition, does not lie in the — mostly slight — variants in
the wording but in Goldbach’s selection of the passages to be excerpted and in
the marginal notes in which he occasionally recorded Euler’s reactions and his
own second thoughts about the mathematical suggestions he had made. These
references to later developments and corrections are cited in our endnotes.

Four cases must be specially mentioned for which no counterpart exists in
Euler’s files and consequently Goldbach’s copybook is our only source: n°4 is the
copy of a letter sent from Moscow that was apparently lost (Euler never answered
it); n°23 is a geometrical problem that was proposed to Goldbach and possibly
communicated to FKuler in person in 1736; n° 49 reproduces the mathematical part
of another missing letter from April 1742; and in the case of n°® 116, the first sheet
of the original letter was lost from the collection of Euler’s papers — earlier than
1843 since P.H. Fuf already mentions the gap — but can be complemented from
Goldbach’s copy.

Euler’s scientific papers had in part already been deposited with the Archive of
the Petersburg Academy in the 1730s; more material arrived there after his return
in 1766, at his death and — by way of several of his descendants who held offices in
the Academy — in the following decades up to the mid-19th century. Along with
this vast estate of notebooks, drafts and fair copies of his papers, official documents
and comments on other people’s work (estimated at 25000 pages), nearly 2300
letters addressed to Euler are still kept at the St. Petersburg Branch of the Rus-
sian Academy of Science’s Archive (Sankt-Peterburgskit filial Arkhiva Rossiiskot
Akademii Nauk — PFARAN).# Many of these letters are ordered chronologically
or alphabetically, but some of Euler’s larger correspondences have been collected
in separate files. In particular, one volume (shelfmark fond 136, opis’ 2, nr.8)
comprises the original manuscripts of 91 letters from Christian Goldbach, dating
from December 1729 to January 1764.

Here also some exceptional cases should be mentioned: n° 34 (contained in the
same file as Goldbach’s letters) is the draft of an extant letter Euler wrote to
Goldbach, which we reproduce separately here since the development between the
two versions is interesting; n°21 (filed in another part of the Euler collection)
is a note on a problem of differential geometry that Euler apparently discussed
with Goldbach in the mid-1730s; and n° 196 — the original of Euler’s last letter to
Goldbach, written in March 1764 — ended up in a collection of FEuler’s letters to
G.F. Miiller.

There is remarkably little change in the physical appearance of the letters sent
by Euler over a period of 35 years: most often a single sheet is folded to yield four
pages with a size of about 17 x 22 cm, dispatched either in a separate envelope
or (less frequently) folded down, addressed and sealed on the outside. Except for
a few letters damaged by moisture or by ink seeping through from the reverse

4 An inventory of those documents, Rukopisnye materialy L. Filera v Arkhive Akademii Nauk
SSSR, t.1, was published by Yu.Kh. Kopelevich and others in 1962; the letters are described
in more detail in O.IVA/1.
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side, they are easy to read: Euler’s writing is clear and regular, with generous
margins and spacing; there are very few corrections or afterthoughts. Formulae
are mostly displayed in neat arrays. Euler’s script style changes a lot over the
years, developing from a young man’s meticulous but rather cramped forms to the
fluid, cursive hand of a practised writer in the late 1740s and 1750s. No traces of
Euler’s deteriorating eyesight are in evidence.

The exterior appearance of Goldbach’s letters is more varied: besides letters
of a regular size similar to FEuler’s, there are some small billets containing just a
few lines. The writing is mostly regular and easily legible; salutations, signatures
and addresses are often decorated with a flourish. In the mathematical parts of
his later letters Goldbach sometimes has second thoughts, striking out passages
or adding amendments between the lines and in the margins. On the other hand,
Euler also occasionally notes short observations on Goldbach’s proposals directly
on the original letters; we reproduce these remarks in the notes at the end of the
letter.

A striking and peculiar, if not unique, feature of the Euler-Goldbach corre-
spondence is its multilingual character. For the first ten years, while Euler and
Goldbach both lived in Russia, they wrote to each other in Latin, in spite of shar-
ing a (more or less) common native tongue.® In 1740 and early 1741, Euler and
Goldbach exchanged only a few short notes of a non-scientific nature (n°34-37);°
and after his move to Prussia in summer 1741, FEuler sent a detailed report of his
journey and his reception at Berlin to Goldbach. It seems rather natural that these
private communications were written in German; but even when Euler resumed
the discussion of scientific matters at the end of n®40, he did not revert to Latin
— at least initially. However, the last paragraphs of this letter already exhibit the
peculiar linguistic mixture that is to characterise all the rest of the correspon-
dence: whenever mathematical topics are discussed, the wording “slides over” into
Latin. Let us look at a — fairly typical — sample, where we have tried to imitate

5 This is actually not as surprising as it may seem to us: In marked contrast to the situation in
France, England or Italy, many academics from the German-speaking countries of the 18th
century still used the scholarly community’s lingua franca even among themselves. Such is,
for example, the case of Euler’s teacher Johann I Bernoulli, whose scientific correspondence
with German colleagues such as Leibniz, Wolff or Bilfinger and even with his fellow citizen
Hermann is nearly all in Latin. Johann I and Nicolaus I Bernoulli also corresponded with
Euler almost exclusively in Latin, whereas Daniel Bernoulli and Hermann wrote in German.
Euler, too, later still conducted some Latin correspondences with German scholars whom
he did not know personally, e.g., Ehler and Knutzen; on the other hand, a great majority
of his scientific and non-scientific letters from the Berlin and the second Petersburg period
are in German or in French (which he mastered much less smoothly than Latin). Goldbach,
for his part, corresponded in Latin with Nicolaus II and, initially, with Daniel Bernoulli,
just as he had with Leibniz, Wolff, Hermann and with his old friends Bayer and Hansch.
His correspondence with Daniel Bernoulli gradually switched over to French for unstated
reasons during the later 1720s.

6 Goldbach’s four-line billet n° 33, in which he informs Euler that his new contract has finally
been settled, presents another anomaly: it is the only communication between them that is
written in French. Possibly Goldbach intended the letter to be read by some third party.
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in English the strangely hybrid German sentences laced with grammatically cor-
rect Latin and the “chimeric” words borrowed from Latin or French but inflected
according to German grammar (these are often written partly in antiqua script,
partly in German Kurrentschrift):

“A long time ago, I discovered some similar theoremata such as:
4mn —m — 1 can nullo modo be a Quadrat.

Item: 4mn —m — n cannot either be a Quadrat, positis m et n numeris
integris affirmativis. 1 also discovered curieuse proprietates of the di-
visores quantitatis aa £ mbb si a et b sint numer: inter se primi, that
seem to have something in recessu, as for example:

Theor. 1. Omnes divisores formulae aa — 2bb continentur in forma
Sn+1[...]"7

What is going on here? After reporting on his day-to-day experiences to a friend
in the common mother language they presumably also used in their conversations
at Petersburg, Euler tries to share his current research ideas — and at once notices
that it is more natural for him to do so in Latin. Indeed he has always written,
spoken (and presumably thought) about mathematics, science or philosophy in
the “scholarly” language that he has been taught for that purpose when still very
young and has consistently used right from his start on this sort of mental ac-
tivity.® Moreover, he also lacks a standardised German vocabulary of technical
terms: neither “positive ganze Zahlen” for numeri integri affirmativi nor “teiler-
fremde Zahlen” for numeri inter se primi (i. e., coprime numbers) are yet part of an
established mathematical terminology.” So a new linguistic pattern of communica-
tion develops between Euler and Goldbach, who responds in much the same way:
the basic language of their letters, in which everyday news is exchanged, mutual
favours are asked for and acknowledged, and events in their academic environment
are discussed, is now German. But whenever questions of mathematics (and, to a
lesser degree, natural science) are being addressed, Latin words and phrases are
interspersed in the German sentences, to the point where entire pages elaborating
a mathematical argument in a more formalised way — close to the style in which
it will later be published — are in Latin (and consequently in antiqua script). All
in all, the bilingual character of the correspondence seems to be the result not so

7 See n°40, p. 172 for the original text and p.679 for a version fully translated into English.

8 The teaching schedule of the Basel Gymnasium (as high schools were then called throughout
the German-speaking part of Europe) in the early 18th century shows that an active mastery
of Latin (and some Greek) was thought to be by far the most important qualification for
embarking on an academic career, and the basic courses in the faculty of philosophy where
every student — at the age of about 14 — had to prove his ability for formalised exposition
and discussion drove this point home even more emphatically.

9 The first German-language textbooks of mathematics going beyond elementary geometry
and arithmetics were being devised just at that time: Christian Wolff, for example, published
his Vollstindiges Mathematisches Lexicon in 1734 — but characteristically his compendium
Anfangsgrinde der mathematischen Wissenschafften (first published in 1710) was much
more widely spread in its Latin version Elementa Matheseos Universae.
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much of a conscious decision than of the convenience in using the vocabulary that
was most readily available for a given topic.

The mixture of 18th-century German and Latin used in the letters presents
some obstacles even for people familiar with one or the other; moreover, the diffi-
culties involved in understanding the subject matter of mathematical theories that
are still developing, not yet fully understood and formalised, should not be under-
rated. For both these reasons it has been thought useful to append an English
translation in the present edition.!?

3.2. Prior editions

3.2.1. 19th century: Paul Heinrich Fuf

Shortly before his death, Euler had predicted that the Petersburg Academy would
take at least twenty years to print all the papers he was leaving behind, but actually
the stock of unpublished manuscripts was not yet exhausted in 1826, when Euler’s
great-grandson Paul Heinrich Fuff succeeded his father as Permanent Secretary
to the Petersburg Academy of Sciences.!! In the following decades Paul Heinrich
and his younger brother Nicolaus, a teacher at the Petersburg high school, edited
several parts of Euler’s manuscript heritage: a special number of the Academy’s
Mémoires that presented 14 more of Euler’s papers dating from 1780-82, two
volumes of Correspondance mathématique et physique, two volumes of Commen-
tationes arithmeticae collectae (a collection of 99 papers, of which 9 had not been
published before) and two volumes of Opera postuma mathematica et physica (this
principally consisted of 51 papers, drafts and fragments that Fufs had recovered
from several manuscript collections).

The two volumes of the Correspondance, published in 1843, are of particular
interest here since they constitute the first attempt to make a substantial part of
Euler’s correspondence accessible to the public. In fact Fufs regretted deeply that
for what he thought the scientifically most interesting part, the exchange with
three members of the Bernoulli family, he had not been able to recover Euler’s half
of the dialogue:'? thus, tome II of the Correspondance comprises only Johann I,

10 For the reader’s convenience the original text and the translation have been printed in
separate parts so they can be read alongside each other. The principles adopted in translating
are discussed in more detail in Section 3.3.2.

11 Nicolaus Fuff had come to Russia from Basel in 1773, at the age of 18, to assist the aging
and sight-impaired Euler with his research and publications. In 1784 he married Johann
Albrecht Euler’s daughter Albertine; their children all stayed in Russia, several of them
building careers in the academic and governmental sphere.

12 “The pleasure the study of these letters gave me was tarnished only by the regret [...] of
not being able also to read Euler’s replies. These would certainly have increased the value
of this precious collection tenfold. Unfortunately all my efforts to obtain them have been
fruitless.” (“La jouissance que m’a procurée I’étude de ces lettres n’a été troublée que par le
regret [...] de ne pas pouvoir lire en méme temps les réponses d’Euler. A coup sir, celles-ci
eussent décuplé la valeur de cette précieuse collection. Malheureusement tous mes efforts
pour me les procurer ont été infructueux.”): Correspondance 1, p. XXI.
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Daniel and Nicolaus I Bernoulli’s letters to Euler preserved at the Petersburg
archive. Fufs admits that Goldbach’s letters would not have rated an edition by
themselves; but when he learned that in this case Euler’s side of the long-lasting
dialogue had also been preserved, he asked for and obtained permission from the
Moscow State Archive’s Director, Prince Mikhail Andreevich Obolenskii, to pub-
lish the entire correspondence (and those Goldbach had led with Nicolaus II and
Daniel Bernoulli as well).

Fufs is acutely aware of the correspondence’s value for the history of science,
for understanding the development of the authors’ research “with regard to the
methods and observations, the reasoning and the calculating devices, which no
mathematician will see without admiration or without learning some lessons’!3;
but he also thinks in terms of giving his readers a scale with which to gauge
the authors’ characters, their personal and professional lives and their mutual
interactions: “It will be seen that the material I provide bears both on science and
on the authors’ persons, and finally as well on the learned corporations to which
they belonged”!4.

The 177 letters from the Euler-Goldbach correspondence (94 of Euler’s, 83
of Goldbach’s) that make up Fuf’s first volume are carefully and almost always
correctly transcribed in the original languages, with rather cautious adaptations
to 19th-century spelling and grammar. The most substantial items missing in the
1843 edition, besides a few short purely personal communications and covering
notes, are Euler’s report on his journey to Berlin (n°38) and his last letter from
March 1764, which may not have reached Goldbach at all. In the letters that
were published, most (but not all) address and salutation formulae were deleted;
dates and signatures were reproduced in a standardised format. Many passages
on family matters, meetings with common acquaintances, book orders and other
errands were also left out, presumably because Fufs was after all more interested in
his great-grandfather’s lasting contributions to science than in his day-to-day life.
The suppression of everything to do with Euler’s call to the Berlin Academy, his
differences with the Petersburg Academy’s officials and his — very muted — criticism
of Russian policy may, however, also be due to an exaggerated consideration for
institutional sensitivities surviving into the 19th century.

The Correspondance volumes were at once widely noted: the bibliographical
and mathematical journals announced and reviewed them, and both professional
mathematicians — let us just mention Jacobi, Dirichlet and Schlafli — and historians
of science such as Rudolf Wolf, Boncompagni and Moritz Cantor made use of them
in their research.

In the following decades, several of Euler’s smaller scientific correspondences
were published rather haphazardly: in the journals of regional learned societies,

13 “[...] sous le rapport des méthodes et des apergus, du raisonnement et des artifices de calcul
que nul géométre ne verra sans admiration, ni sans y puiser quelque instruction”: ibid.

14 “On verra que ce que je livre se rapporte soit a la science, soit a la personne des auteurs,
soit enfin aux corps savants dont ils faisaient partie™: ibid., p. XXXVI.
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in the collected works of notable correspondents such as Frederick II, Wolff and
Lagrange, in the Fuft brothers’ Opera Postuma volumes, in institutional histories
of the Petersburg Academy and other scientific corporations across Europe.

A resurgence of interest was triggered early in the 20th century by Euler’s
imminent 200-year anniversary: this also led to the definitive inventory of his
works, established by Enestrém, and to the founding of the Euler Committee
that was charged with supervising the edition of the Opera Ommnia, which it has
continued to do up to the present. In this context, expanded editions of the Euler-
Bernoulli correspondences became available, and the following decades saw the
first publication of the important correspondences with Lambert and Delisle.

3.2.2. 20th century: The Yushkevich-Winter team

In the 1930s, a group of historians of science based at the Soviet Academy of
Science in Leningrad embarked upon a more systematic study of the treasure
of letters and other manuscripts preserved in its archives. Various inventories
and collections were published in the following decades by S.Ya. Lur’e, I.I. Lyubi-
menko, S.I. Vavilov, I.G. Bashmakova, A.P. Yushkevich, V.I. Smirnov, T.N. Klado,
Yu.Kh. Kopelevich and several others, presenting to the public for the first time
Euler’s correspondence with such eminent scientists as Lomonosov, Tobias Mayer,
Charles Bonnet and Poleni (or at least parts of it).

Their most ambitious project was planned in the context of Euler’s 250th an-
niversary as a joint venture of the Academies at Leningrad and Berlin (i.e., its
Eastern part, then the capital of the German Democratic Republic). A binational
team led by Adol’f Pavlovich Yushkevich (Juskevi¢) and Eduard Winter estab-
lished a collection documenting the cultural ties that had linked their countries
and their academies in the 18th century. Besides several smaller publications, they
edited three volumes of Euler’s letters, mostly exchanged during his Berlin pe-
riod with his former colleagues at Petersburg.!® In all this collection, the selection
of the material and the emphasis of the commentaries reflect the vivid exchange
between German and Russian scholars, rather than the scientific content of their
discussions.

At the same time, the Yushkevich-Winter team also undertook a scientifically
much more challenging project, the reedition of the Euler-Goldbach correspon-
dence. In accordance with the collective spirit of their milieu, the editorial tasks
were distributed among a largish group of collaborators. The transcription of the
letters was entrusted to the historian Peter Hoffmann in Berlin and checked by

15 Yushkevich / Winter 1959 /1961 /1976: Die Berliner und die Petersburger Akademie der
Wissenschaften im Briefwechsel Leonhard Eulers. Part 1 contains 207 letters to and from the
Petersburg historian G.F. Miiller, part 2 348 letters to officials of the Petersburg Academy,
chiefly its librarian and Secretary J.D.Schumacher (here the replies are only summarised),
part 3 deals with another 313 letters exchanged with 30 correspondents — scientists, patrons
and dignitaries.
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T.N.Klado and Yu.Kh. Kopelevich in Leningrad; the latter mainly dealt with
the parts written in Latin. Several other researchers at the Russian and the
Berlin Academy contributed their expertise; in particular, many notes on ques-
tions of number theory — particularly its later developments — were contributed by
A.A. Kiselév and 1.G. Mel’'nikov, who explicitly signed them by their initials. The
translation of the Russian commentaries was checked by a Berlin team. The two
principal editors Winter — a Bohemian-born theologian and cultural historian —
and Yushkevich — a trained mathematician and leading expert in medieval math-
ematics — contributed a 16-page introduction. The final text was again edited by
Hoffmann under Winter’s and Yushkevich’s supervision.'6

The 1965 edition presents almost flawless transcriptions of all 196 preserved
letters of the Euler-Goldbach correspondence (102 written by Euler, 94 by Gold-
bach); 13 letters (7 of Euler’s, 6 of Goldbach’s) were published for the first time.!7
Many passages on the correspondents’ personal and professional activities were
also recovered, whereas the address and salutation formulae are for the most part
still missing. The introduction, editorial notes and indices try to deal both with
the mathematical content and the historical context of the correspondence; how-
ever, this second direction of research was treated rather superficially, persons or
works being identified only vaguely, erroneously or not at all. In this respect, the
present editors have been able to gather many more mosaic tiles for the picture of
Euler’s and Goldbach’s Lebenswelt.

A synoptic table (infra p.1141-1146) indicates for each letter (identified by its
running number within the correspondence and its date) its inventory number in
vol. IVA /1, the location of the original manuscript(s) in the archives and its place
in the two former editions.

3.3. Editorial principles

3.3.1. Source text

In transcribing the autograph source documents described in Section 3.1 above,
two sometimes conflicting goals have guided the editors: they wanted to stay as
close to the original as possible and to produce a text that can be read and un-
derstood by a modern reader without unnecessary difficulties. Deviations from
the original were only introduced when this was deemed necessary to facilitate a
correct comprehension of the author’s intended meaning; even idiosyncratic and
non-uniform spelling, grammar, syntax and punctuation were retained whenever

16 Personal communications to the editors from Dr. Peter Hoffmann, Nassenheide (Branden-
burg), 2010/2014.

17 In five cases Fuft had incorporated postscripts by Goldbach into the preceding letter; n° 196,
Euler’s last letter to Goldbach, had already been included by the Yushkevich-Winter team
into the second volume of Briefwechsel published in 1961.
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judged to be comprehensible without specialised linguistic competence. In partic-
ular the following norms of transcription have been applied:

— In Latin the letters u and v are distinguished in accordance with modern
practice, whereas i and j are transcribed faithfully. In German, i and j — in
practice often hard to differentiate anyway — are adapted to modern usage.
Accents in Latin words have been cancelled; in French they are reproduced
as in the original (except for ambiguous accents, which are treated in modern
fashion, and those on “a”, “1a” “ou” that have been added for clarification).
Ligatures for “ae” and “oe” have been dissolved (except for “ce” in French
words); umlauts and diaereses are reproduced faithfully and even added in
some cases where they are needed for disambiguation (e. g., “aére” vs. “aere”).
Obsolete diacritical signs — such as the overline calling for the duplication of
a letter (mostly m or n), double dots on y and the crotchet distinguishing u
from n in German script — have been canceled; “fs” and “ss” are distinguished
according to the original. Greek letters have been reproduced in a modern
font.

— As explained above, the mix of several languages — mostly Latin and Ger-
man — is a peculiar characteristic of the Euler-Goldbach letters written after
1740. The corresponding use of two distinctive forms of handwriting — an
“antiqua” script for words in Latin and Romance languages (and sometimes
for emphasis) and a “current” script for German passages — has been re-
produced by using italics for everything written in antiqua, even when this
entailed a change of font style within a word. However, the earlier letters
(n°1-33) and those enclosures, postscripts and paragraphs (mostly formally
phrased mathematical passages) that are entirely written in Latin — and thus
in antiqua — have been reproduced in a straight font to facilitate reading.

— Capital letters — often inconsistently used in the original — were retained;
moreover, all proper names of persons and places are capitalised, and every
sentence starts with a capital. Intermediate forms have been rendered by
lower-case letters. The occurrence of upper-case letters and narrow half-
spaces instead of hyphens within composite words such as “HochEdel Ge-
bohrnen” or “Geheim Rath” has been respected.

— Conventional crotchets and loops for common endings — very frequent in
18th-century texts both in Latin and German — have been resolved; “&”
for “et” (or “und”) — often also used in “&c.” for “et cetera” — remains. Ab-
breviations with and without final dots, colons or raised final letters are
reproduced as they appear in the original; in those cases where the meaning
is not obvious, the missing letters are added in brackets. Some abbreviations
that occur frequently — such as “Ew. HEdgb.” for the formal address “Euer
HochEdelgebohrnen” — have been left as they stood; they are explained in
the List of abbreviations, p. 1247-1248.
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— Punctuation generally follows the original; however, it sometimes seemed
necessary to add commas or semicolons to structure overlong sentences and
facilitate correct parsing. Paragraph breaks have been added sparingly in
order to help clarify the overall structure. Quotations from earlier letters
or other texts are sometimes emphasised in the originals by underlining;
this has been respected for single words and short phrases, but replaced by
quotation marks for passages longer than one or two lines. In a few cases,
Fuler copied entire paragraphs or letters which he had received into his
letters to Goldbach: these have been set off by line breaks and indentation
on both sides. The graphical layout of the introductory and closing formulae
has been respected as far as possible.

— Obvious writing errors in the original (“slips of the pen”) are tacitly cor-
rected; it seemed, however, appropriate to preserve the writers’ idiosyncratic
spellings, dialectal forms, imperfectly phrased arguments or incomplete sen-
tences in many cases where former editors had intervened with emendations
and supplements: should such passages seem obscure, the present editors’
understanding can be ascertained in their translation. Letters or words that
are unreadable or lost in the original (e.g., by torn margins or seals) are
supplemented in brackets | |. Words and passages crossed out are tacitly
dropped, except when there seems to be a particular interest in mentioning
them in an endnote. Passages added in the margin by the original writer
of the letter are inserted between braces { } in the appropriate place. Euler
sometimes added his comments in the margins or between the lines of Gold-
bach’s letters; these remarks, which often lead to follow-up investigations,
are reproduced in the endnotes.

3.3.2. Translation

The present edition of Euler’s correspondence aims at facilitating the modern
reader’s access to this important part of the biographical and scientific record.
Since the languages used (18th-century German and Latin) are no longer univer-
sally familiar to scholars and students of either mathematics or history, it seemed
advisable to complement the source text by an English translation.'®

The sometimes conflicting goals that the translator (the second-named editor)
tried to achieve are:

— fidelity in rendering correctly the meaning of the original — obviously the
first requirement in any translation. Actually Euler and Goldbach express
themselves clearly and most of the time simply, so there has only rarely been
any doubt in the editors’ minds what the original text intends to say.

18 This has been printed in the second part, bound as a separate volume, so both versions can
be consulted alongside each other.
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— some degree of closeness to the authors’ modes of expression, to the “sound”
of Euler’s or Goldbach’s voice. Thus we tried to avoid factual and linguistic
anachronisms, slang and jargon — even scientific jargon.'”

— a fluently readable text respecting modern English grammar and style. In
order not to make the authors appear stilted when in fact their phrasing
was conventional and hardly noticeable for their contemporaries, we tried to
replace complex syntactical constructions and elaborate wording by simpler
turns of phrase.?’

— easy identification of persons, places and works mentioned (literally or by
paraphrase) in the letters. Thus proper names and titles — which are repro-
duced faithfully in the original text — have been standardised in the transla-
tion in order to facilitate reference to the indexes.

Since English is not the translator’s first language, he had to rely on the gener-
ous help of two native speakers well-versed in Euler’s style of thinking and writ-
ing about mathematics. As far as the translation can indeed be read with ease
and some enjoyment, this is due to Jordan Bell (Toronto) and Fred Rickey
(Cornwall, NY).

19

20

In this respect, the technical terms of present-day mathematics sometimes pose a problem:
their use in the translation might obscure the fact that the correspondents often did not
have a standardised terminology and had to use everyday words in an ad hoc manner. Thus,
for example, when Euler and Goldbach refer to an additive decomposition of an integer n,
they variously say that n is “resolubilis” or “divisibilis” (into squares or primes), that there
is a “modus distribuendi”, that it can be “zerteilet” or “resolvieret” or even “discerpi potest”
(literally: can be plucked apart). Translating this concept by “dividing” might mislead the
reader into thinking of factorisation, “resolving” or “distributing” also could suggest other
directions of thought; so, since we wanted a uniform, obviously non-technical term, we opted
for “splitting”. On the other hand, the meaning and usage of many technical terms occurring
in the letters — e. g., “transcendent”; “imaginary”, “series”, “quadrature” etc. — has changed
since the 18th century (see Section 2 of this Introduction, in particular 2.3.1 and 2.4.1). Here
the original wording was reproduced in the translation, but in some cases a cautioning note
had to be added.

The form of address in the text of the letters presents a particular problem in this respect:
Both correspondents open their German-language letters with two- or three-line headings
giving each other full rank and title. As a typical example of these resounding formulae
we quote “Hochwohlgebohrner Herr, Hochgeehrtester Herr Etats Rath” (n°151); literally
this would have to be translated as “Highly well-born Sir, Most Highly Honoured Mr. State
Councillor”. In the body of the letters, the correspondent is often addressed as “Ew. HEdgb.”
(abbreviated from “Euer Hochedelgebohrnen”, literally “Your Very Nobly Born [Person|”).
In our translation, these phrases have uniformly been replaced by the place-holder “Sir”;
readers interested in their exact wording, which indeed changed subtly with time and the
correspondents’ relationship, must refer to the original text. On the other hand, we have
retained the greeting formulae at the end of the letters since they are more variable, differ
in significant nuances, and are often needed to complete a final sentence.
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3.3.3. Mathematical notation

Here again, the editors — complying with the Euler Edition’s overall policy — stayed
as close to the symbols used in the original documents as seemed consistent with
presenting the scientific content in a form that is comprehensible to a non-specialist
modern reader. Even obsolete signs and notational conventions are retained when-
ever there seems to be no danger of misinterpretation. In particular the following
norms have been applied in rendering mathematical formulae:

— Letters denoting quantities or geometrical points — mostly in an “antiqua”
script in the originals — have been printed in italics, except when the author
used another “character set” for distinguishing several (series of) items: in
those cases bold letters or a script alphabet were used. Another exception
was made for the modern standard designations of constants such as 7 or e:
these are rendered in straight (Roman) characters. Numbers are reproduced
in straight characters, without dots, except for those used for ordinal num-
bering together with a Latin noun (Cor. 2., Lemma II1.). As a decimal (or
binary) mark, most Continental authors of the 18th century used a comma;
this has been retained in the originals but replaced by a decimal point in
the translations. In sequences, commas instead of dots have been used as
delimiters. Notations for functions — both modern (sin, log) and ancient
(Sin. A., L.) — are transcribed faithfully in straight characters; instead of 1,
which could be misread as the digit 1, ¢ has been used for the logarithm. In
the translations and, of course, in the commentaries, modern notation — in
particular, log for the (natural) logarithm — has been used.

— The use — or, more often, the lack — of parentheses has been respected when-
ever the intended interpretation was judged to be the most “natural” one,
even when the original authors disregarded our formal rules: thus, e. g., when
Euler or Goldbach writes a factorial asn-n—1-n—2---3-2-1, no parentheses
have been introduced in the transcription (however, they were added in the
translation). Similarly the use of vincula (overlines with a bracketing func-
tion, often occurring in conjunction with radical signs) has been faithfully
reproduced in the original text, but replaced by parentheses in the transla-
tion. Other obsolete notations retained in the original and “modernised” only
in the translation include zx for 22, a . b :: c. d for the proportiona : b= c: d,
and the use of an asterisk * to draw attention to a “gap” — a power of the
variable that does not occur — in a polynomial.?!

21 There is one unusual sign that occurs in the present correspondence and commands some
interest in so far as it seems to be a personal trait of Goldbach’s mathematical notation.
In his original letters, a 4+ sign surrounded by four dots at the corners appears in several
places. Since in all the places where Goldbach uses it, replacing it by a minus sign yields
mathematically correct results, it seems a reasonable surmise that the dots were added to
an erroneous + sign as an afterthought in order to “convert” it into the appropriate —; just
cancelling the vertical bar would presumably not have given a clear picture. However, we
have not found any instances of this practice in other authors or references in the literature on



3.3. Editorial principles 93

— Short terms, equations and other formulae that form part of sentences have
often been left in the continuous text. However, many formulae have been
displayed in separate lines for better visibility. The alignment of the original
has been respected as far as possible.

3.3.4. Figures

The Euler-Goldbach letters contain some fifty geometrical figures of widely dif-
fering quality, from rough little sketches (n°23, 87) to elaborately constructed
drawings on separate sheets (n°98, 139). They have been rendered in two ver-
sions:

— With the original text, a reproduction of the figure appears that has been
cut free from the surrounding text, cleaned up from ink and mould stains,
but not otherwise edited.

— With the translation, a version appears that has been redrawn professionally,
straightened and smoothened, using uniform line width and typeset lettering.

Additionally some reproductions of entire manuscript pages are comprised in the
volume, showing samples of Euler’'s and Goldbach’s writing from the earliest to
the latest phase of the correspondence. Some of the best-known passages of the
letters have been chosen for this:

an early form of “Euler’s formula” for the logarithm of —1 from n°1 (p. 100),

his complaint about the work on maps that affects his eyesight from n° 34
(p- 164),

— the original Goldbach Conjecture from n°51 (see the frontispiece of the
present volume, p. VI),

— arevised number-theoretic proof of Goldbach’s from n° 73 (p. 282) that Euler
called magnificent in his reply,

— the first appearance of Euler’s Polyhedron Formula from n°149 (see the
frontispiece of Part II, p. 581),

— and a New Year’s wish for Euler and his family from n°195 (p.577), which
may well be one of the last items Goldbach wrote, ten months before his
death.

mathematical notation (cf., e. g., Cajori 1928). The present editors have decided to reproduce
this “pentimento minus sign” by # in Goldbach’s original letters; in the translations the
usual minus sign has been substituted.



94

Introduction

3.3.5. Formal descriptions

The original text of each letter is followed by a formal description which indicates:

— the number given to the letter in the inventory volume O.IVA /1, where the
Euler-Goldbach correspondence has the numbers R 715 to R 910,

— the running number in the context of the present correspondence,

— a reference to the previous letter(s) of the other correspondent to which it
replies,

— the date in the standardised form described below,

— description as an original, draft, copy or extract (since all letters presented
in this volume are autographs, this is not mentioned explicitly), number of
sheets or pages,

— the location of the original documents (archive and shelfmark),

— information connected to the mailing process (when available): envelope,
seal, address, notes on mailing, postage, delivery and reception,

— information on previous publications (see Section 3.2 above).

The heading and column title for each letter give the date according to the Grego-
rian calendar (“new style”); for letters written in Russia, where the Julian calendar
(“old style”) was in use until 1918, this date is also indicated, the form that does

not actually appear on the original letter being set in parentheses.

22

3.3.6. Notes

Both in the original text of the letters and in the translations, references to the
editors’ endnotes are given by raised numbers set in brackets (to avoid confusion
with exponents). The notes follow the translated text of each letter in the second
part of the volume.

22 Only in a few of Goldbach’s letters the calendar used for the date is explicitly indicated, either

by adding “st[yli] n[ovi]” or by noting both dates. Collateral evidence — such as evaluation
of the intervals between letters and their replies, cross-reference with external events, the
Academy’s minutes or other correspondences, the identification of the (more or less consis-
tent) weekdays when letters were dispatched from Petersburg, Moscow or Berlin — supports
the hypothesis that Goldbach always used the Gregorian style; indeed, G.F. Miiller, in his
biographical sketch (cf. supra Section 1.1, note 2), remarks with approval that Goldbach
in all his lifetime never used the old calendar (“Man erlaube mir hier beiféllig anzumerken,
dass er die ganze Zeit seines Lebens niemals den alten kalender gebraucht hat” Materialy,
t. VI, p. 30).

Euler, on the other hand, seems to have indicated Julian dates while in Russia (in a few
cases, such as the pairs n°® 6-7 and 12-13, this is indisputable); for his later letters, written
from Berlin, the use of the “Western” style can safely be assumed. Thus our dating is based
on the assumption that Euler’s Petersburg dates (up to June 1741) are Julian, whereas all of
Goldbach’s dates and those of Euler’s letters after August 1741 are Gregorian. In some cases,
this leads to deviations from the 1965 edition (and in one case, n°® 57-58, to a transposition).



3.3. Editorial principles 95

Many of these notes contain cross-references to previous or subsequent letters
in the present correspondence where the same topic is mentioned. These are in the
standard form “cf. n°xx, note y” and are meant to lead the reader to a specific
paragraph of letter n°xx — even when the note referred to does not, by itself, give
additional information.

The editors have tried to give complete references to the persons, texts and
events mentioned in the Euler-Goldbach letters. As far as possible, biographical
information is indicated in the name index. Books and papers — except for those
by Leonhard Euler — are identified in the editors’ commentaries by indicating the
author’s name and the year of publication; complete bibliographical data can then
be found in the corresponding entry of the bibliography. In the case of Euler’s
works, the reference is in the form of a number “E. xxx” referring to Enestrom’s
index published in 1910/13; they are listed by that number in a separate index by
the (sometimes shortened) title, the original publication data and the place where
they can be found in the Opera Omnia. References to Euler’s correspondence
with third persons are in the form “Rxxxx”, referring to the Repertorium given
in vol. IVA/1 of the Opera Omnia; whenever possible, we add the place where a
letter has been or will be published.

The names of persons, places and organisations and the titles of works have
been reproduced unchanged in the original text of the letters but standardised
according to modern English custom in the translations, the notes and the index
part.23

3.3.7. Indices

The second part of the volume contains an extensive index section. This comprises:

— a synoptic table cross-referencing the present volume, the index volume
O.IVA/1, the archive locations of the original documents and the two pre-
vious editions of the Euler-Goldbach correspondence.

23 The place name of the Russian city where Goldbach and Euler spent a substantial part of
their lives presents a special case, the official name form being “Sankt Pieter Burch” at its
foundation in 1703, “Sanktpeterburg” or “Sankt-Peterburg” from 1724 to 1914, “Petrograd” in
1914-24, “Leningrad” in 1924-91 and again “Sankt-Peterburg” (often shortened to “Piter”)
since September 1991. In other languages, the Latin-Greek “Petropolis”, the German and
English “St. Petersburg” (with an “s” that has never been part of the Russian name) or the
French “St-Pétersbourg” were mostly used — by Euler and Goldbach among many others.
In the text of the letters (and as a place of publication in the bibliography), these forms
have been retained; however, for the commentaries we have opted in the interest of easy
readability for using “Petersburg” (even if this is a somewhat ahistorical form). In the same
spirit, the various name forms of the “Imperial Petropolitan Academy of Sciences” have been
abbreviated to “Petersburg Academy” and those of the “Académie Royale des Sciences et des
Belles-Lettres de Berlin” (as it was officially called — in French — in Euler’s time) to “Berlin
Academy”.
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a list which contains all those of Leonhard Euler’s works that are mentioned
by title or by implicit reference in the Euler-Goldbach letters, in the intro-
duction or in the editorial notes of this volume.

a full bibliography of all works — both sources and secondary literature —
cited by title or by implicit reference in the Euler-Goldbach letters, in the
introduction or in the editorial notes of this volume.

a subject index ordered systematically by scientific and biographical topics,
which indicates the sections of the introduction and the numbers of the
letters where some topic is mentioned.

a name index that lists all persons appearing by name or by implicit reference
in the Euler-Goldbach letters, in the preface, introduction and notes of this
volume.

a list of abbreviations which comprises both the abbreviations frequently
employed in the original text of the letters and those used in the editorial
commentary.
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1
EULER TO GOLDBACH
Petersburg, October 13th (24th), 1729

Vir Celeberrime

Cum nuper in nonnulla incidissem, quae ad interpolandas series legem, uti appel-
lare soles, !l variabilem habentes facere visa sunt, ea accuratius contemplatus sum,
et multa quae huc attinent, detexi. Quae, quia Tibi Vir Celeberrime placitura esse
mihi significavit Clarissimus Bernoulli, Tibi scribere, Tuoque submittere judicio
statui. Hujus seriei,? 1, 2, 6, 24, 120, etc. quam a Te multum tractatam esse
vidi,P®l hunc inveni terminum generalem

1.9m 217m.3m 317m.4m 417m.5m
1+m 2+4m  3+m  44m

etc.

ex infinito factorum numero constantem, qui terminum ordine m™™ exprimit.

Is quidem in nullo casu abrumpitur, et aeque si m est numerus integer tantum
ad verum magis magisque accedit, ac si m fuerit fractus: sed tamen per eum
admodum prope quemque terminum invenire licet, idque eo facilius, quo minus
assumatur m. Si autem aliquot solum uti visum sit factoribus, termino generali
commodior induci potest forma: ut si duobus prioribus factoribus contenti esse
1-2
(14+m)(2+m)
n factores capiantur sequentibus reliquis neglectis, erit terminus generalis
1-2-3-.- 7
(I+m)24+m)B+m)- - (n+m)

velimus, habebitur 3™ pro termino ordine m, sin autem generaliter

(n+1)",

qui, quo major accipitur numerus 7, eo propius ad verum accedet.! Communicavi
haec cum Clar. Bernoulli, qui peculiari modo eundem fere postremum eruit ter-
minum, in hoc a meo diversum, quod aliam potestatem loco (n + 1) adhibeat, in
qua determinanda fortasse factorum neglectorum rationem habuit. Credo Ipsum
Tibi nuper inde deductum numerum termino seriei, cujus index est 1%, proxi-
mum misisse.[’) Potest hic terminus generalis praeterea alium habere usum, in
inveniendis factis ex infinito factorum numero constantibus, quae sint aequalia

numero finito: ut posito m = 2 habebitur factum % . % . i—g . % .36 ete. quod

35
aequale est 2. Similiter posito m = 3 erit % . g—g . g—j - % - etc. = 6. Terminum hunc
generalem ex eo inveni fundamento, quod haec series 1, 2, 6, 24, etc. in infinitum
continuata tandem evadit geometrica.lf! Et hujusmodi terminos generales etiam
pro aliis seriebus, quae in infinitum cum geometricis confunduntur, exhibere in
promptu est. Sed cum hoc modo termini intermedii nonnisi veris proximi inveni-
antur, omissa hac serierum tractandarum ratione, aliter in hac re versari coepi, in
id intentus, ut terminos intermedios non tantum veris proximos, sed ipsos veros,
si fieri posset, invenirem. Ad id vero inveniendum, cum seriei terminum generalem
haberi oportere visum sit, quem vero peculiarem et ab adhuc usitatis longe di-
versam habiturum formam praevidi. Obtulit se igitur nova quaedam terminorum
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Euler’s FIRST LETTER to Goldbach, October 13th (24th), 1729: reproduction of the third page
(RGADA, £.181, n. 1413, ¢&.1II, fol. 45r)

Fuler’s determination of the value %! and an early form of “Euler’s formula” for the logarithm
of —1 (cf. n°1, note 7) can be seen on lines 9-12.



1. Euler to Goldbach, October 13th (24th), 1729 101

generalium forma, quae quidem ad omnes prorsus series potest accommodari jam
cognitas, sed longe ea latius patet, quippe infinitarum serierum legem variabilem
habentium, quarumque adhuc methodis consuetis nulli termini generales inveniri
potuerunt, determinare possum terminos generales. Hi autem sunt ejusmodi, ut
termini quivis, sive eorum exponentes sint numeri integri sive fracti, inde exacte
inveniri queant, quatenus scilicet rei natura permittit. Evenire enim solet, ut inven-
tio terminorum intermediorum a quadratura circuli pendeat vel a logarithmis vel
alius cujuspiam curvae quadratura. Neque vero termini generales, qui adhuc in usu

fuerunt, hisce de quibus loquor, praestant, verum utriusque generis aeque facilis
1. 2. 3. 4. 5.
est usus. Pro hac quidem serie 1, 2, 6, 24, 120 etc. terminum generalem nondum

inveni, sed pro innumerabilibus alus snmhbus, unde id tamen assecutus sum, ut
terminos intermedios, quorum exponentes sunt %, 1%, 2% etc. reipsa possim deter-
minare. Terminus autem exponentis % aequalis inventus est huic %\/ (\/j -l — 1),
seu, quod huic aequale est, lateri quadrati aequalis circulo cujus diameter = 1.7 Ex
quo perspicuum est, naturam rei non permittere, ut is numeris exprimatur.[S] Sed
ex ratione radii ad peripheriam quasi data terminum cujus exponens est % inveni
hunc 0, 8862269. Qui si multiplicetur per 3 3 habebitur terminus cujus exponens %,
hic 1,3293403. Porro hic ductus in 3 dablt terminum cujus exponens est , et ita

porro. Possum etiam dare eos termlnos quorum exponentes sunt 4, i, g, 7 ete.
Tum ex his quorum exponentes sunt %, g, 5 etc.; sed horum determinatio ab al-

tioribus pendet quadraturis.l”! Ex regula principio data quaesivi quoque terminum
exponentis %, et sumendis 15 factoribus eum inveni 0, 8932, qui aliquanto major
est vero. Serierum jam, quarum habeo terminos generales, quasdam hic apponam,
quo judicare possis Vir Celeberrime, quam late pateat mea methodus. Primum

1 2 3 4

: ce 2 24 246 2468
hujus seriei, %, £=, 5§52, 557 etc. inventum habeo terminum generalem ex quo
terminos exponentium % 1% 2% etc. inveni uti sequuntur: significet p : d rationem

1 11 ol
[10] 1?p 1 32p 1~3~25~p
Peripheriae ad diametrum,!**! quo p081t0 erit 557, 5194> 54694 €iC- Aliae series,
24 369 481216 5-10-15-20-25

etc. et

quarum terminos generales reperi, sunt 2, 55 17000 591317 6111631.96"
11 50 274 1764

1 12 123 1234 :
5) 340 156 5678 €tc. nec non 1, 5 6 24 1900 a0 €tc. Harum duae priores,
quam teneant legem ex inspectione intellegetur, tertia vero cujus lex minus clare

apparet, est summatoria progressionis harmonicae 1, 5 é, % ete. Ex ejus quem

habeo termino generali inveni terminum cujus index est — % hunc — 2 ¢2. Terminus

VEro cujus exponens % est 2 —2/£2. Is cujus exponens 1% est 2 4 % —2/2, tum ille
cujus exponens 2%, est 2 + % + % — 2102, et ita porro; significat vero £2 logarith-
mum hyperbolicum binarii qui est = 0,693 147 18056. Quae cum ita se habeant,
ut termini generales tot quadraturas comprehendere debeant, intelligitur eorum
inventionem a Calculo infinitesimali peti oportere. Id ergo hac in re praestiti, ut
calculum differentialem et integralem seriebus tractandis accommodaverim. Quem
usum novum, etsi ob temporis brevitatem nondum magis excolere potui, spero ad-
huc ampliorem fore. Tu igitur Vir Celeberrime, qui hanc de seriebus doctrinam jam
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tot tantisque inventis auxisti, judicabis, quid a novo hoc circa series versandi modo
amplius expectandum sit. Maxima vero certe utilitas atque perfectio acquiretur si
Ipse, quomodo quam commodissime calculo differentiali hac in re uti conveniat,
inquirere dignaberis. Hoc enim adhuc mea methodus laborat incommodo, quod id
non invenire possim, quod volo, sed id velle debeam, quod invenio. Vale et fave
Tui observantissimo
Eulero.

Petropoli d. 13 Octobris A.1729.112

R 715 Start of Euler’s correspondence with Goldbach
Petersburg, October 13th (24th), 1729
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢&.III, fol. 44r—45v
Published: Correspondance (1843), t.1, p. 3-7; Euler-Goldbach (1965), p.19-21

2
GOLDBACH TO EULER
Moscow, (November 20th) December 1st, 1729

Vir Clarissime

Ad epistolam tuam, quae mihi gratissima fuit, generatim respondeo me in ter-
minis mediis serierum inveniendis satis habuisse, si quos in numeros rationales
cogere non possem eosdem per series infinitas numerorum rationalium utcunque
exprimerem, !l quodsi deinde ostendi possit seriem huiusmodi qua valor termini
medii quaesiti continetur vel ad numeros irrationales vel ad logarithmos vel denique
ad curvarum quadraturas nondum inventas pertinere, id minime contemnendum
puto, nam si alii operam dederunt ut incognitam rationem diametri ad circulum per
seriem infinitam determinarent, e contrario summam seriei nondum cognitam per
quadraturam circuli explicare licebit, hac tamen notabili differentia quod numeros
irrationales ad rationales redigi non posse facile demonstretur,?l quadraturam vero
circuli numeris rationalibus definiri non posse nemo quod sciam evicerit. !
Terminum generalem seriei 142+ 6+ 24 4 &c. quem pro exponente quocunque

m facis

1.9m 21—m . gm 31—m Lqm 41—m . 5m

1+m 2+m  3+m  4+m
sic demonstro: Sit & exponens factoris cuiuscunque, erit formula generalis factorum

&ec.

o= (x +1)"

r+m ’

et productum omnium factorum a primo usque ad ultimum cuius exponens est x
inclusive

)

o+ )" ((xj”(x;”(m;?’)-~-<x;m))
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exempli gratia si m = 2, fiet productum factorum ad datum quemcunque factorem
(cuius exponens est x)

2(z +1)? 2(z+1)

(x+1)(x+2) x+2

)

adeoque productum omnium in infinitum = 2. Si m = 3, erit simile productum ad
datum quemcunque factorem

(x+1)(x+2)(x+3)
1 2 3

adeoque productum omnium in infinitum = 6, et sic porro. Sed observasti sine
dubio series Algebraicas omnes quarum termini consueto more per signum + con-
iungi solent etiam in huiusmodi factores converti posse; erunt enim hic producta
factorum quae illic sunt aggregata terminorum.

Fateor me non satis perspectam habere naturam logarithmorum hyperbolico-
rum; quin et Cl|arissimus| Wolffius ubi de Logarithmis agit, hyperbolicorum men-
tionem nullam facit.!!

In reliquarum serierum quas commemoras terminis generalibus tuo more per
factores exprimendis non magnam video difficultatem, nam seriei

1_~_2~4+3-6~9_'_4~8~12~16_i_&C
2 3-5 4-7-10 5-9-13-17 '

terminus generalis est

6(x+1)>:

T 2z 3z mx
z+1 2x+1 3xr+1 mx + 1

donec m fiat = x; quod si nusquam contingat erunt factores numero infiniti; sic
terminus respondens exponenti % fit

Seriei

terminus generalis est

2(2n+3) 4(2n+5) 6(2n+7) 8(2n+9) %
3(2n+2) 5(2n+4) T(2n+6) 92n+8) O

Seriei
1+1-2+1-2-3+1-
2 34 4-5-6 .

terminus generalis est

1/2(4n+2) 3(4n+6) 4(4n+10) 5(4n+ 14)
2<6m+4)'m0r+m'14m+3)'1wn+4)' )

+ &c.

2-3-4
6-7-8
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neque adeo difficile est assumere numeros quadraturam circuli exprimentes aliunde
iam cognitos et pro iisdem series concinnare quarum terminos medios hi numeri
constituant, cuius artificii mihi probe gnarus videris. Ceterum egregias plane iu-
dico methodos quarum specimina mecum communicasti, neque dubito quin iisdem
vestigiis progrediens multa nova et praeclara in hoc genere reperturus sis; misi ego
quoque nuper ad Cllarissimum| Bernoullium nostrum theorema quo methodum
summandi series ad calculum quem vocant integralem accommodavi. 6!
Vale. 1. Dec. 1729. Moscua.

Tui observantissimus

Christianus Goldbach.

P.S. Notane Tibi est Fermatii observatio omnes numeros huius formulae 22"~ + 1,
nempe 3, 5, 17, &c. esse primos, quam tamen ipse fatebatur se demonstrare non
posse et post eum nemo, quod sciam, demonstravit. !
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3d
EULER TO GOLDBACH
Petersburg, January 6th (17th), 1730

Ad D. Goldbach den 6ten Jan. 1730.11]

Vir Celeberrime

Quae nuper de methodo mea progressionum terminos medios ex quadraturis in-
veniendi scripsi, ea non ope serierum infinitarum terminos illos exprimentium
perficio. Maxime enim arduum esse arbitror de quaque serie infinita, ad quam
pertineat quadraturam, pronunciare; quanquam non negem, me primo ex serie
terminum generalem progressionis 1+ 2+ 6 + 24 + etc. exhibente, quam Tibi V|ir|
Cleleberrime| perscripsi, conclusisse terminum ordine % a quadratura circuli pen-
dere. Deinde autem id meditatus sum, quomodo alia via eodem pervenire possim,
quae non serilebus| dignoscendis contineatur. In aliam igitur atque novam incidi ra-
tionem progressionum terminis generalibus denotandarum. Recipio autem formu-
las integrales in terminos generales, quae, quoties integrari possunt, dant terminum
algebraicum, quoties vero integrationem non admittunt termini algebraice deter-
minari nequeunt, simul autem inde cognoscitur a quanam pendeant quadratura.
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Formulis autem integralibus sequenti modo utor: Est mihi [ pdx terminus gene-
ralis seriei cujusdam, quam ex eo construere licet. Designat autem p functionem
quandam ipsius z, et constantium, praetereaque literae n quae indicat, quotus sit
in ordine terminus inveniendus. Jam si n in exponentes ingrediatur, perspicuum
est fieri posse, ut modo pdx integrari possit, modo minus, prout n alium atque
alium designet numerum. Ex quo alii termini algebraice exprimi poterunt, alii vero
a quadraturis pendebunt. Ad terminum vero quempiam ipsum inveniendum, pono
in p loco n indicem ejus termini et tum quaero integrale ipsius pdz, quod tanta
augeo constante ut facto x = 0 totum evanescat. Deinde loco x pono quanti-
tatem quandam constantem, ut formula determinatum habeat valorem, atque hic
mihi exprimit terminum quaesitum. Totum hoc negotium exemplo facilius per-
Zipietgr. Dico hujus progressionis % + % + % + etc. terminum generalem esse
n+

2
venietur quilibet terminus progressionis. Sit v[erbi| glratia] n = 1, ut terminus

primus inveniatur, habebitur

[dx (1 —x)" \/a: Hac enim formula integrata atque loco x scripto 1, in-

1 3 3 5
5 _5(.35 5005 0 — B..5 5.
sfdx (1—x) V= Sfa2de — 5 [a2de = 3202 — 22;
ponatur z = 1, invenietur terminus primus %; sit n = 2, abibit ea formula in

1 3 5 3 5 7
%fdx (1—2z)? VT = fx2de — T[z2dz + % [22dz = %335 - %4935 + 2.
Fiat x = 1, obtinebitur terminus secundus % - %4 +1= 1%. Simili modo omnes
termini, quorum indices sunt numeri integri, inveniuntur iidem, qui in ipsa se-
rie comprehenduntur, atque idcirco hujus progressionis % + % + % etc. merito
2n+3

2

quod etiam omnes termini medii ex eo inveniri, et per quadraturas curvarum con-
strui possint. Unde eorum saltem determinatus valor cognoscitur. Si requiratur
terminus ordine §, ponatur n = % et habetur 2 [ dz\/z — zz. Hoc exprimit seg-
mentum circuli diametri 1, cujus sagitta est x; si fiat x = 1, abibit segmentum in
totum circulum, et propterea terminus quaesitus aequatur areae circuli cujus dia-
meter est 1. Hujusmodi terminos generales omnium earum progressionum, quarum
mentionem feci, aliarumque infinitarum similium dare possum. Quousque autem
haec methodus pateat ut possis cognoscere, generaliora hic adjungo. Fundamenti
loco mihi fuit haec progressio 1 +1-241-2-3 +etc. cujus terminus generalis est
[ dz (—¢x)". Hoc nimirum integrale, facto z = 1, dat terminum ordine nsimum.
Denotat autem £ x logarithmum hyperbolicum ipsius x. Antequam vero ostendam,
quomodo haec expressio progressioni satisfaciat, explicabo quod Te non satis per-
spicere innuis, quo differant logarithmi hyperbolici ab ordinariis. Si constituatur
progressio geometrica

Jdx (1—a)" \/ x terminum generalem appellare licet. Atque hoc eo magis,

A 1, a, a?, ad, at, a® etc.

eique subscribatur arithmetica
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B. b b+4+c, b+2c, b+3c, b+4c, b+ b,

habebit quilibet terminus progressionis A sive eorum ipsorum qui adsunt, sive
interpolatorum, respondentem in progressione B. Qui termini eorum vocantur
logarithmi. Jam cum infinitae progressiones arithmeticae subscribi possint, per-
spicuum est infinita dari systemata logarithmorum. In logarithmorum vulgarium
systemate, quorum tabulae a Briggio et Vlacquio computatael?l habentur, loco
seriei A hanc posuerunt 1, 10, 100, 1000, etc. et loco arithmeticae B sumserunt
hanc, 0, 1, 2, 3 etc., ita ut logarithmus unitatis sit 0, denarii 1, etc. Ex hoc in-
telligitur, ad systema quoddam logarithmorum condendum, duorum quorundam
numerorum logarithmos pro lubitu assumi posse, e quibus deinde omnium nu-
merorum logarithmi inveniantur. Ita in systemate logarithmorum hyperbolicorum
etiam pro logarithmo unitatis assumitur 0 et pro numero qui unitatem quantitate
infinite parva excedit 1 + dz assumitur logarithmus ipsum dz, sive series A haec
accipitur

1, 1+dz, (1+ dz)2 etc.,
pro serie vero B haec
0, dz, 2dz, 3dz etc.

Logarithmi hinc deducti sunt ii qui vocantur hyperbolici, eo quod iidem sint atque
illi qui ex quadratura hyperbolae eruuntur; vocantur quoque Neperiani quia Nepe-
rus hujusmodi tabulas supputavit.3l Quae nunc in Analyticis de logarithmorum
differentiatione et integratione differentialium logarithmicalium traduntur ea non-
nisi ad logarithmos hyperbolicos pertinent. Et hanc ob rem in termino generali
[dz (—€x)", (z designat logarithmum hyperbolicum ipsius z. Ut autem ap-
pareat, quomodo haec expressio quemvis terminum praebeat, sit n = 3, erit

[dz (—tx)" = — x ({2)* + 3z ((z)* — 6z Lz + 61,

ponatur x = 1, evanescent omnes termini ob £1 = 0 praeter ultimum, qui dat 6,
terminum tertium seriei. Similiter omnes termini indices integros habentes ex eo
eruuntur; sed qui valor sit eorum, quorum indices sunt numeri fracti, minus clare
apparet.
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3
EULER TO GOLDBACH
Petersburg, January 8th (19th), 1730

Vir Celle|berrime

Quae nuper de methodo mea progressionum terminos medios ex quadraturis in-
veniendi scripsi,[” ea non ope serierum infinitarum terminos illos exprimentium
perficio; maxime enim arduum esse arbitror de quaque serie infinita, ad quam per-
tineat quadraturam, pronunciare; quanquam non negem, me primo ex serie ter-
minum generalem progressionis 14246424 + etc. exhibente, quam Tibi Vir Cele-
berrime perscripsi, conclusisse terminum ordine % a quadratura circuli pendere.
Deinde autem eodem modo circa alias progressiones versari diffidens id meditatus
sum, quomodo alia via eodem pervenire possem, quae non seriis[!| dignoscendis
contineatur. In aliam igitur atque novam incidi rationem progressionum terminis
generalibus denotandarum. Ea in hoc consistit, ut formulas integrales in termi-
nos generales recipiam. Ad hoc autem adductus sum considerans ad ea, quae a
communi algebra perfici non possent, analysin infinitorum plerunque facilem prae-
bere aditum. Sed termini hujusmodi generales toties consuetam induunt formam,
quoties formulae illae integrales algebraice exprimi possunt, quibus in casibus pro-
gressionis omnes termini sive exponentes sint numeri fracti sive integri algebraice
exhibentur. Quando vero illae formulae integrationem universaliter non admittunt,
omnes termini algebraice exponi nequeunt, sed quidam a quadraturis curvarum
pendebunt, quae inde cognoscuntur. Cum igitur in nonnullis seriebus observassem
terminos quosdam medios a quadratura circuli pendere, in earum terminis generali-
bus necessario formulae integrales inesse debere visae sunt. Sequenti autem modo
hujusmod|i] formulis integralibus utor. Quando dico seriei cujuspiam terminum
generalem esse [ Pdz, intelligi oportet ex eo terminum quemcunque indicis n
inveniri posse. Indicat vero hic P functionem quandam ex x et constantibus quan-
titatibus una cum n indice compositam; refero scilicet n ad constantes, ut unica
variabilis z adsit. Jam [ P dz hoc modo dat terminum nsimum. Integretur [ P dx
vel reipsa, si fieri potest, vel ad quadraturam curvae convenientis referatur; tanta
autem constans adjiciatur ut totum evanescat posito x = 0. Deinde ponatur x =
constanti cuidam quantitati (in sequentibus semper pono x = 1); habebitur func-
tio quaedam quantitatum constantium et indicis n, quae erit ipse terminus n™4s.[2]
Fieri nunc potest, praecipue si n in exponentes ingrediatur, ut positis loco n certis
numeris, formula integrari possit, secus vero si alii substituantur. Quo fit ut alii

termini algebraice seu in numeris exprimi queant, alii a quadraturis pendeant. Ut

| 2n+3 2n+3

terminum generalem reperi huncl® —— [dzx (1 —x) \/ x progressionis istius

-l- + gé? + etc.: Qui quomodo congruat, ut appareat sit n = 2, habebitur
I fdx (1—$)2\/$:%$% — 15x2 + a7,
7 _ 14

ponatur x = 1, orietur terminus secundus = 3 — & +1 = 15 Idem hic terminus
generalis omnes terminos medios suppeditat, ut sit n = %, erit 2 [ dzv/x — zx ter-
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minus quaesitus, sed 2 [ dzy/z — zz exhibet segmentum circuli, cujus sagittal?l est
x, radio existente % seu diametro 1. Ponatur z = 1, erit terminus ordine % aequalis
areae circuli, cujus diameter = 1. Similiter alii termini medii determinantur. Hujus-
modi terminos generales omnium earum progressionum quarum mentionem feci,
aliarumque infinitarum similium dare possum. Quousque autem haec methodus
pateat ut possis cognoscere Vir Celeberrime, generaliora hic adjungo. Fundamenti
loco mihi fere fuit haec progressio, 1 +1-2+1-2 -3 +etc., cujus terminus gene-
ralis mihi inventus estl®! [ dz (—¢2)". Nimirum sumto integrali positoque 2 = 1,
prodit terminus cujus index est % Denotat autem ¢z logarithmum hyperbolicum
ipsius . Antequam vero ostendam, quomodo haec formula progressioni satisfaciat,
explicabo quod Te non satis perspicere innuis, quo differant logarithmi hyperbolici
ab ordinariis. Si constituatur progressio geometrica

A 1, a, a?, ad, at, a® ete.
eique subscribatur arithmetica
B. b b+4+c, b+2c, b+3c, b+4c, b+5c etc.

habebit quilibet terminus progressionis A sive eorum qui adsunt, sive interpolato-
rum respondentem in progressione B. Hi termini progressionis B respondentium
terminorum in progressione A vocantur logarithmi. Jam cum innumerabiles pro-
gressiones Arithmeticae subscribi possint, perspicuum est innumerabilia dari syste-
mata logarithmorum. In vulgari systemate, quorum tabulae a Briggio et Vlacquio
computatae habentur,l% loco seriei geometricae A posuerunt 1, 10, 100, 1000, etc.
et loco arithmeticae sumserunt hanc 0, 1, 2, 3, 4 etc., ita ut logarithmus unitatis sit
0, denarii 1 etc. Ex hoc intelligitur, ad systema quodpiam logarithmorum conden-
dum duorum quorundam numerorum logarithmos pro lubitu accipi posse; e quibus
deinde omnium numerorum logarithmi determinantur. Ita in systemate logarith-
morum hyperbolicorum etiam pro logarithmo unitatis ponitur 0, et pro numero,
qui unitatem quantitate infinite parva superat ut 1 4+ dz, assumitur logarithmus
hoc ipsum dz. Vel series A est

1, (1+dz), (14d2)?* (1+dz2)?
et series B logarithmos contine[n|s est
0, dz, 2dz, 3dz ete.

Logarithmi ex hac positione deducti sunt ii, qui vocantur hyperbolici, eo quod
iidem sint, ac illi qui ex quadratura hyperbolaem eruuntur. In hoc systemate
est logarithmus binarii 0,693 147180559945 et logarithmus denarii est
2,302 585092 994 045 ut ipse calculo aliquoties repetito inveni. Sin autem acciderit,
ut logarithmis hyperbolicis uti oporteat, non quidem necesse est tabulam eorum
ad manus habere, sed Vlacquiani in usum vocari possunt dummodo singuli per
2,302 585 etc. multiplicentur. Semper autem, quando in calculo infinitesimali de
logarithmis sermo est, hyperbolici intelliguntur. Et hanc ob rem in termino generali
[dz (—€x)" (¢ designat logarithmum hyperbolicum. Ut nunc appareat, quomodo
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haec formula quemvis terminum praebeat, sit n = 3, habebitur
[dz (—Lx)* = — x (02)® + 3z (Lx)* — 62 Lz + 6z,

constantis additione opus non est; ponatur ergo x = 1, proveniet terminus tertius
= 6. Omnes enim termini in quibus est £ evanescent, quia £1 = 0. Simili modo
omnes termini numeros integros habentes eruuntur. Sed qui valor sit eorum, quo-
rum indices sunt numeri fracti, id difficilius eruitur.!8! Deducit enim ad quadraturas
curvarum transcendentium, ut terminus ordine % determinatur a quadratura cur-
vae ad quam est yy+£x = 0, cum tamen eundem ante a quadratura circuli pendere
deprehenderim. Verumtamen alia mihi insuper est methodus eosdem terminos ad
curvarum algebraicarum quadraturas reducendi, quae hoc theoremate continetur:
terminus cujus index est p : ¢, aequalis est!’l

a/(1.2.3 ... 2p 3p ip o |ap .
ACRERE p([Z+1] [Z+1][2+1] - [2+1])
P P
. ([fd:l? (l‘*l‘l‘)g} [fdx (22 7333)‘1} [fdx (271 fxq)qD

quae expressio aequivalet huic [ dz (—¢ x)g Ponatur exempli gratiap = 1 et ¢ = 2
ut terminus ordine % inveniatur, abibit forma generalis in \2/ 1-2 [dav/z — xx, sed
jam ostensum est 2 [ dxy/z — zz dare aream circuli diametri 1, quare in serie
1+1-2+41-2:3+1-2-3-4 [+ etc.] terminus cujus index est 3 aequalis est radici
quadratae ex circulo cujus diameter est 1. Cum igitur [dz (—£xz)" sit terminus
generalis seu terminus ordine n hujus seriei, habeo [dz (—fx)" =1-2-3 --- n.
Quod in serierum hanc includentium terminis generalibus inveniendis magni est
momenti. Nec minus hoc

_— [ dx (= L)t

m-m+1-m+2 --- m+4+n= —-
[dz (—(x)

Maxime universale et latissime patens est hoc theorema

9" [dx (—La)"

(f+(n+1) g)fxgd:r: (1—1’)11.

(f+9)(f+29)(f+3g) - (f +ng) =

Unde facile fluit hoc

(f+9)(f+29) - (f+ng) g (h+(n+1)k) [arde (1—2)"

(h+k‘)(h+2k) (h—f—nk) kn+1<f+(n+1) g)fa;gdx (1_x)n

Ex hoc Theoremate facile est invenire omnium hujusmodi serierum, quarum ter-

mini sunt facta, in quae ingrediuntur quantitates in Arithmetica progressione pro-

gredientes, terminos generales. Ut proposita sit haec progressio de qua nuper men-
3-6-9

tionem feci, 0! % + % + 1770t etc. Hujus terminus ordine n est

n-2n-3n --- nn
m+1)2n+1)Bn+1) - (nn+1)
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Hunc comparo cumn

(f+9)(f+29)(f +3g) - (f +ng)
(h+ k) (h+2k)(h+3k) - (h+nk)’

quae formula ut in illam transmutetur oportet sit f =0, g =net h=1, k = n.
His valoribus substitutis prodit

n-2n-3n---nn (1—|—n—|—nn)fx%d$(1—1:)"

(mn+1)(2n+1)Bn+1) - (nn+1) (nn+n) [dx (1 —x)"

Id quod est terminus generalis progressionis propositae. Est autem dz (1 — z)"
(1 _ x)n—l-l

. Constans C debet esse ut
+1 n+

n
posito x = 0 totum evanescat. Ponatur nunc x = 1 ut principio monui, prodibit C

integrabile, integrale enim est C' —

1
seu ?; est igitur (nn +n) [dz (1 —z)" = n, et ideo terminus generalis seriei
n

propositae hanc habet formam

<1+n+nn>/x711dx (1—a)".
n

3-6-9

Sit n = 3, ut terminus tertius ;255

prodeat, habebitur

13 L N3 13,4 39 [T7] , 39,30 13
3 [ w3dr (1 —2)" = pas — 23 + Gos —a3;

ponatur x = 1, habebitur 14—3— g—ki’—g —-1= % = termino tertio. Quaero terminum

ordine %; fiat ergo n = %, habebitur

;/@xmm1—@

Ergo C est = % — 1—54 + 1. Ponatur = = 1, restabit solum C seu % — % +1= 1%.

Algebraice ergo hic terminus ordine % dari potest nec non ii, quorum indices sunt
%, i, % etc. omnes numeris exprimi possunt; qui autem quanti sint, alio modo
vix fortasse inveniri posset. Hic autem observo hunc terminum ordine % aequalem
esse termino ordine 2, et generaliter terminus ordine % aequalis est termino or-
dine n. Haec fere constituunt unum genus progressionum, ad quod mea methodus
deduxit; multa quoque ejus ope in seriebus summandis detexi, et praecipue ter-
minis summatoriis inveniendis omnium earum progressionum, in quarum terminis
generalibus exponens vel index in denominatorem ingreditur, ut in progressione
harmonica. Sed de his alio tempore, si placuerit, scripturus sum.

Nihil prorsus invenire potui, quod ad Fermatianam observationem!*!l spectaret.
Sed nondum prorsus persuasus sum, quomodo sola inductione id inferre legitime
potuerit, cum certus sim ipsum numeris in formula 22° loco z substituendis nec
ad senarium quidem pervenisse.

njot
[SIEN]

NI

—C-IT(-a)+80-2)F—(1-2)7.
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Haec igitur benevole accipias enixe rogo, et favere pergas
Vir Celeberrime
Tibi obstrictissimo
Eulero

Petropoli d. 8 Jan.
1730
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4
GOLDBACH TO EULER
Moscow, May (11th) 22nd, 1730

Eulero Moscua Petropolin 22. Maii 1730.

Egregia teque auctore digna judico quae secundis litteris!! mecum de terminis ge-
neralibus serierum communicasti; hoc tantum in methodo tua cavendum mihi vide-
tur, ne assumta integralis [ P dz utrovis modo, hoc est, tam posita 2 = 0, quam
posita x = 1 in nihilum abeat. Deinde sponte moneo, terminum generalem seriei

%—i— % + 3289 4 &c. quem pro exponentibus non integris dederam non quadrare, 2l

4710
: . . 2n+3
fatendum tamen est terminum generalem eiusmodi 5 Jdx (1—a)" \/ x, ut

intelligibilis fiat, in seriem infinitam consueto more resolvi debere, cuius singuli ter-
mini integrati tandem exhibebunt terminum generalem indefinitum, quem etiam
sine usu Arithmeticae differentialis infinitis modis produci posse constat.

Quod ad Fermatii observationem attinet,?! tecum sentio, non credibile videri,
eum ad sex terminos illius suae seriei exprimendos progressum fuisse, neque tanto
labore opus est ad verisimilitudinem illius observationis, facile enim experimur
divisore quocunque accepto residua ex terminis ordine quo sequuntur divisis in
circulum redire; sit verbi gr[atia] terminus 22" + 1, ubi z = 2, divisus per 7,
relinquit 3, ergo terminus sequens relinquit idem residuum quod relinquitur ex
divisione numeri (3 — 1)? + 1 per 7, nempe residuum 5, terminus hunc sequens
idem residuum dabit quod relinquitur ex divisione numeri (5—1)?+ 1 per 7 divisi,
nempe 3, ergo omnia residua possibilia omnium terminorum seriei divisorum per 7
(ubi scilicet quotiens sit > 0) sunt vel 3 vel 5; simili ratione facile apparet!* nullum
terminum seriei Fermatianae dividi posse per numerum < 100; sed quidquid sit
de Fermatii observatione, hoc certum est, omnem numerum 2P + 1, ubi p non sit
= alicui numero 2" (in quo n est numerus integer affirmativus) esse non-primum,
cuius quidem divisores facillime inveniuntur. Sic numeri 23% + 1 divisor est 17,
numeri 21736 4 1 divisor est 257, &c. Vale.
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)
EULER TO GOLDBACH
Petersburg, June 4th (15th), 1730

Vir Celeberrime

Postquam ultimas ad Te misissem literas, de Theoremate Fermatianol!l diligentius
cogitare coepi, idque non tam levi nixum fundamento, quam primum putaveram,
perspexi. Quoties enim in 2" + 1 non est m numerus ex progressione geomet-
rica 1, 2, 4, 8, etc., divisores semper, ut Ipse Vir Celeberrime in postremis literis
monuisti,?l assignari possunt. Nam si n est numerus impar, binomium 2" + [1] vel
etiam generalius a' + 0™ poterit dividi per a + b. Si praeterea fuerit n multiplum
quodpiam numeri imparis, uti si n = k¢ denotante ¢ numerum quemcunque im-
parem; divisor erit a*+b*. Quam ob rem, cum solae binarii potentiae hanc habeant
proprietatem ut per nullum numerum imparem dividi possint, praeter unitatem,
sequitur tum solum binomii a” 4 0™ ex hoc fonte divisorem assignari non posse,
quando n est potentia quaedam binarii. Hoc quidem multum ad evincendam The-
orematis veritatem sed tamen non est prorsus sufficiens. Quanquam enim pro n
assumitur dignitas quaedam binarii, tamen ex eo inferre non licet a” + b™ nullos
habere divisores; ut si a sit 4, et b 3, etiamsi ponatur n = 2, potest 16 + 9 dividi
per 5. Conducit ergo investigare casus, quibus nihilominus divisores locum habent.
Perspicuum est primum, si a et b fuerint numeri inter se compositi ut cf et df,
binomium ¢" f” + d" f™ habere divisorem f". Deinde si a et b utrumque fuerit
numerus impar, dividi semper poterit per 2. Denique ut hos casus universalius
evolvamus, sit a = mc+ « et b = mc + 3, erit

‘n—1
a® = a™ +na™ me + % "=2m2% + ete.
et
‘n—1
b = A" + nf" tme + %B"Qm%z + ete.
ergo
n-n—1

a" +b" = (a" + ") + nme ("t + ) + m?c® ("% + B"7?) + ete.

2

Ex hoc apparet singulos progressionis terminos praeter primum dividi posse per
me. Quoties igitur o™ + " et mc communem habent divisorem, per eundem et
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a™4b" dividi poterit. In his igitur aliisque, si qui forte hic non continentur, casibus,
quibus a” + b" non fit numerus primus, si non comprehenditur casus Fermatii quo
a =2 et b =1, tuto concludi potest 2" 41 semper esse numerum primum. Sed forte
et alia hujusmodi Theoremata invenire licet, ut 3" 4 2", si n fuerit dignitas binarii
semper numeros primos mihi dare videtur.®l Caeterum Theorema hoc non tam
saepe, si unquam fallit, mihi fallere videtur, quam quae de differentiis potentiarum
enunciant: cujusmodi est hoc 2" —1 semper dare numerum primum, si n sit numerus
primus; 4 nam si ponatur n = 11, divisorem habet 2! — 1 vel 2047, 23, similiter
47 metitur 223 — 1 et 223 hoc 237 — 1. Occurrit mihi hic terminus generalis, quem
aliquando inveni, vel functio quaedam ipsius z, quae hanc habet proprietatem, ut
quicunque numerus loco x ponatur, ea det numerum divisorum ejusdem numeri;
in divisoribus vero habeo et unitatem et numerum ipsum,®! ita ut numeri primi
duos tantum habeant divisores. Est itaque haec mea formula terminus generalis
huius seriei,

cujus quilibet terminus indicat, quot index subscriptus habeat divisores, ut 6 habet
quatuor 1, 2, 3, 6. Significet nunc  numerum quemcunque, erit numerus divisorum
ipsius x hic

34+ ()" +14+ (D) +1+ (1) + 14+ (=D + 1+ (=) + ete.
5 .

Designat vero, A terminum generalem seriei 1, 1, 4, 7, 13, 22, etc. cujus quivis
terminus summa est duorum praecedentium et 2; B terminum generalem seriei 1,
1,1, 6, 11, 21, 41 cujus quilibet terminus est summa trium praecedentium + 3;
C' terminum generalem seriei 1, 1, 1, 1, 8, 15, 29, 57, etc. cujus quivis terminus
est summa quatuor praecedentium + 4. Similis ratio est reliquarum literarum D,
E, etell Quaeratur hine numerus divisorum senarii, erit © = 6, A = 22, B = 21,
C=15,D =10, E =1, F =1, et reliquae omnes erunt 1. His positis erit numerus
divisorum senarii

3+ (=) 414+ (—)2+14+ (D) +14+ (D) +14+ (=) "+ 1+ (=)' +14(=1)" ete.
5 .

Quia autem —1 elevatum ad numerum parem dat +1 et ad numerum imparem
—1, erit numerus divisorum

34+ 1+14141-14+1-1+1414+1-1+1-14+1-1
- . -

4,

qui sunt 1, 2, 3, 6. Si igitur quis potuerit formula illa posita = 2, eruere quid
sit x, haberetur terminus generalis pro serie numerorum primorum; sed isthuc
pertingere non spero. Incidi nuper Opera Fermatii legens in aliud quoddam non
inelegans theorema, Numerum quemcunque esse summam quatuor quadratorum
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seu semper inveniri posse quatuor numeros quadratos, quorum summa aequalis
sit numero dato.ll Ut 7 =1+ 1+ 1 + 4; sed tria quadrata nunquam invenientur,
quorum summa sit 7. Ad hoc Theorema demonstrandum requiritur, ut generaliter
quatuor quadrata inveniantur 22, 32, 22, v? quorum summa aequalis sit summae
quinque datorum 1+ a2 + b2 + ¢2 + d2.18! Alia ibi habentur Theoremata de resolu-
tion|e| cujusvis numeri in trigonales, pentagonales, cubos, etc., quorum demonstra-
tio magnum afferret incrementum Analysi. Ut pagina haec impleatur transcribam
quadraturam quandam circuli, quam ex prop|ositione| aliqua Gregorii a St. Vin-
centio elicui, cujusque falsitatem nemo adhuc ostendit. Ea haec est si peripheria

3(14+A4)+/3 £11:5
sit p et diameter d, erit % = ;(;4_);{; est vero A = (%)“03:53, ubi £11:5
denotat logarithmum fractionis % et £203 : 53 logarith[mum| hujus %. Haec ex-

pressio prope ad % accedit, et si vera esset, magnum sane esset inventum.l! Vale
et favere perge

Vir Celeberrime

Tui observantissimo Eulero

Petropoli die 4. Junii
1730.

R719 Sequel to n°3
Petersburg, June 4th (15th), 1730
Original, 2 fols. - RGADA, f. 181, n. 1413, &. III, fol. 86r—87r
Published: Correspondance (1843), t.1, p. 21-24; Euler-Goldbach (1965), p. 30-32

6
GOLDBACH TO EULER
Moscow, June 15th /26th, 1730

Vir Clarissime

Etiamsi vera non esset Fermatii propositio, tamen laude digna mihi videtur prop-
terea quod, cum eius demonstrationem investigamus, in alia incidimus theoremata,
quorum veritas solidis argumentis evinci potest, quale est illud quod de numero
a™ 4+ b™ divisibili per a + b, si n fuerit numerus impar, observasti.

Praeterea (1.) Si a, b, n sint numeri integri, et # significet aequationem im-

atn
possibilem, positol!! 1 #£ b, sequitur a® + 1 esse numerum primum; id quod
n

demonstrari potest. Sufficit autem pro n seligere numeros qui n? + 1 faciunt pri-
mos, videlicet 2, 4, 6, 10, 14, &c. (sunt enim 22 + 1, 42 + 1, 62 + 1, &c. numeri

R . . o 202  20%4
primi): sic verbi gr|atia] quoniam illico patet numeros : et 7 Don esse

integros, sequitur numerum 202 4 1 = 401 esse primum.
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(2.) Verisimile est divisorem minimum (unitatem et numerum ipsum hic pro
divisoribus non habeo) cuiuscunque numeri a®* + 1 esse huius formae n?° +1, sed
hoc quia non dum satis examinavi affirmare non possum, nisi de unico casu ubi
z = 1, qui facile demonstratur.l?l Ceterum si verum esset quod verisimile dixi ex
eo demonstraretur theorema Fermatianum, nam verbi gr|atia| posito a = 2, n non
posset sumi = 1 (quoniam n?" + 1 fieret numerus par atque adeo dividere non
posset numerum imparem) neque n = 2 (quoniam divisor n?" 4 1 fieret = ipsi
dividendo); ergo 2%° + 1 non haberet ullum divisorem.

Utrum numeri (3" 4+ 2™) (ubi n significat dignitatem aliquam binarii) primi sint
non dixerim;[®l si coniectare libet, fortasse etiam (2 - 3)2n + 1 sunt numeri primi,
fortasse et (2p)2x + 1, si p est primus;[4] sed quis unquam affirmavit numeros
(2" — 1) esse primos si n sit primus?!®!

Quae de termino generali numerorum primorum inveniendo ex formula nu-
merum divisorum dati cuiusvis numeri exprimente disseris ingeniose meditata
agnosco, et si in usum deduci, ut ipse animadvertis, vix possint.

Fermatii et Gregorii a S. Vincentio opera me non legisse doleo. Quod ex Ferma-
tio refers theorema: Numerum quemcunque esse summam quatuor quadratorum,
demonstratum videre cupio, facile illinc infertur Numerum quemcunque esse sum-
mam tot quadratorum (3n 4+ 1), quot numerus pro arbitrio sumtus n continet
unitates.[®l Sunt mihi complura eiusmodi theoremata in promtu quorum demon-
strationes neque exercitatissimus Mathematicus, nisi forte fortuna, inveniat, et si
sua natura facillimae sint; verbi gr[atia] nullum numerum triangularem si ei ad-
datur 4 habere radicem rationalem octavae vel decimae potestatis,|”l seu quod
idem est, positis a et n numeris integris fore

De quadratura circuli per logarithmos numerorum quos in litteris tuis com-
memoras expressa vehementer dubito et si ad verum prope accedat.®l Sunt etiam
numeri surdi simplices qui parum a vero aberrant, ut si data diametro = 1 peri-

2 2
pheriam dicamus 3 + ~—, hic numerus ne quidem ———— a vero deficit,l%! ita ut
10 100000

non putem ullam methodum excogitatam esse quae rationem diametri ad peri-
pheriam terminis tam prope veris geometrice definiat quam haec ipsa; quid enim
facilius est quam diagonalem quadrati circumscripti dividere in partes decem et
unam decimam addere ad triplum diametri? Vale et fave

Tuo

Christiano Goldbach.

1
D|atum| Moscua 2—2 Jun. 1730.



116 7. Euler to Goldbach, June 25th (July 6th), 1730

R720 Reply ton°5
Moscow, June 15th /26th, 1730
Original, 2 fols. - PFARAN, f. 136, op. 2, n. 8, fol. 8-9r
Copy, 3 pp. - RGADA, f.181, n. 1415, &. 111, fol. 26r—27r
Published: Correspondance (1843), t.1, p. 25-27; Euler-Goldbach (1965), p. 33

7
EULER TO GOLDBACH
Petersburg, June 25th (July 6th), 1730

Vir Celeberrime

Theorematis Fermatianil!l veritas quotidie mihi magis elucere videtur; sed tamen
demonstrationem ejus nondum sum nactus. Sunt mihi autem nonnullae ejus in-
ventae proprietates, quae fortasse ad demonstrationem conficiendam utiles esse
possent. Fiat series, cujus terminus generalis est 2271 4 1, sequens 3, 5, 17, 257,
etc., cujus singuli termini secundum Fermatium sunt numeri primi. Demonstrare
autem possum, nullum terminum per quemquam praecedentium dividi posse, et
praeterea si quis terminus haberet divisorem, sequentium nullum per eundem di-
vidi posse, sed semper residuum fore 2. Certum igitur ex hoc est, omnes ejus
progressionis terminos inter se esse primos, vel duos reperiri non posse, qui com-
munem habeant divisorem.

atn . o
nullus numerus inveniri

Quod aa + 1 sit numerus primus, quoties in/?
nn +

potest, qui pro n substitutus fractionem mutet in numerum integrum, demonstrare
etiam possum hoc modo: Investigo casus, quibus aa + b (pono autem b < 2a + 1)
fit numerus primus. Fiet hoc si nullos habet divisores; si haberet autem divisores
i esse[nt] hujus formae, a4+ m et a — n; quia igitur aa +b = (a + m) (a — n) erit!!

ma —b m2—b aa —b . . .
n=——=m-———=a— . Quoties ergo nullus numerus inveniri
a+m a+m a+ bm b b
. . ma — mm + aa + .
potest qui loco m substitutus vel vel vel faciat numerum
a+m a+m a+m

integrum, toties aa 4+ b non habet divisores, et propterea est numerus primus.

Dicis deinde Vir Celeberrime divisorem minimum ipsius aa + 1, si quos habet
divisores, esse hujus formae nn+1.14 Sed puto unitatem pro divisore minimo haberi
oportere; nam hoc nisi esset, theorema verum non esset. Si enim est a = 34, erit
aa + 1 = 1157 cujus minimus divisor est 13; si @ = 76 erit aa + 1 = 5777 cujus
minimus divisor est 53. Quanquam autem hi divisores minimi non quidem unitate
excedant quadratum, tamen sunt fortasse omnes summae duorum quadratorum. !

An 62° + 1 sit numerus primus neque affirmare neque negare possum. De ge-
nerali formula vero (2p)21 + 1 nego etiam si p sit numerus primus:®l nam si p = 5,
x = 2, habebitur 10001 qui non est primus sed divisorem habet 73. Neque etiam,
quod suspicatus eram, 32° + 22° est numerus primus; si enim z = 3, dividi potest
38 + 28 per 17.17
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Fateor me nullum librum nominare posse, in quo invenerim 2" —1 esse numerum
primum, si n est numerus primus. Tamen bene memini, in inveniendis numeris
perfectis hoc theorema vulgo in usum vocari; requiritur enim ad eos inveniendos,
ut omnes habeantur casus quibus 2" — 1 est numerus primus.!8!

Theorema, quod quicunque numerus sit summa quatuor quadratorum, demon-
strare non possum, neque ipse Fermatius demonstrare se posse affirmat. Tamen
rem ad hanc quaestionem reduxi, ut zz + 7 in quatuor quadrata resolvatur.[®!

Quadraturam Circuli Gregorii a St. Vinc|entio] examinavi eamque ex falso lem-
mate deductam esse deprehendi. Utique si vera non est, etiam si adhuc centies
propius ad verum accederet, tamen prorsus nihili est aestimanda. Sed si vera es-
set, egregium sine dubio esset inventum. Approximationem Tuam Vir Celeberrime
ad rationem peripheriae ad diametrum utilissimam esse in Praxi existimo.?l

De Theoremate Tuo, quod nullus numerus triangularis 4nario auctus habeat
radicem rationalem 8Y2¢ vel 10™2¢ dignitatis, cogitans seriem numerorum triangu-
larium investigavi, qui quaternario aucti faciant quadratal’!l atque inveni radices
numerorum eorum trigonalium sequentem constituere progressionem: —7, 0, 9, 56,
329, etc., quae hanc habet proprietatem, ut quivis terminus puta n™" aequalis
sit 6 (n —1)™° — (n — 2)™° + 2. Similem legem habet series numerorum, quorum
quadrata sunt numeri trigonales,[m] quae haec est, 0, 1, 6, 35, 204, etc., cujus quivis
terminus est septuplum praecedentis demta summa duorum praecedentium. His
vestigiis insistens universaliter seriem numerorum integrorum dare possum qui loco
x substituti faciunt az? + Bx + v quadratum; notus autem esse debet unus casus,
quo id fit quadratum.

Cum mihi nuper Theorema Fermatianum, quod nullus numerus trigonalis sit

biquadratum praeter 1, occurreret, '3 inquirere coepi an

prorsus non possit
T+

esse biquadratum!™ nisi sit 2 = 1 vel 0. Posui primo = p?z? eritque

+x

1
xziet\/xx—i_x— P Utautemxx
2pp — 1

= . fiat biquadratum, debebit
2 2pp — 1

T+ T
\/ 2+ denuo esse quadratum; quadratum ergo esse debet 2p® — p; ponatur

p = q+1, habebitur 2¢®46¢q+5g+ 1. Radix hujus sumatur 1+%q, erit 2¢3+6qq =
%q? Ergo ¢ = é, p= % et x = %. Quamobrem numerus trigonalis cujus radix
est % erit biquadratum radicis g. Ex hoc casu jam cognito infiniti alii inveniri
possunt.!*® Hoc autem veritatem Theorematis non infirmat cum Fermatius id
tantum de numeris integris intelligi velit. Rogatus sum Tibi nomine Cl|arissimi|
Bernoullii salutem dicere.'%l Vale et fave

Vir Celeberrime

Tui Observantissimo

Leonhardo Eulero.

Petropoli d. 25 Junii
A.1730.
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8
GOLDBACH TO EULER
Moscow, July 20th / 31st, 1730

Vir Clarissime

Jam diu animadverti omnem numerum 22x+p+1, ubi x et p sint numeri integri, divi-
sum per 22" +1 relinquere 2, propterea quod (22 + 1) (22" — 1) est = (QQIH — 1);

rursus (22I+1 — 1) (221+1 + 1) = (22z+2 — 1) et sic porro, donec perveniatur ad

T+p . . . . z+p . .
227" _1, qui numerus binario minor est quam 22°" 41; ex eo quidem certe sequitur

omnes numeros seriei Fermatianae esse inter se primos, ut dicis; at quantulum hoc
est ad demonstrandum omnes illos numeros esse absolute primos?

Quod affirmaveram divisorem minimum numeri a®>+1 esse huius formae n?+1,
nullo fundamento niti agnosco, quando quidem exemplo numeri a = 34 refelli

potest; haec erronea hypothesis aliam nihilo meliorem peperit: numerum a? + 1
atn

esse primum si v non possit fieri integer, quae cum facto a = 34 satis refute-
n

tur, non digna erat nova, qua eandem ornasti, demonstratione.l!l Ob hoc ipsum
exemplum a te allatum, magis quam antea dubito de veritate theorematis Ferma-
tiani; fieri enim potest ut minimus divisor alicuius numeri 22° 4 1 sit centum, vel
centies mille notarum, quem usque ad finem mundi nemo inveniat.

Haud satis intelligo cur Fermatius affirmarit numerum quemcunque esse sum-
mam quatuor quadratorum, nisi methodum aliquam tenuit datum numerum in
quatuor quadratos dividendi, quae methodus si proba fuit, ad demonstrationem
theorematis satis fuit.
1002W scribendum erat ﬁ quod velim cor-
rigas.?l Ceterum de fallacia Lemmatis Gregoriani a Te deprehensa Tibi gratulor;
haud dubie is est fons erroris quem et Cartesium vix triduo immoratum Gregoriano
volumini notasse scribit Lipstorpius in Specim[inum| Philos|ophiae| Cartes|ianae][?!
partle] 2, p. 87. Sane si facilitatem legis qua progreditur approximatio spectes nihil
puto de quadratura circuli elegantius excogitatum esse quam Leibnitii seriem;*l
sin modum quam citissime approximandi requiramus, eum quem secutus est D.
Lagnius (in Comment[ariis| Acad|emiae| Paris|inae| A.1719) reliquis praestantio-
rem ex admirabili quod protulit specimine iudicare licet;[?! occultavit ille quidem
tum temporis artificium quo usus est, neque scio an deinde explicaverit, posteri-
orum enim annorum commentarios non memini me vidisse; si quid Tibi de eius
methodo constat, rogo ut ad me perscribas.

In superioribus litteris meis pro
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Demonstrationem meam theorematis: nullum numerum trigonalem praeter 1
esse quadrato quadratum communicavi cum Cl[arissimo| Bernoullio nostro litteris
Moscua datis, quas si ad manum sunt tibi facile concedet;[% ex ea demonstratione
perspicies non solum nullum numerum n?*2, sed ne quidem ullum n? (praeter 1
et 36) reperiri in trigonalium ordine, tantum abest ut omnes quadrati radicum 0,
1, 6, 35, 204, &c. quarum progressionem in litteris descripsisti, sint trigonales.m

Incidi aliquando in solutionem huius problematis: Numero cuicunque integro
quantumvis magno a cuius tantum duae postremae notae dantur addere alium
numerum integrum b, hac lege ut aggregatum non habeat radicem rationalem
ullius potestatis.

Sit verbi gratia numerus 543 664, cuius tantum duas ultimas notas nempe 64
mihi cognitas fingo, reliquis 5436 (vel quibuscunque aliis) occultatis, huic si ad-
datur 2 ita ut fiat 543 666, is numerus nullam habet radicem rationalem. Vereor
ne totum problema simplicitate sua vilescat si methodum solvendi et demonstra-
tionem simul addam, quapropter easdem in futuram epistolam differo.[®l

Vale et fave

Tuo

Christiano Goldbach.

2
D|atum| Moscua 3—(1) Jul. A.1730.
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9
EULER TO GOLDBACH
Petersburg, August 10th (21st), 1730

Vir Celeberrime

Quantum mihi constat de Theoremate Fermatiano omnem numerum esse summam
quatuor quadratorum, ipse Fermatius neque demonstrationem ejus habuisse vide-
tur neque modum generalem numeri cujusque in quatuor quadrata distribuendi;
sed id potius videtur tantum observasse, et propterea enunciasse, quia nullum
exemplum contrarium ab eo fuit deprehensum.!!! Etiamsi autem haec proposi-
tio vera sit, tamen difficillima mihi esse videtur demonstrationis inventio; nullam
enim legem observare potui in divisione difficillimorum numerorum hujus formae
nn+7, atque resolutio in quatuor quadrata semper fortuna tantum succedere vide-
tur, neque ulla prorsus regula contineri. Commentarii Acad|emiae| Paris|inae| ad
A. 1719 et sequentes, non adsunt hic in Bibliotheca, et hanc ob rem de methodo
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D. Lagnii nihil commemorare possum.?l Quod autem ad aptam et facilem approxi-
mationem ad Aream circuli attinet, memini Majerum nostrum bleate| d[efunctum]
habuisse seriem vehementer convergentem, cujus tres vel quatuor termini tan-
tum sumti darent maximos Ludolphi a Ceulen numeros.l¥l Series, quam nuper
Tecum communicavi, 0, 1, 6, 35, 204, etc. hanc habet proprietatem, ut cujusvis
termini quadratum sit numerus trigonalis,[4] neque haec proprietas ad 0, 1, et 6
tantum pertinet. Nam v. g. quadratum termini 35 est 1225, qui est numerus trigo-
nalis radicis 49. Universaliter vero, cum illius progressionis terminus generalis sit[]

(3+2v2) A (3- 2\/2)"71
44/2
(3+ 2\/2)"71 +(3- 2\/2)%1 9

numerabiles numeri integri, qui simul sunt quadrati et trigonales. Fundamentum
ejus sequenti generali Theoremate nititur: Si formula az? + bz + ¢ fit quadratum
casu, quo ponitur z = p, fiet ea quoque quadratum casu, quo

—b+bvV1+al?
z = + o ta +pV14ar? + Aap? +bp+¢;

oportet autem pro A numerum accipere qui 1 + aA\ faciat quadratum. Si igitur
unicus innotescit casus quo az? + bz + ¢ fit quadratum, ex hac forma statim in-
venientur innumerabiles, idque in integris numeris, si quidem A\ ita accipiatur ut

— b+ bvV1+ad

constituu%t seriem ex duabus geometricis conflatam. Agitata sunt hujusmodi pro-
blemata de numeris integris inveniendis inter Wallisium et Fermatium. Exemplum
maxime difficile erat, invenire numeros integros, qui loco z positi efficiant formulam
1092z + 1 quadratum. Pro hujusmodi quaestionibus solvendis excogitavit D. Pell
Anglus peculiarem methodum in Wallisii operibus expositam.!”l Eaque ad meum
institutum opus habeo, ut 1 + aA\ fiat quadratum. Ea vero methodus tantum ad
exempla prorsus numerica patet, neque ejus est usus in formulis arbitrarios coeffi-
cientes habentibus resolvendis, cujusmodi est meus casus az?+bz+c. Conatus sum
similem methodum pro formulis, in quibus indeterminata tres habet dimensiones,
invenire. Idem vero non aeque ac in quadraticis praestare potui; sed tamen ea suf-
ficit ad omnes numeros integros inveniendos, legem vero qua ii progrediuntur, non
praebet. Exempla ad hoc illustrandum sint haec: Invenire numeros pyramidales
trigonales integros, qui sint quadrati vel qui sint triangulares plani.®l Solutionem
Tuam Vir Celeberrime Problematis, quod perscripsisti, ad propositum numerum
alium addere, ita ut summa non habeat radicem rationalem ullius potestatis,®! ex
hoc principio ductam esse statim animadverti, quod nullus numerus ullius digni-
tatis per solum binarium dividi possit, vel quod nulla potentia sit numerus impa-
riter par. Ex duabus autem postremis notis cujusque numeri cognoscitur, utrum
per 4 dividi possit an secus. Quamobrem si talis numerus adjiciatur, qui efficiat
summam per 2 sed non per 4 divisibilem, habetur quod desideratur. Idem adhuc

, hujus quadratum est numerus trigonalis radicis

. Ex ea igitur serie quam dedi inveniuntur in-

fiat numerus integer.[l Omnes autem numeri hoc modo inventi
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pluribus modis potest effici, vel faciendo ut ultima nota sit 0, penultima non; vel ut
duae postremae notae sint 05, 15, 35, 45, 55, 65, 85, 95; hujusmodi enim termina-
tiones nullae habent dignitates. Similiter apparet, qualis numerus ad propositum
quantumvis magnum, cujus notarum summa tantum datur, addi debeat, ut quod
prodit nulla sit potentia. Nimirum talis debet addi, qui ad summam notarum
additus reddat eam per 3, sed non per 9 divisibilem.

Methodum Tuam lunulas quadrabiles inveniendi vidi,*% eaque mihi magnopere
placuit propter summam ejus et facilitatem et brevitatem. Persequutus sum idem
problema jam diu prorsus analytice sequenti modo:

o2

g B¢

Sit semilunula quaecunque ABD, et ex D in AB productam demittatur perpen-
diculum DC, arcuum AD, BD sinus. Sit DC = y, radius arcus AD = a, radiusque
arcus BD = b; erit integratione per logarithmos absoluta,

-1 — -
areaACD:aa\/ gy"‘\/w_y aa — yy

2 a\/—l 2

Ex his erit semilunulae areall!l

aar/ =1 y++/yy—aa bb\/—1 y+/yy—bb
ADB = Y _ /
2 a\/—l 2 b\/—l
_yVaa—yy +y\/bb—yy
5 .

et

Ergo perspicuum est quoties in hac expressione quantitates logarithmicae evane-
scunt, toties lunulam esse quadrabilem, erit enim

bb — yy — -
ADB:y yy2y aa yy-

Quamobrem ad lunulas quadrabiles inveniendas oportet ut sit

aa\/—lzy%—\/yy—aa:bb\/—lgy—i-\/yy—bb
2 ay/ —1 2 by/ —1
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vel sumtis numeris!'?!

Ex hac aequatione data relatione inter a et b determinabitur y seu semichorda
lunulam quadrabilem subtendens. Quanquam in aequatione inventa insunt quan-
titates imaginariae, tamen in reductione eae ex calculo abeunt, proditurque pro y
valor realis. Solutio haec cum Tua Vir Celeberrime congruit, utraque enim omnes
dat casus, qui existunt.!*3 Vale et Fave

Vir Celeberrime

Tibi obstrictissimo

Leonhardo Eulero.

Petropoli, d. 10 Aug.
1730

R723 Reply ton°8
Petersburg, August 10th (21st), 1730
Original, 2 fols. - RGADA, f. 181, n. 1413, & III, fol. 99r-100v
Published: Correspondance (1843), t.1, p. 35-39; Euler-Goldbach (1965), p. 39-40

10
GOLDBACH TO EULER
Moscow, (September 28th) October 9th, 1730

Vir Clarissime

Numeros qui dividi possunt in tot quadrata quot a continet unitates animad-
verti posse etiam dividi in quotcunque plura quam a, hoc est in quadrata (a + n)
ubi n denotet numerum integrum affirmativum quemcunque. Si igitur verum est
numerum quemcunque dividi posse in quadratos quatuor, theorema generalius
enunciari poterit: Numerum quemcunque rationalem dividi posse in quadratos
quotcunque plures quam 3.1 Omnis vero numerus qui neque duorum neque trium
quadratorum summa sit, semper dividi posse videtur non solum in quatuor quadra-
tos sed etiam in 1 et tres quadratos,? sic verbi grlatia

T=1+1+1+4, 23=144+9+9, 39=1+1+1+36,
15=14+1+449, 28=14+9+9+9, 47=1+1+9+36, &c.,

neque ullum exemplum contra adferre poteris; sed huiusmodi theoremata non facile
demonstrari cum Fermatio fateor.

Series illa Mayeri quae tribus quatuorve terminis numeros Ludolphinos ex-
hibuitl® magni momenti videtur, si isti tres quatuorve termini breviore tempore
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et describi et in summam colligi possunt quam quo tempore opus est ad eos-
dem numeros methodo Ludolphi determinandos, nisi enim id demonstratur, nihil
in eiusmodi serie magnopere admirandum est, cum vel ipsa series Leibnitiana
pro lubitu in magis convergentem transmutari possit si vlerbi| gr[atia|] millenos
quosque terminos eiusdem pro singulis terminis alterius seriei sumamus, sed huius
modi compendio, ut dixi, nihil proficimus, quoniam ad duos terminos seriei magis
convergentis describendos et addendos tantum temporis requiritur quantum ad
colligendam summam bis mille terminorum seriei minus convergentis.

Innumeros esse quadratos trigonales satis ostendistil? et hanc ob causam multo
magis memorabile est Fermatii effatum: nullum numerum trigonalem praeter 1 esse
quadrato quadratum.

Numerum, qui divisus per 9 relinquit 3 vel 6 non habere radicem rationalem,
quem ad modum observasti, iam ante plus quam 12 annos ad amicum scripseram;
locus ex epistola excerptus in Supplem[ento] Actor[um]| Lips|iensium]P! legitur.

Quod mea solutio problematis de quadrandis Lunulis tibi probetur pergratum
est, quamquam mihi ipsi displicere coepit postquam non novam, sed a Cl[arissimo|
Danliele| Bernoullio in Exercitat|ionibus| Math[ematicis| multo ante expositam
vidi. Tua solutio mihi in primis arridet quod aequationem ad expressiones defini-
tas reducis quae sane plus habent elegantiae quam series indefinitae. Ceterum
quaecunque huius problematis solutiones excogitentur, totum negotium in eo est
ut ab expressione quae determinat aream Lunulae removeantur quantitates a cir-
culi quadratura pendentes; igitur iam ante 7 annos cum primum huius problematis
mentionem in litteris faceret Nicollaus| Bernoullius plie|] m[ortuus| hanc ei solu-
tionem misi:!6!

Sint duo circuli sese intersecantes in A et C
circulus AGC =«a; ... AHC = j;

pars cireli ADCE = %, ABCF = 5.
p q
triang|ulum]| AEC =b; ... ACF =g
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g

a

erit segm|entum| ADC = b; ... ABC=—-—g
p q
o 15} o I}
adeoque Lunula ABCG = o — — +b— — +¢; et ponendo a« — — — = = 0
p q p q

(ut scilicet destruantur quantitates quadraturam circuli involventes) erit eadem
Lunula ABCG =b+c.

Occasione problematis Kepleriani de semicirculo CHD ex dato puncto E ita
dividendo ut trilineum CHE sit ad aream semicirculi in ratione data,!” in alius
problematis solutionem incidi:

(1.) dato radio AC =1,
(2.) ratione diametri ad peripheriam 1 ad p,
(3.) arcus dati ad Sinum rectum, P ad e,
n
(4.) areae trilinei CHE ad aream semicirc[uli] CHD, 1 ad n,
determinare distantiam puncti F a centro A seu lineam AFE = ¢ infinitis modis
ita ut sinus HI exprimatur per quantitates p, n, ¢; postulatur autem solutio quae

determinet lineas AE et HI non per series sed per expressiones definitas.!®!
Solutio: Sit m numerus arbitrarius,

2p(1—mm)\/—1 .
n[(VIi=@4ey/=1) = (VIi=@-ey/-1)"]

AE =c=

erit HI = IM
ne

Dlatum] 9. Oct. 1730. Moscua

Tui observantissimus

Chr. Goldbach.

R724 Reply ton°9
Moscow, (September 28th) October 9th, 1730
Original, 2 fols. - PFARAN, f. 136, op. 2, n. 8, fol. 12r-13r
Partial copy, 3 pp. - RGADA, f.181, n. 1415, &.III, fol. 33v—34v
Published: Correspondance (1843), t.1, p.40-43; Euler-Goldbach (1965), p.41-43
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11
EULER TO GOLDBACH
Petersburg; October 17th (28th), 1730

Vir Celeberrime

Quod omnis numerus, qui in tot quadrata, quot a continet unitates, dividi potest,
etiam in plura possit dividi;[! ex eo facile intelligitur, quod quadratus numerus qui-
cunque in duos pluresve quadratos possit distribui. Hoc ergo modo numerus qua-
dratorum, qui junctim sumti numerum datum efficiunt, quousque libuerit potest
augeri; non vero diminui. Observavi atque demonstrare possum, nullum numerum
hac forma contentum, mm (4x + 3) in duo dividi posse quadrata; neque ullum hu-
jus formae mm (8z 4 7) esse summam trium quadratorum.?l An vero omnes reliqui
in tria pauciorave dividi possint non dixerim; neque an omnes numeri in ea formula
contenti in quatuor quadrata possint dividi. Saltem nullum exemplum deprehen-
dere potui. Attamen si verum est aliud Theorema ejusdem Fermatii, omnem nu-
merum esse summam trium numerorum trigonalium,[g] et hoc inde sequitur omnem
numerum mm (82 + 7) esse summam quatuor quadratorum.!l Vi enim illius The-
aa+a+bb+b+cc+c.
2 2 2
Propterea hujus octuplum 4aa + 4a + 4bb + 4b + 4cc + 4¢ complectitur omnia mul-
tipla octonarii seu omnes numeros hujus formae 8z. Consequenter haec formula
(2a + 1)2 + (2b+ 1)2 + (2¢+ 1)2 continet omnes numeros hujus formae 8x + 3.
Quocirca omnes numeri 8x 4+ 3 sunt summale| trium quadratorum. Hanc ob rem
omnes numeri formae 8x + 4 vel hujus 8z 4 7 sunt in 4 quadrata resolubiles. Por-
roque et hi mm (8z + 4) atque mm (8z + 7). Formula mm (8z + 4) aequivalet huic
mm (2x 4+ 1). Ex hac formula excluduntur omnes numeri impariter pares iique soli;
i.e. numeri formae istius 4x + 2. Etiam si ergo verum esset Fermatii Theorema
de numeris trigonalibus; tamen ad veritatem nostri ostendendam necesse insu-
per est demonstrare omnes numeros 4x + 2 in quatuor quadrata esse resolubiles.
Quod attinet ad observationem, omnem numerum in quatuor saltem quadrata di-
visibilem dividi posse in unitatem et tria quadrata,l®! sive quod eodem redit, si
a tali numero unitas auferatur, residuum semper in tria quadrata distribui posse:
Haec proprietas utique in omnibus numeris centenario minoribus locum habet, sed
numerorum majorum innumerabilia exempla in contrarium afferre possum, cujus-
modi est 112, qui numerus, quanquam in pauciora quam 4 quadrata dividi nequit,
tamen effici non potest, ut unitas in illis quatuor quadratis reperiatur. Nam 111
nunquam in tria quadrata dividetur. Eandem proprietatem habent omnes numeri
hac forma contenti 16nn(8z + 7), neque enim hi neque unitate mulctati in tria
vel pauciora quadrata possunt dividi. Numeris autem 16nn(8z + 7) in quatuor
quadrata dividendis non solum effici non potest, ut unitas sed neque ut hujus for-

orematis omnes numeri comprehenduntur in ista formula

nn
mae (2m + 1)2 7 quadratum locum in illis quatuor quadratis expleat; denotat hic

d numerum dividentem n. De altera quaestione, quomodo quam facillime maximi
numeri Ludolphi a Ceulen quadraturam circuli dantes inveniri queant, scribam
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quae ipse meditatus sum, cum manuscripta Majeri amplius inspicere non liceat. [l
Sit diameter circuli = b, chorda quaecunque = x et arcus respondens = s, erit

123 N 1-3-2° N 1-3-5-27
2.3.02  2-4-5-b* 2-4-6-7-16

s=x+ + etc.

Haec seriesl eo magis convergit, quo minor accipitur x. Sed ut ratio periphe-
riae ad radium inde possit inveniri, oportet ut s cum tota peripheria et x cum
diametro sit commensurabilis. Ad hoc minor chorda rationalis non adhuc est in-

venta, quam ea arcus 60 graduum quae est = %b. Cum autem hoc casu series
nequaquam satis convergat,[8] in id cogitandum est, quomodo expressio finita in-

. . . . ) 60bbx — 1723 .
veniatur ei quam proxime aequalis. Prope accedit haec s = —————, propius
60bb — 27xx Lo
o L N 840bbx — 1225 N 3 420bb 311
etiam haec s = x necnon s =x+— | ——F———— .
1200b (42bb — 25xx) 6bb \ 420bb — 311zx

Sed hae omnes nisi £ minor quam %b accipi potest, non vehementer admodum ad

verum accedunt: propterea maxime consultum erit, minorum peripheriae par-
tium chordas, etsi irrationales assumere.[!%l Habeo praeterea aliam formulam, qua
peripheriam circuli determinare possum. Si diameter ponatur = 1 erit

16-36-64-100 --- 4nn  8n+2
9-25-49-81--- (2n —1)* 2nn+n

peripheria =

vel accuratius,

4.16-36 --- 4 2 2
periph[eria] = 4 (1 4 n) nn 51/ nt
9-25-49 --- (2n+1) 2n+3

quae posterior expressio semper est justo major; hic quo major accipitur n eo vero
propior prodibit peripheria.l'!! Vidi Clarissimum Bernoullium nostrum in Litteris

ad Te Vir Celeberrime datis mentionem fecisse Theorematis cujusdam mei hanc

adx . . . :
formulam ———— semper posse in rationalem transmutari et propterea inte-

Vb + cx™

grari.'?l Significavit is mihi, Te eam Formulam multis modis universaliorem red-

didisse. Celeberrimus Bernoullius Pater quoque simile effecit; non solum enim eam

adzx
sed hanc —————= ad rationalitatem reduxit. Haec videns cogitare coepi, an

Vax™ + bx"

non omnes plane formulae hoc modo integrari possint, admissis saltem logarithmis;

. dr . . : . . .
nam quia — in x™dx continetur, quae beneficio logarithmorum integrari possunt,
x

ea pro absolute integrabilibus haberi debent.['3] Nullo autem modo hanc formam
aa dz

Var — 4
neque ellipsin rectificare, etiamsi logarithmi admittantur.l Nescio autem, an in
nulla Tuarum formularum et hae comprehendantur. Vale et Fave

, quae exprimit elementum curvae elasticae rectangulae, integrare potui
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Vir Celeberrime
Tibi obstrictissimo
L Eulero

Petropoli d. 17 Octobr.
A. 1730

R 725 Reply to n°10
Petersburg, October 17th (28th), 1730
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢.III, fol. 111r-112r
Published: Correspondance (1843), t.1, p.44-47; Euler-Goldbach (1965), p.43-45

12
GOLDBACH TO EULER
Moscow, (October 26th) November 6th, 1730

Vir Clarissime

In ultima epistola tua miror diligentiam quam ad indaganda numerorum mysteria
adhibes. Revidi quae ad Cl[arissimum| Bernoullium de formula differentiali cuius
mentionem facis!!l scripseram atque illico animadverti casus illos rationales multo
brevius quam putaram expediri posse. Praemonendum autem duco formulam

dzx

(z™ + ™) o

A

nihilo generaliorem esse formula

dv

B T
(v +1)m

cum per solam substitutionem =z = v ex A producatur B, quod etiam agnovit
Clarissimus| Daniel Bernoullius.[?l Considerabo iam differentialem huius formae

C <1+m%>pdm

(ubi p sit numerus rationalis non integer) quam dico rationalem fieri si n sit nu-
merus integer quicunque; ponatur enim z = (z — 1), mutabitur C' in

D n(z—1)"""12Pdz,

quam apparet fieri rationalem si n sit numerus quicunque integer; si vero ponatur
-1 . . .
z=wv(v—1)"", migrabit D in

) —n (v—1)"""P Py,
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quae ad terminos rationales redigi potest, si —n—p sit numerus integer quicunque.
Memorabilis haec est convenientia casuum integrabilium et rationabilium (ut sic
loquar); illi enim numerum n vel — n—p integrum affirmativum, hi saltem integrum
postulant.?!

Vale. D[atum| Moscua 6. Nov. 1730.

Tui studiosissimus
Christianus Goldbach.

R726 Reply ton°11
Moscow, (October 26th) November 6th, 1730
Original, 1 fol. - PFARAN, f. 136, op. 2, n. 8, fol. 14r
Copy, 1 p. - RGADA, f.181, n. 1415, ¢. 111, fol. 35v
Published: Correspondance (1843), t.1, p.48-49; Euler-Goldbach (1965), p.47

13
EULER TO GOLDBACH
Petersburg, November 9th (20th), 1730

Vir Celeberrime

Omnis formula differentialis rationalis hanc habet proprietatem ut ejus integra-
tio reduci possit ad integrationem hujus z"'dx. Quamobrem si ™™ dx pro absolute
integrabili habemus, enunciare possumus, omnes formulas rationales esse integra-
biles. Cum autem si m = — 1 integrale ipsius z~'dx sit £ x, cujusmodi expressiones
in algebraicis non habemus; si eas tantum formulas integrabiles esse censeamus,
quae dant integralia algebraica, oportet superiorem propositionem quodammodo
restringi, hocque modo enunciari, ut omnes formulae differentiales, quae in ratio-
nales transmutari possunt, integrabiles esse dicantur iis exceptis, quae a logarith-
mis pendent. Atque ex hoc ortum suum habet magna ea convenientia casuum inte-
grabilium et rationalium, quam in postremis Litteris annotasti. Nescio autem cur
eas formulas, quae a logarithmis pendent, non pro integrabilibus habere velimus.
Haec ratio sane non sufficit, quod aeque difficile sit dicere quid sit £ z atque [ dz : .
Similis mihi videtur differentia, quae est inter f 2z dx et x2. Deinde demonstratum
est quantitatibus logarithmicis aequales algebraicas dari non posse;[” et propterea
ad quasque quantitates exprimendas logarithmi aeque sunt necessarii, atque alge-
braicae quantitates; et si formulam integrando ad logarithmos perduxerimus aeque
contenti esse debemus, ac si ad algebraicas esset reducta. Admissis igitur loga-
rithmis tanquam quantitatibus in [ 2™dx contentis, omnes formulae differentiales
rationales sunt integrabiles, omnesque irrationales, quae in rationales transmutari
possunt. Maximam ergo habet utilitatem cura et studium, quod ponitur in re-
ducendis formulis irrationalibus ad rationales. Ex eo autem, quod omnes formulae
rationales ad z"dx possunt reduci, forte suspicari licet, omnes prorsus formulas
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differentiales eo reduci posse, vel omnes prorsus formulas irrationales in rationales
transmutari posse. Magnam hujus desiderati inveniendi haberem spem, si quis

hanc tantum expressionem —— ad rationalitatem reducere doceret. Formula
11—z

p
Tua Vir Celeberrime <1 + x%) dx, quae rationalis redditur, si vel n vel n + p
fuerit numerus integer, latissime patet; deprehendi enim complures formulas, quas

t P - dx i hendi. Aequivalet

non putassem, u e in ea comprehendi. Aequivaletque

P V14 am Van 4 gmtn P a a

dz

Tuum hoc Theorema sequenti meo, quanquam universalius videtur: ———— ad

q , quang o
. ) . . p—m qg—m
rationali[tal]tem reduci potest, quoties vel vel est numerus

m(p—q)  m(g—p)
rationalis.[?l Ad integrandas autem quascunque formulas rationales Theorema se-
quens inveni:?l

/ dx (a —z)(b—x) (¢ —x) (d—z) etc.

(@+2)(B+2) (y+2) 0 +2) ote.
(a+a)(a+b)(a+c) etc.€x+o¢ (B+a)(B+D)(B+c) etc.€x+,8
B-a)(y—a)(d—a)etc. o  (a=p)(y=p)(—p) etc.  p

b te. _82 03

(@=7)(B=7)(0—7) etc. v 2 3
Horum posteriorum terminorum algebraicorum nullus adest, si (posito numero
factorum numeratoris, a—x, b—x, c—x etc., m, et numero factorum denominatoris

n) n = m vel m < n. Primus tantum Az locum habet si m = n + 1. Duo
2

x
vero Ax et — sunt adjiciendi si m = n 4+ 2. Tres si m = n + 3 et ita porro.

Signorum ambiguorum sumentur superiora si n est numerus par, at inferiora si
n est numerus impar. Literae vero majusculae, quae valent si m > n sequentes
habent valores: A significat summam omnium factorum quae constant ex tot literis
literarum «, B, 7y, § etc. et a, b, ¢, d etc. quot m —n continet unitates; B significat
summam omnium factorum tot habentium factores ex iis literis desumtos quot
m—n—1 continet unitates; C' summam omnium factorum, quae habent m —n — 2
factores etc. Excluduntur autem omnia ea facta in quibus quaepiam latina litera
plures quam unam habet dimensiones. Complectitur autem haec generalis formula
integrata omnes formulas differentiales rationales. Numerus enim factorum tam in
numeratore quam denominatore est arbitrarius. Quod autem in omnibus factoribus
2 unius tantum sit dimensionis, id universalitati non nocet, omnes enim formulae
algebraicae, in quibus x plures habet dimensiones, sunt divisibiles, in hujusmodi
factores simplices. Denique facile perspicitur id universalitati non obesse, quod =z
alios coefficientes nisi + 1 et — 1 non habeat.

Vale Vir Celeberrime et Fave

Tui observantissimo

Leonhard Euler
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Petropoli, d. 9. Novemb.
A. 1730
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14
GOLDBACH TO EULER
Moscow, November 18th /29th, 1731

Vir Clarissime

Jam in litteris Callendis| Jun. 1730 ad Cl[arissimum]| Bernoullium datis!*! monue-
ram formulas

b
v op. M o M

A —
(oo + 1) (e +1)

— T
(ve 4+ vf)n

3\’—‘

pro iisdem haberi posse et propterea me uti velle formula A, in qua duae tan-
tum exponentes arbitrariae insunt, cum in binis reliquis formulis tres exponentes
reperiantur.

(a—z)(b—x) &
(a+z)(B+2x) &
(a+a)(a+ b)
(B—a)(y—a)

P
Quod attinet ad / (1 —x%> dx, non facile puto inventum iri integralem

In formula tua quam pro / dx ' adsignas non video quid

&ec.sif=avely=a&cl

fiat denominatore = 0 in expressione

praeter casus quos iam in praecedente epistola mea expressi, si scilicet per ca-
sus integrabiles eos tantum intelligamus qui vulgo dici solent, quodsi vero magis
ad naturam rei quam ad usum qui inter Mathematicos obtinuit respiciamus, ap-

1
parebit sane eodem jure quo huius differentialis (1 — x)2 dx integralis genuina sta-

P
tuitur ; (1-— x) posse etiam (1 - x%) dx quovis alio casu integrari; nam cum

/ <1 — xﬁ) dz ut notum est resolvi possit inl?!

1 nt 2 n p+1
A ... x—l—w/l:r n +MB:E i2+&c. (1—x%)
n+1 n—+2

— n— -1 n— -2 +1
B ... ile—i—niAxTQ—i—niBa:n + &ec. <l—xn)p
p+1 p+n—1 p+n—2
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vel in

pn nt1 p-p—1-n nt2 p-p—1-p—2-n n3
n 4+ ———x n — €T n

C...z—
R R 2 n+2 2-3-n+3

+ &ec.,

ad inveniendam integralem nihil aliud requiritur quam ut determinetur formula
generalis summarum huius seriei
-n 1 n—1

p+1x"7 +mAani2 + &ec.

per expressionem quae finita maneat posito pro n numero quocunque non-integro;
qua ratione autem huius modi formula designari possit in dissertatione meal* dixi;
sola differentia quae inter integrales has novas et alias iam cognitas irrationales
(verbi gr. (1 — m)g) intercedit haec est quod illae a Mathematicis non dum recep-
tae, hae longo usu iam confirmatae sunt.

p
Ceterum aequatio (1 — :E%) dx = dy facile reducitur ad hanc

dz=(p+1) zdv+n (1 —2) v 'dv

in qua exponentes prioris n et p coéfficientium locum tenent. !
Vale mihique fave
Tibi addictissimo
Christiano Goldbacho.

18
Moscua 29 Nov. 1731.
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15
EULER TO GOLDBACH
Petersburg, November 25th (December 6th), 1731

Vir Celeberrime

(a—z)(b—2x)(c—x) etc.
(a+z)(B+x)(y+x) ete.
paret, quid fiat, si litterarum «, 3, 7 etc. aliquot fuerint aequales.!) Denominatores
in aliquot integralis mei terminis tum evanescunt, et propterea ipsum integrale
infinitum fieri videtur. Verum si ad signa terminorum istorum attendimus, vide-
buntur ii se potius destruere, atque in nihilum abire. Horum autem neutrum recte

In integrali hujus formulae dz utique difficulter ap-
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se habet: nam termini illi in infinitum crescentes junctim sumti dabunt valorem
determinatum finitum, quem sequenti modo investigo. Sit § = «, erit difficultas
in duobus integralis terminis istis

(a+a)(a+b)(a+c) etc.gx—i—a_i_ (B+a)(B+D)(B+c) etc.ga:—i—ﬁ
B-a)(y—a)(6—a)etc. o  (a=PB)(y—pF)(6—p) etc. S

posita. Ad eorum verum valorem inveniendum pono 8 = « + da; da vero de-
notat quantitatem infinite parvam, tantumdem ergo est ac si posuissem 8 = a.
(a+a)(a+b)(a+c) ete.
(v—a)(d —a) etc.
fractionis differentiale posito tantum « variabili, sit illud ) do. Manifestum est
tore BHa)(B+D)(B+¢) ete.

(y = B) (6 = B) ete.

a—fB=—dao, et

Brevitatis gratia scribo P loco . Sumo deinde hujus

= P+ Qda. Est vero etiam f — a = da et

x+ﬁ_£x+a+da_£x+a_ z do

¢ 64 at+da a ala+x)

His substitutis duo illi termini abibunt in

ng—ka sz—i-a_i_ Px _an:%—oz_i_ Qzxda

da o  da  a ala+x) e ala+x)

Horum duo priores termini sese tollunt et postremus prae reliquis evanescit, ita ut
Px %Y. T+ « ..
— ui in
ala+x) a
integrali eorum loco substitui debet. Est vero ut posui

pro valore duorum terminorum quaesito habeamus

(a+a)(a+b)(a+c) etc.

P= (vy—a) (0 —a) etc.

atque ex hoc erit

(a+a)(a+b)(a+c) ete.
(v — ) (6 —a) etc.

1 1 1 1 1
+ + + etc. + + + etc. | .
at+a a+bdb a+c Yy—a -«

Notandum hic est in casu 8 = « non totam quantitatem esse transcendentalem,
sed partem ejus esse algebraicam, cum tamen universaliter ambo termini sint tran-
scendentes. Si jam ulterius fuerit v = « eodem modo terminorum infinitorum valor
ponendo v = a + da determinabitur.

Q

p
De formula [ (1 — x%> dx non dubito, quin omnes integrabilitatis casus a Te

P
Vir Celeb|errime] sint eruti. Sed de reductione aequationis (1 - x%> dx = dy ad

hanc dz = (p+ 1) zdv+n (1 — z) dv : v dubium habeo,?l cum posterior acquatio
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nunquam sit absolute integrabilis, si quidem adjectionem constantis non negliga-
mus. Sumamus casum simplicissimum, quo p = 1 et n = 1, erit

dZ—QZd’U—l—@:@.
v v

Multiplicetur haecl3 per e®?=2¥ seu quod idem est per e 2%v (e denotat hic nu-

merum!¥ cujus logarithmus hyperbolicus est = 1), prodibit

e 2udz — 2 Pzvdv+ e Pz dv = e dw,
quae integrata dat e 2Yvz = Const. —%e*% seu 2uz + 1 = ae?’, quae algebraica
non est nisi sit a = 0, et propterea ea ad hanc z— %$x = y-+b substitutionibus alge-
braicis reduci non potest. Similis est ratio formulae generalis, haec enim nullo casu
est integrabilis ad aequationem algebraicam nisi constans addenda ponatur = 0.
Casus nuper formulae riccatianae separabiles considerans!®l sequentem univer-

salem detexi substitutionem, qua aequatio adq = ¢?dp — dp ad hanc formam
—4n 1

ady = y*dr — x?+1dx reduci potest. Ponatur p = (2n 4 1) zZ+1 atque

1

—3a+ 1
p —5a+ 1
p —Ta 1
+

a
¢=—+
p

etc. etc. etc.

2n
p x2n+1y
Haec tantum valet substitutio si n est numerus affirmativus integer, peculiarem

habeo si est negativus. Quoties in hac n est numerus integer affirmativus, toties

haec fractionum series abrumpitur, et quid pro ¢ substitui debet, facile deter-
—4n

minatur. Reciproce etiam aequationem ady = y?dxz — 22+1dz in hanc adq =

2n+1
¢%dp — dp transformo hac substitutione x = et
2n+1

1
2 2n 4+ 1)%" =
v ) (2n—1)oz+ 1
P (2n—3)a+ 1
p (2n—>5)a 1
+
3a
etc.etc. — +
b

a
—+4q
p

Facile hic cognoscitur si valores harum continuarum fractionum inveniri possent
si n denotat numeros fractos, tum formulam ady = y?dz — 2™dx universaliter
posse construi. Interpolatio vero ista nititur inventione termini generalis pro serie
hujus proprietatis, si terminus xmus fuerit A, ejus sequens B, debet terminus
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(z + 2)musl® esse = (2m + 1) B + A vel in numeris hujus seriei, 1, 1, 4, 21, 151,
1380, etc.

Perpendi ulterius etiam formulam 2" — 1, quae non potest esse numerus primus
nisi sit n numerus primus, et eos investigavi casus quibus 2” — 1 non est numerus
primus, quamvis fuerit n talis. Exceptiones istae sunt n = 11, n = 23, n = 83,
reliqui numeri primi omnes centenario minores loco n positi reddunt 2" — 1 pri-
mum.["l Potest vero 2!* — 1 dividi per 23, 223 — 1 per 47, et 283 — 1 per 167: Ratio
hujus fundata est hoc theoremate non ineleganti: 2" — 1 semper potest dividi per
n+1 si quidem n+1 fuerit numerus primus.!® Sic 222—1 dividi potest per 23. Saepe
etiam 22 — 1, nec non 21 — 1 ete. per n + 1 dividi possunt, et ex hoc investigatio
casuum quibus 2" — 1 est numerus primus, non est difficilis.!

Vale atque fave

Vir Celeberrime

Tibi obstrictissimo

Leonhardo Eulero

Petropoli, 1731
d. 25 Nov.

R729 Reply to n°14
Berlin, November 25th (December 6th), 1731
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢.III, fol. 126r—127v
Published: Correspondance (1843), t.1, p. 56-60; Euler-Goldbach (1965), p. 50-53

16
GOLDBACH TO EULER
December 6th / 17th, 1731

Vir Celeberrime

Ante omnia mihi emendanda est aequatio in superioribus litteris meis male de-
scripta;[” scribendum enim erat, in quocunque casu numerorum p et n aequatio
(A) (1 —v)vdz = (n+p+1)2zvdv+n(l — z)dv est integrabilis, eodem casu
aequationem (B.) (1 — x%)pdw = dy esse integrabilem, id quod instituto examine
deprehendes.

_Fan_

Altera aequatio (C.) xE+1dx — y*dxr = dy simili modo transmutatur in (D.)
dz — v?dz + 2nvz~'dz = dv; quo modo vero separatio variabilium in aequa-
tione (C.) vel (D.) pendeat a termino generali seriei cuius lex progressionis est
A+ (2m+1) B = C, non video.?! De reliquis in posterum.

6
Vale. D|atum| Moscua 7 Dec. 1731.

Tui observantissimus
Christianus Goldbach.
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R 730 Supplement to n° 14
Moscow, December 6th / 17th, 1731
Original, 1 fol. - PFARAN, f. 136, op. 2, n. 8, fol. 16r
Copy, 1 p. - RGADA, f.181, n. 1415, ¢. 111, fol. 39r
Published: Correspondance (1843), t.1, p.61; Euler-Goldbach (1965), p. 54

17
EULER TO GOLDBACH
|[Petersburg|, January 3rd (14th), 1732

Vir Celeberrime

Omnis aequatio ex tribus constans terminis facile reducitur ad hanc formam
2™dx + aydx + bdy = 0,
quae ista substitutione

1 n—1 m—+1 —1
xr = 'Umn+nfm Zmn+n7m et y o 'Umn+n7m Zanrnfm

transformatur in sequentem ordinis secundi aequationem
22dv + (n — 1) vzdz + avzdv +a(n — 1) vidz + b(m+ 1) zdv — bvdz = 0.

Si fuerit n = 2 habetur forma Riccatii 2™dx + ay?dx + bdy = 0, cui ista aequatio
ordinis secundi respondet

22dv + vzdz + avzdv + av®dz +b(m+ 1) zdv — bvdz = 0,

pro qua mihi difficilior videtur casuum separabilium investigatio, quam pro
ipsa z™dx + ay?dr + bdy = 0. Sit n = 1, erit aequatio in quam haec
x™dx + ay dr 4+ bdy = 0 transformatur ista

22dv + avzdv +b(m+1) zdv —bvdz = 0

in qua litera z unicam dimensionem habere censenda est.!!!
—4n
Quod aequationis a dy = y?dx — x27+1 dz ad hanc adg = ¢*>dp — dp reductio

universalis n denotante numerum quemcunquel? pendeat ab inventione termini
m m-+1 m-+2
generalis hujus seriei A, B, (2m + 1) B + A, sic ostendo. Reductio illa perficitur

hac substitutione
2n+1
T = P
2n+1
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et
p " 1
Y \an+1) ~ (2n—1)ajL 1
p (2n— 3)a+ 1
P (2n—5)a 1
+
P 1
etc. usque ad
la
p
) ) . ) 1 1
Formula ista continuarum fractionum dat si n = 1 hunc valorem o vel n
r
@, q
N p
positor:%.Sin:2prodit I :3r2:—3r(é+1'Sin:3ﬁt
3r + ——
r+q
1 B 1 3% 43rg+1
1 N r+q 153 + 15r2¢ + 61+ ¢
5+ ——m——  Bbr4+-—m——-—
1 3r2 +3rqg+1
3r+
r+q

Ponatur brevitatis gratia r +¢q = s seu ¢ = s —r, et valores inventi formulae datae
respondentes litterae n collocentur in seriem, prodibit

n= 1 2 3 4
1 s 3rs+1 15725 + 51 + s .
- etc.
s’ 3rs+1" 15r2s+5r+s’ 105r3s + 35r2 + 10rs + 1

In qua serie apparet cujusvis fractionis numeratorem esse praecedentis denomi-

A
natorem. Atque si terminus ordine m sit 5 fore sequentem indicis m + 1 =
B
2m+1)B+ A

Ex his ergo manifestum est, quod in praecedentibus litteris com-
m  m+1 m—+2

memoravi,l?l ex termino generali hujus seriei A, B , (2m + 1) B+ A, cognito

haberi formulae Riccatianae separationem et integrationem universalem. In illa

autem serie ut sit determinata, oportet esse terminum primum = 1 et secun-

dum = s. Cognitis igitur ex termino generali A et B, factoque n = m erit

P 2m—+1 P 2m A
r= <2m + 1> et y <2m T 1> = B qua substitutione aequatio ady =

—4m
y?dx — 22+ dx reducitur ad hanc adg = ¢*dp — dp, ideoque integrabitur ope

—4m
logarithmorum universaliter. Aequatio vero ady = y?>dx — x2»+Idx modo initio
tradito reducitur ad hanc

—2m+1

2dv+vzdz —vzdv —v2dz +a
2m+1

) zdv —avdz = 0.
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A
Haec ergo reducetur ad istam adq = ¢*dp — dp substitutione v = m
B
et z = m Vale et fave

Vir Celeberrime
Tui observantissimo
Leonh. Eulero

Domi d. 3 Jan.
1732

R731 Reply to n°16
[Petersburg], January 3rd (14th), 1732
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢.III, fol. 130r-131r
Published: Correspondance (1843), t.1, p. 62-64; Euler-Goldbach (1965), p. 54-55

18
GOLDBACH TO EULER
Moscow, January 15th /26th, 1732

Vir Clarissime

In superioribus litteris tuis non animadverteram te in formula A, B,
(2m + 1) B+ A, sumere m pro exponente terminorum qui competit termino A,
quod ex postremis tuis nuper ad me datis nunc satis intelligo[l] videoque simili
modo [(1 — y%)pdy pendere a formula generali summarum seriei cuius lex pro-
gressionis estl?!

(p+n+z) = (n+z)) A= B,

ubi per x intelligo exponentem qui termino A respondet, per = vero signum di-
visionis ambiguae, ita ut sumto ex signis + superiore, (n + x) sit denominator,
sumto inferiore, (n — ) fiat numerator,3 vel eandem integralem pendere a ter-
mino generali summarum seriei cuius lex progressionis est

—(n+zx—-1)(p—x+1) A
x(n+x)

sed raro admodum contingere arbitror, ut ad terminum huiusmodi generalem ex-
peditior quam ad ipsam integralem quaesitam via sit.

Casu aliquo nuper observavi ex aequationibus quintae potestatis quae hanc
formam habent!4l

T 1
5 1 2 - 2 g
P = (pi p—m5> —(p:t P s + 4p,

2 2 2 4 2 4
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quicunque numeri dentur pro m et p, radicem Algebraicam erui posse, quod non
. . . om
contemnendum puto, quotiescunque numerus p in aequatione data z0 + 730 =n

per m et n facile determinari potest.l! Vale.

15.
Dlatum| Moscuae %, Januar. 1732.

Tui observantissimus

Christianus Goldbach.

R 732 Reply ton°17
Moscow, January 15th /26th, 1732
Original, 1 fol. - PFARAN, {. 136, op. 2, n.8, fol. 17rv
Partial copy, 1 p. - RGADA, f. 181, n. 1415, &. 111, fol. 40r
Published: Correspondance (1843), t.1, p. 65-66; Euler-Goldbach (1965), p. 55-56

19
EULER TO GOLDBACH
Petersburg, January 31st (February 11th), 1732

Vir Celeberrime

om n

Occasione aequationis ordinis quinti ® + 733 =3 cujus radicem Te assignare
posse scribis!!! quoties est

1 1

1 3 5

p pp ° P P
n= o —mb) — | =S\ —mdP| +4
(2 4 ) 2 1 P

in qua vero determinatio litterae p etiam ab inventione radicis ex aequatione ordinis
quinti pendet, non incongruum arbitror communicare, quae de radicibus aequa-
tionum proxime inveniendis observavi. Duos omnino modos ad hoc adhiberi solere
perspexi, quorum primus est, quo in pluribus aequationis locis loco incognitae x
ponitur quantitas non multum ab ea differens, et tum ipsa z quaeritur, deinde hic
pro x inventus valor iterum in aliquot locis pro x scribatur, denuoque z quaera-
tur; hujus operationis ope, quo saepius repetitur, eo propior habebitur quantitas

ipsius . Ut in aequatione 22 = 3x + 20 ponatur 6 loco x ut prodeat haec aequatio

3z + 20
r=——= 6%; tum fiat x = 6%, fiet x = 613—9 porroque eodem modo x = 6%,

x
tandemque admodum exacte x reperietur. Generaliter etiam, si principio ponatur

20 "
, pos
OP

3+ —
a

20
T = a, post unam operationem proveniet x = 34+—, post duas x = 3+
a
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20 20
tres x = 3+ 0 atque post infinitas x = 3+ . Hujus igitur

3+ 3+ 20
3~|—20 3+ 20
a 20

3 N
+ etc.

V/89

continuarum fractionum quantitatis valor cognoscitur,m est nimirum = 3 + 5

Hujusmodi etiam est quantitas, quam ad formulam Riccatianam construendam
dedi. Hoc etiam modo nititur methodus Cl[arissimi| Bernoullii nostri, quam dedit
ope serierum ut vocat recurrentium radices aequationum admodum prope inve-
niendi.l¥l Ita autem hinc eam derivo: sit primo aequatio quadratica 22 = azx + b,
fiat exea z = a + . in qua pono esse x = ]% prope, hoc substituto x = aqj}—bp
a’q + abp + bq
aq + bp
propius; etc. Ex his ipsius x valoribus formatur facile haec series p, q, aq + bp,
a2q+ abp+bq, etc. hanc habens proprietatem A, B, aB+bA 4l adeoque recurrens:
si igitur ejus quivis terminus per praecedentem dividitur, quotus dabit valorem ipsi
T eo propiorem, quo longius series continuatur; idem quoque evenit, etiam si pro p

propius, hocque etiam pro z posito habebitur x = multo denuo

. . . q . . .
et ¢ numeri quicunque assumantur, quo vero magis — ab x differt, eo longius series

3

est continuanda. Si fuerit proposita aequatio cubica, z3 = az? + bz + ¢, mutetur

b c
ea in ¢ = a+ — + —5; ad hujus radicem inveniendam pro z assumendi sunt duo
x T
valores arbitrarii hujus formae 9 ot B, ex quibus igitur fiet 22 = g, prodibit ergo
p n n

a b cn
T = w Hinc emergit ista series n, p, q, aq + bp + cn, etc. itidem re-

q
currens, et cujus quivis terminus per antecedentem divisus dat z proxime. Simili

modo ad aequationis x = a + — + — + — radicem inveniendam servit haec series

m, n, p, ¢, aq + bp + cn + dma,j etc. Compendium hic ingens nascitur ex eo, quod
principio pro x non unus sed plures valores assumuntur, hocque efficitur ut tot
sumendis potestatibus non sit opus, ideoque series facile possit continuari. Aliis
forte etiam idoneis modis aequationes possunt disponi, et congrui pro x valores
assumi ut series prodeat simplicior, ope cujus radix inveniri potest.

Alter modus appropinquandi est maxime usitatus, atque in eo continetur, ut
primo divinando ipsi  propinquus valor habeatur tumque complementum ejus
quam proxime investigetur; hoc modo fit aequatio 22 = ax + b, in qua notum sit
esse x = ¢ prope; ponatur ergo r = ¢ + z, ubi z valde parvum erit respectu c

ita ut pro z? assumi possit ¢? + 2cz, erit ergo ¢ + 2cz = ac + az + b adeoque
2 —ac—b +b .. . . o
z2=——/9——¢etxz= . Si igitur jam pro c¢ substituatur , prodibit
a—2c 2c—a c—a
4 2 72 2
c* + 6bc® 4 b* — 4dabc + a“b
multo exactius x = i i + 3, et ita porro. Hanc metho-

4¢3 + 4be — 6ac? + 4a?c — 2ab — a
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dum vehementer amplificavit Cl|arissimus| Taylor;1?l Aequationem in qua inest
incognita x reducere jubet ad nihilum ut prodeat haec forma X = 0 ubi X deno-
tat quantitatem quamcunque ex z et cognitis compositam, deinde assumit quan-
titatem ipsi x propinquam quae sit z, eamque in X pro x substituit; prodibit ergo
quantitas ex z et cognitis composita, quae sit = y; namque quia non est z = x
etiam haec quae prodit quantitas non esse potest = 0. Hoc facto sumantur diffe-
zdy —ydz
dy
Quae non solum pro aequationibus algebraicis, sed etiam transcendentibus valet.
Ut sit /7o — 22 — 3/9+ 23 = 0, ponatur z = 2; erit /72— 22— 3/9+ 23 =y,
hincque

rentialia positis y et z variabilibus, erit inquit z = q[uam| p|roxime].

_ Tdz —2zdz _ 22dz
2Tz =22 (94 28)?

Tz — 22 /(94 23)?
(7—22) /(9 + 23)% — 22/ Ts =2
Ponatur z =1 erit y = \/6 — {’/10 adeoquel®l
123/100 +200/6  18,/6 — 7{/100

53/100 —24/6  53/100 — 2,/6

Accuratius deinde idem pertractat, dicitque fore x = z+wv. At v ex hac aequatione
debet determinari

dy

adeoque

Tr =z —

xr =

vdy v2ddy v3d3y

te. = 0.
1 dz " 1.2.d2 " 1.2.3.48 "¢

Y+

Si ex hac aequatione definiri posset v accurate, etiam re vera foret x = z + v. In
secundis vero differentiationibus dz pro constante habetur. Inveni vero esse quam
proxime

y?dz d?y y3dz d3y yidz dty +et
— — etc.
—ydz 1-2-dy? 1-2-3-dy3 1-2-3-4-dyt
T Ay ydy  y’dy y’d'y
dy — + etc.

l-dy  1-2-dy> 1-2-3-dy?

Sit 23 —a = 0, erit 23 —a =y, et dy = 32%dz, ddy = 62dz? et d*y = 6dz>. Hinc
habebitur

2 3 2 3
Yy y 0 Y 2y
<z <z _3 z <
" 33 Tore Ty T
T 3.2 9 2 2
322——y+y—4 9z476yz+y—2
z 3z z

atque
_162Y 4 51az® + 11a%2% + 24°

3628 + 36az° + 9a222
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Nimis quidem est operosa haec methodus, si pluries eandem repetere volueris,
ponendo iterum loco z, quod pro x jam erat inventum, sed forte etiam compen-
dia poterunt excogitari, quae hanc aeque commodam reddunt, ac priorem metho-
dum.!"l Ad has autem operationes continuandas requiritur series hujus proprietatis,

n n+l n42
x, P, X, ut X eodem modo determinetur in P, quo P determinatur in z. Nam

pro hac aequatione z? = ax + b sunt ipsius z valores successive inventi hi

A+b et + 6bc? + b2 — dabe + a2b . 4 A2+ b
c ete. ... - .
"2¢ —a’ 4¢3 + 4be — 6ac? + 4a?c — 2ab — a3’ T 24 —a

Inveni autem quomodocunque P detur in x fore

(P—z)dP (P—2)*ddP (P—z)*d*P

X=P
+ 1-dx + 1-2-dx? +1~2-3~dx3

+ etc.

Hujusmodi aequatio etiam dari potest pro curva, cujus abscissae si fuerint 1, 2,
3, 4, etc., respondentes applicatae sunt 1, 2, 6, 24, 120, etc., scilicet in aequatione
pro ea inerunt differentialia omnium graduum.!®!

Vale et fave

Vir Celeberrime
Tui observantissimo
Leonhardo Euler.

Petropoli d. 31 Jan. 1732.

R733 Reply to n°18
Petersburg, January 31st (February 11th), 1732
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢&. 111, fol. 132r-133v
Published: Correspondance (1843), t.1, p. 67-71; Euler-Goldbach (1965), p. 56-59

20
EULER TO GOLDBACH
[Petersburg|, after January 173201

Problema

Si ex curva AM B curva Amb ita formetur, ut recta M Am per punctum fixum
A ducta perpetuo capiatur ejusdem longitudinis; invenire casus, quibus hae duae
curvae prodeunt inter se similes et aequales, ad axes AB, Ab inter se normales
relatae.l?!
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M 2
B A
P C
qsra’/éma ’ .

7 xeat7? &/&W@ﬁla ny)(a/ 2//::%
yzceo vipecre caflee. 9t
:5/::443 e inder JE Rrriats

e

Solutio

Posita longitudine constante Mm = Dd = AB = 2a; sit AP = z; PM = y; atque
sumta nova variabili z; sit ) talis functio ipsius z, quae posita z negativa abeat
in sui ipsius negativam, cujusmodi sunt, mz; mz> + nz; etc. Sequenti modo per z
coordinatae x et y determinabuntur:

S )\/(aa—i-zz—i-QQ)
V2 (aa + z2) !

y = (a+z)\/(aa+zz—2Q).
\/Q(aa—l—zz)

Eliminando ergo z et @; infinitae prodibunt aequationes inter x et y, ac proinde in-
numerabiles curvae AM B problemati satisfacientes. Q[uod| E|rat| Ijnveniendum].

Coroll[arium] 1. Erit ergo \/ (zz + yy) = a + z. Atque
z:y=+/(aa+ 22 +2Q) : \/ (aa + 2z — 2Q) .

Coroll[arium]| 2. Sumta AC' = \2, fiet CD = \jQ atque AD = a; punctoque

D in altera curva sui homologum d respondebit in generatione.
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Exemplum.
Sit Q = naz; erit xx : yy = aa + 2naz + zz : aa — 2naz + zz, seu
2aa+xx +yy —2a\/ (zx + YY)
+ 2naa —2nay/ (zx + yy)
_ 2aa + zx + yy —2a\/(xx—|—yy)

4 —2naa +2nay/ (zx + yy)
2a ((n+ 1) az+ (n—1)yy) v/ (z2 + yy) = 2aa ((n+ 1) zz + (n — 1) yy) +a* —y*,
unde sequens oritur aequatio pro curva satisfaciente

28 — 22ty + 48 — dna® (n+1) >+ (n—1) y2) (zz + yy)*

+ 4da*((n+1)2® + (n— 1)y2)2 =0,

quae jam innumerabiles praebet curvas quaesitas.

R 734 Undated note, filed with letter n°24 from July 23rd (August 3rd), 1737
Original, 1 fol. - RGADA, f.181, n. 1413, ¢.III, fol. 178rv
Published: Correspondance (1843), t.1, p. 72-73; Euler-Goldbach (1965), p. 59-60

21
EULER TO GOLDBACH
[Petersburg|, before March 17th (28th), 17351

Constructio aequationis dy + y>dx = X dz, in qua X quomodocunque datur per
x et constantes, ope motus tractorii.[?!

A Je

Describatur super axe AP curva BM hoc modo, ut sumta abscissa AP =

b
Qbfdac\/X applicata PM sit = §€X. Tum super curva BM filum BA longi-

tudinis b motu tractorio producatur, ut terminus A curvam AN describat, eritque
ubique NM = b. Ponatur tangens semissis anguli NMP = t (posito sinu toto
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= 1),[3] erit y = t\/X. Quare cum curva BM ex x et X construatur, ideoque ¢ per
x et X cognoscatur, dabitur y quoque per x; hacque ratione aequatio proposita

dy + y?>dx = X dx ope motus tractorii construitur. Si ponatur X = 2™, habetur

m—+2
4bx 2 b
2 et PM = xS
m 4 2 2

m=—2est AP =2blx et PM = — b/l x. Hoc ergo casu curva BM fit linea recta,
et curva AN tractoria communis. !

casus a Riccato propositus[4] pro eoque est AP =

R 735 Undated note, written before March 17th (28th), 1735
Original, 1 fol. - PFARAN, f.136, op. 2, n. 171, fol. 1
Published: Euler-Goldbach (1965), p. 60-61

22
GOLDBACH TO EULER
Petersburg, October (1st) 12th, 1735

Vir Clarissime

Hesterni tui theorematis!!l praeterita nocte hanc demonstrationem imaginatus sum
quam mane veram deprehendi:

Dato rectangulo quocunque ADC ducatur indefinita AF perpendicularis ipsi AC,
ex qua abscindatur AB = AD; si ex puncto C' ducatur quaevis CE = CD et ex
E erigatur perpendicularis occurrens ipsi AF' in F, dico esse EF = BF.
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Sit AB=AD =a,CD =CE =b, AC =+vVa2+1b? = f, AF =e, Al = z.
Erit

AF : Al :: CE:EI:b—x;
e
Vo2 & 42
AF:FI :: CE:CI:w:f—m,
e
ergo
f £ eyfef2 4 (b2 — f2) (2 — 1?)
x = R :
Ergo

bx
FE=FI+IE=Ve2+ 22+ — =+a2+e2=FB:H
e
ex quo patet, cum puncta E et F sint arbitraria, circulum quemcunque ductum
radio F'E ad angulos rectos secari per circulum ductum radio CFE.

Dlatum]| Petroploli] 12. Oct. 1735.

Tui studiosissimus
C.G.

R 736 Petersburg, October (1st) 12th, 1735
Original, 1 fol. - PFARAN, {. 136, op. 2, n.8, fol. 18r
Published: Correspondance (1843), t.1, p.74; Euler-Goldbach (1965), p. 61

23
GOLDBACH TO EULER
[Petersburg|, February 1736

Leonhardo Eulerol!l

Problema mecum communicatum:
A %C
2

Datis in quadrilatero ABCD omnibus lateribus et altera diagonali AC, invenire
alteram diagonalem BD: sic solvi posse puto: Sit AB = a, BC = b, CD = ¢,
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DA =d, BD = y. Quoniam data diagonali alterutra datur etiam area quadrilateri,

e
quam pono = T erit

[N
[SIES

(= (=) +2(a®+%) 2 o)

unde positis

+ (— (02—d2)2+2(c2+d2)y2—y4) =e,

—(@2=1®)? = o F2(@+1) =5
_(02_d2)2 = +2(c? +d?) =9,
et

2¢%6 — (a— v —€?) (B —9)

(B —6)% + 4e? ’
4e2y — (a -7 — 62)2
= T7
(B —0)* + 4e?

pervenitur ad duplicem valorem

1
Y= (ﬂ'j:\/ﬂ'Q—i-T)Q

altero diagonalem datam AC, altero quaesitam BD exprimente.

Aliter:

D

Quoniam datis quatuor lateribus et diagonali AC, dantur etiam perpendiculares
ad diagonalem, BE = f, DF = g, et intercepta F'EE = h, erit diagonalis quaesita

BD = /(f 4 g)* + h2.

R 737 [Petersburg], February 1736
Copy, 2 pp. - RGADA, f.181, n. 1415, ¢.II1, fol. 42v—43r
Published: Correspondance (1843), t.1, p. 75-76; Euler-Goldbach (1965), p. 62
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24
EULER TO GOLDBACH
[Petersburg|, July 23rd (August 3rd), 1737

Vir Celeberrime

Cum in hesternam formulam, quam mecum communicare voluisti,[!l diligentius
essem meditatus, incidi in sequentes expressiones non solum satis generales sed
etiam perquam commodas, ex quibus omnes Tuae formulae Vir Celeberrime expe-
dite derivari queant; posita scilicet abscissa communi = z, sint utriusque curvae
applicatarum elementa

dz <\/RSi V(R+1)(5 - 1))

unde ipsarum curvarum elementa erunt

dz (\/(R+1)Si\/R(S—1)).

Quo igitur utraque curva fiat algebraica, pro R et S tales ipsius x accipiendae
erunt functiones, ut tam dz/RS quam dz./(R+ 1) (S — 1) integrationem ad-
mittant. Deinde ut arcuum summa algebraice exprimi queat, hanc quoque for-
mulam dz+/ (R + 1) S oportet esse integrabilem. Hoc autem pluribus modis facile
praestabitur, sumendis pro R et S talibus functionibus ut RS; (R+1) (S — 1); et
S (R + 1) fiant quantitates vel ex duobus vel ex uno termino constantes; quippe
in quibus exponentes ita accipere licet, ut quaesito satisfiat.

1
L. Sit R = az™ et S = —— fient elem[enta| applicatarum
ax

=dz (1 + \/<1m —axm>)
ax
et elem|enta| curvarum

= dx <\/<1+Mlm>i\/(1—axm))

atque debebit esse m = Fry denotante i numerum quemcunque affirmativum
i

integrum.

II. Sit R = ax™ — 1 et S = ba™ fient applicatarum e[lejmenta
=dx <\/ (abz™ ™ — ba™) £ vV (abz™*" — axm))

et curvarum elementa

m

=dz (m ¥n\/ab:|: \/(axm—l)(bx”—l)).
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Quo autem tam utraque applicata, quam summa arcuum fiat algebraica vel esse de-

bet 49+ 2 " 4k + 2 L et -2 ; — 2k
et m = etn = vel etiamm = —— atquen = —————
Aik — 1 ik — 1 2k +itk 4 2k +i+k
existentibus ¢ et k numeris integris affirmativis.
b bb
1L Sit R= LPam — 22 ot § = gatm + 1, fient applicatarum elementa
c cc

S O RS B )

atque curvarum elementa

— dx <\/:(:m (aa:m - acb) ++/(b+ ca™) (11) _ab 4 axm)>

—1
sumaturque m = ———.
d % + 1

IV. Sit R = a?2%™ + 2az™ et S = ba™ erunt applicat|arum| elementa
=dx (azm\/ (aba™ + 2ab) + (az™ + 1) V (bz™ — 1))
et curvarum elem|enta]

=dz (bxm (az™ +1) + /2™ (a*z™ + 2a) (ba™ — 1))

it 1 1 1 —2
eritque vel m = — vel m = .
4 i % + 3

Hujusmodi autem formulae plures aliae hinc possunt derivari, per idoneos va-
lores loco R et S substituendos. Vale et favere perge

Vir Celeberrime

Tui Observantissimo

L. Euler

ad d[iem] 23 Jul. 1737.

R738 [Petersburg|, July 23rd (August 3rd), 1737
Original, 1 fol. - RGADA, f. 181, n. 1413, ¢.III, fol. 180rv
Published: Correspondance (1843), t.1, p. 77-79; Euler-Goldbach (1965), p.62-63
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25
GOLDBACH TO EULER
[Petersburg|, (September 30) October 11th, 1738

Inveni ego hodie manel!l formulam generalem in infinitum excurrentem (sed quae

abrumpatur quotiescunque exponens terminorum est integer affirmativus) pro
. 2]
seriel

RIS N SR SRS
276 30 12 S

quae formula si Tibi, Vir Celeberrime, iam nota est, ego inventoris secundi laude
contentus ero, sin minus, formulam ipsam libenter tecum communicabo.

A. 1738, d.11. Oct. st.n.
C.G.1l

R739 [Petersburg|, (September 30) October 11th, 1738
Address (fol. 19v): “A Monsieur / Monsieur Euler / de ’Academie des Sciences”
Original, 1 fol. - PFARAN, f. 136, op. 2, n.8, fol. 19r
Published: Correspondance (1843), t.1, p.80; Euler-Goldbach (1965), p. 64

26
GOLDBACH TO EULER
[Petersburg|, (October 27th) November 7th, 1739

Vir Clarissime

Ex inventis tuis demonstrari potest,[l] in summa seriei

1 1 1 1 1 1 1 1
T TR TR T O T T
1 1 1 1 1 1 1 1
+ et —  —

1 1 1 1 1 1 1 1

170 18" 197 ogn T o1n T ogn  agn T ogn

quam continuare possum quousque libuerit, si ponatur = an™, numerum « esse
rationalem et assignabilem si n sit numerus affirmativus par; et in casu n = 1,
totam seriem fieri = 0.

Dlatum] d. 7. Nov. 1739. st.n.

Tui observantissimus

C.G.
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Ut sciri possit an terminus quicunque datus — exigat signum + an signum —?
x

Dico, si x est numerus primus, locum habere signum —; si  productum ex duobus
primis, locum habere signum +; si  productum ex tribus primis, locum habere
signum —; et ita porro.

1

1
Vlerbi| gr|atia] IFD exigit signum —, quia producitur ex tribus 2, 3, 3; YT

exigit signum + quia producitur ex quatuor 2, 2, 2, 3.

R740 [Petersburg], (October 27th) November 7th, 1739
Original, 1 fol. - PFARAN, f. 136, op. 2, n.8, fol. 21r
Address (fol. 21v): “Pour / M.* Le Proflesseur| Euler”
Published: Correspondance (1843), t.1, p.81; Euler-Goldbach (1965), p. 66

27
EULER TO GOLDBACH

[Petersburg, November 23rd / December 4th, 1739]!

Vir Celeberrime

Si habeatur Series quaecunque: a, b, ¢, d, e, etc. atque ponatur

P = a+b+c+d+e—+etc

a® + 0% 4+ + d* + € + ete.
a4+ b+ 4+ d° + e + ete.
= at+ b+t +dt+ et +ete.

etc.

n 3O
I

ac praeterea ex terminis a, b, ¢, d, etc. formentur

1. facta ex singulis quorum summa sit A = P
2. facta ex binis, quorum summa sit = B

3. facta ex ternis, quorum summa sit = C

4. facta ex quaternis, quorum summa sit = D
etc.

His positis si numerus, cujus logarithmus est = 1, denotetur littera e (quae ne
confundatur cum termino e), erit

1+ A+ B+C+ D +etc. = e/ Ta@F 3R+ Stete,

sumendis vero terminis alternis, erit
oPH3Q 5 R Stete. 4 o ~P+5Q—gR+jS—etc.

1+ B+D+F+ H+etc. = 5
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atque

oP+3Q+5Rtete. _ ,—P+35Q—3Rtetc.

2

A+C+E+G+1+etc. =
Quod si nunc pro serie a + b+ ¢ + d + etc. capiatur series potestatis cujuscunque

numerorum primorum ita ut sit

11 1 1 1
= et Tt T et

P
3" 5n I 117

1 1 1 1 1

Q = 27n+37n+57n+77n+112n+etc'
1 1 1 1 1

R = 2@4-3@4‘5@4'774‘113”4—6‘5&
1 1 1 1 1

S = g Tam T gm Ty T ot
etc.

erit A ipsa series numerorum primorum P; B series factorum ex binis, C' series
factorum ex ternis et ita porro: unde fiet 14+ A+ B + C' + D + etc. series omnium
numerorum puta

11 1 1 1 B
Lt gt gn T gt o T ga Hote =an”

Quamobrem erit

1 1 1
eP+%Q+§R+§S+etC. _ 1+7+37+47+ ote. — an™

simili vero modo erit

1 1 1
eQ.A,_%S-&-%V—&-%X-‘retC 14+ 2771 + 3Tn + 4Tn + etec. = ,37r2n7

quae expressio per illam divisa dabit

n
1 1 1 1 1 T
e_P+§Q_§R+ZS_ET+EV_etC' — 5

unde demonstrari potest egregia illa series

1 1 1 1 1 1
B O TR T T

n
cujus summam Tu, Vir Celeberrime, demonstrasti esse = ——. His praemissis cum

o
sit A series ipsorum numerorum primorum, B series factorum ex binis primis, C
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ex ternis et ita porro; scilicet

sequitur fore

1+ A4+B+C+ D +ete. = eP+%Q+%R+etC' = an”

14+ B+ D+ F + etc.

A+C+E+G  ete.

hincque

1—A+B—C+D—E+F—G+etc.:éﬂ",
«

H O Q & =
I

1 1 1 1 1
474‘674‘97'{‘@4‘@—}-61]0
Ly L L1y
_— — — — — etcC.
g~ 12n 18" 20m 27"

1 1 1 1

16 247 © 36" 40" @ 54n

L + L + L + L + L + et
—t — 4+ — + — + —— + etc.
32n  48n 72n  ’0™ 108™

etc.

1
+ o+ o+ —— + —— +etc.

oP+3Q+ 3R+ ete. + o~ P+3Q—3R+etc.

2
1 1
oP+3Q+5R+ete. _

1 1
e—P+§Q—§R+ etc.

2

quae est ipsa series a Te, Vir Celeb|errime|, primum inventa.
Denique ex his constat fore summam seriei 1 + B+ D + F' + etc. in qua insunt

producta

exX numero

pari numerorum primorum, ad

sumimain

a—i—ﬁ)wn
«
ﬁ) n
oa—— |
«

seriei

A+ C + E + G + etc. quae continet numeros primos ipsos et producta ex numero
impari eorum, uti est o? + 8 ad a® — 3, quae est proportio quam hodie mihi

inveniendam proposuisti. Vale Vir Celeberrime, mihique favere perge.

R741

[Petersburg, November 23rd / December 4th, 1739|

Original, 2 fols. - RGADA, f. 181, n. 1413, & I, fol. 209r-210r
Address (fol.210v): “A Monsieur / Monsieur Goldbach / Conseiller de Justice et

Membre / de I’Academie Imperiale des Sciences / & / St. Petersburg”

Published: Correspondance (1843), t.1, p.82-85; Fuler-Goldbach (1965), p. 68-70
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28
GOLDBACH TO EULER
[Petersburg|, November 24th (December 5th), 173911

Vir Celeberrime

Gratissima mihi fuerunt quae heri scripsisti;/?l mea solutio haec est: Sit

1 1 1

1+*+37+*+&C = am”
1 1 om
1+2?n+37n+4Tn+&c' = f[r

11 1 1 1 1
S I — M3
ot an b T gt & =M,

cuius denominatores posita n = 1 sunt producta primorum numero imparium,

1 1 1 1

cuius denominatores posita n = 1 sunt producta primorum numero parium;[4] erit

pr” = 2M, ar™ — pr”

e a
determinandam verbi gr[atia] rationem inter terminos affirmativos et negativos
huius seriei

= 2N. Sed nescio an methodus tua valeat ad

an™ +

1 1 1 1 1

g o 1 e 18t 200
cuius denominatores posita n = 1 sunt omnes potestates numerorum et omnia
earum multipla; termini notati signo -+ continent denominatores productos ex
primis numero paribus, termini notati signo — ... ex imparibus, quam rationem
tamen eruere potero si operae pretium visum fuerit.[) Sed multo magis Tibi,
opinor, placebit quod heri inveni: Sit

1 1 1

Lt oyt g+ g T &e = o™,

! — 4+ ! + 2 ! — + L1
_ _ _ _ - C—
3n [T

(cuius seriei denominatores continent omnes numeros primos), erit

1 1 1 1 1 ) 2
+ +5%+77+112n+&C_( 1) +1-—

22n 32n am™

modo sit n > 1.1

Vale et fave
Tuo C.G.I7

24. Nov. 1739.
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R742 Reply to n°27
[Petersburg|, November 24th (December 5th), 1739
Original, 1 fol. - PFARAN, {. 136, op. 2, n. 8, fol. 23rv
Address (fol. 24v): “Pour / M.* Le Proflesseur| Euler”
Partial copy, 2 pp. —- RGADA, f. 181, n. 1415, &.III, fol. 48v—49r (fol. 49 was partially
cut out from the copybook)
Published: Correspondance (1843), t.1, p.86-88; Euler-Goldbach (1965), p.71-72

29
EULER TO GOLDBACH
|[Petersburg|, November 26th (December 7th), 1739

Vir Celeberrime

Considerans rationem, quae intercedit inter summam seriei

1 1 1 1
2%4'3%4‘5%‘1'7%-1—6130

2
et hanc expressionem (P — 1)2 + 1 — — deprehendi seriem aliquanto esse mi-
am
norem,!!! ac fore
2 1 1 1 1
2 —
(P—l) +1_ﬁ_2Tn+3Tn+5Tn+7%+etc'

+2 - sum|mae| factorum ex ternis

—2 - sum|mae| factorum ex quaternis terminis inaequalibus
+2 - sum|mae| factorum ex quinis seriei 5 + z= + 2 + = + etc.
etc.

Quod si autem duplices istae factorum ex ternis, quaternis etc. summae, quippe
quae per inventa Tua habentur, substituantur, prodit aequatio identica: quod idem
non dubito, quin interim Ipse observaveris Vir Celeb|errime].

Incidi heri in hanc seriem non parum curiosam

1 1 2 1 2 1 3 2 2 1 4
+7+37+47+57+7+77+7+97+W m+ﬁ+etc
cujus numeratores indicant, quot modis denominatores respondentes sint hujus
seriei 2" 4+ 3" 44" + 5™ + 6™ + etc. vel termini ipsi, vel producta ex binis vel ternis,
vel quaternis vel ita porro: sic denominator 60" numeratorem habebit 11, quia 60
his undecim modis componitur:

L. 60 VII. 2-2-15
II. 2-30 VIII. 2-3-10
1. 3-20 IX. 2-5-6
IV. 4-15 X. 3-4-5
V. 5-12 XI. 2-2-3.5
VI. 6-10
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Hujus seriei summam casu, quo n = 2, inveni esse = 2; atque initio arbitratus sum

etiam reliquis casibus summam rationaliter exhiberi posse: verum rem diligentius
8e™ 8

scrutatus inveni casu n = 4 summam fore = = —; ubl est proxime

e —1 em —
T — 23,1407.12
Deinde omnia fere Theoremata, quae de seriebus numerorum primorum aliisque
hinc natis protulisti Vir Celeb[errime]|, multo latius patere observavi. Si enim sit

A=a=a+b+c+d+etc.

B = summae factorum ex binis

C' = summae factorum ex ternis

D = summae factorum ex quaternis
etc.

terminis seriei A, terminis
aequalibus non exceptis,

itemque

[ = summae factorum ex binis

v = summae factorum ex ternis terminis inaequalibus seriei A vel «,
6 = summae factorum ex quaternis
etc.
fueritque

1+A+B+C+ D+ FE+etc. =s
1-A+B—-C+D—FE+etc. =t

erit 1
l+a+pB+~v4+9+etc. =7
1
l—a+pB—~v+0—etc. =—.
s
Hincque
t
1+B+D+F+m;:2;
—t
A+C+E+G+ac:i?f
s+t
1+8+6+(+etc. =
2st
s—1
a+vy+et+ntetc. =—,
2st
item

(B=pB)+(C—=v)+(D—0)+etc. =5—

w » | =

(B—B)~(C—)+ (D~ 6>—etc -

CIJ
|
=t

(C—7)+ (F—¢)+etc. =

N———

(B—08)+ (D —0)+etc. =

N
(‘J.)
+
@.‘
/\/—\
ﬁ\
v
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Quod si autem loco terminorum a, b, ¢, d, etc. sumantur eorum quadrata sitque
A" =" =a® +0* + A + d* + ete.

hincque series B”, C”, D", etc., itemque 8", 7", 6", € etc. simili modo formentur,
quo supra B, C, D, etc., 3, 7,  etc. ex serie A = «, fiet

1+ A"+ B"+C"+ D" +etc. =st

et

1
l—oz"—i—ﬁ"—'y"—i—é”—etc. :7;
S

unde erit generaliter

1+ A"+ B"+C"+ D" + etc.
1+A4+B+C+ D +etc.

1-A+B—-C+D — etc.
atque
l+a+B8+y+etc)(l—a+B8—y+d—etc.)=1—-a"+ 8" —~"+5" — ete.

Ex his nunc si pro serie a + b + ¢ + d-+etc. substituatur haec

1 1 1 1 1

— 4+ —+ — + — 4+ — + etc. secundum numeros primos procedens, sequen-
o0 T3 T T T ? PEHOS PTo > e
tur omnia omnino theoremata, quae mecum communicare voluisti. Vale Vir Cele-

berrime ac favere perge
Tui Observantissimo
L. Eulero

d.26 Nov. 1739

R743 Reply to n°®28
[Petersburg], November 26th (December 7th), 1739
Original, 2 fols. - RGADA, f.181, n. 1413, & 111, fol. 213r-214r
Address (fol.214v): “A Monsieur / Monsieur Goldbach / Conseiller de Justice et
Membre / de I’Academie Impleriale] / & / St. Petersburg”
Published: Correspondance (1843), t.1, p.89-92; Euler-Goldbach (1965), p.73-75
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30
EULER TO GOLDBACH
[Petersburg, ca. December 1739

Vir Excellentissime

Seriei cujus terminus generalis est

1 1 1 1
vel — —
6422 — 64z + 15 2 <8.TU—5 896—3)

sumina est

_1/<ZZ—Z4)dz_1/ L[ +1/<1+zz>dz
2 1—28 2 (I+z2)(1+24)  4) 1+z2z 4 1+ 24

sl post integrationem ponatur z = 1.2I At seriei cujus terminus generalis est

_ 3m _m 1 1
 6daxx —64r+7 2 \8x—T7 8r—1

summa est
/ (1—25) dz_m (1+ 22+ 2%) _m/ /(1+zz)dz
1—28 1+zz 1+z4 N 1+zz 1424
posito post integrationem z = 1. Verum est / = E;
1+22z 4

dz s 1 zz dz s 1
/1+z4 4\/2+2\/2£( +\/> “ /1+z4 4/2 2\/2£( +\/)

1
Quare si a serie cujus terminus generalis est (82 —5) (82 —3) subtrahatur series
3m . . . lI+m)m (1-m)~w
= seriei resultantis summa erit = — + .
(82 —7)(8z — 1) 16 8+/2
3m 1

Vel seriei cujus terminus generalis est =
m+1)m m—1)
(m+)r  (m-1)

16 8/2

summa sit = 0 oportet esse m + 1 —|—m\/2 — \/2 =0seum=

64zx — 64x + 7 " 64zx — 64x + 15

. . U
. Quare si m = 1 summa erit = g; at ut

V2-1
V2+1
1
II. Si in serie v @z —1) (dz = 1) summa terminorum parium ab imparibus sub-
trahatur, prodit series

sumina est =

1
1.3 2.3.7 " 3.5.11 4.7.15 %
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Quae resolvitur in has tres:

41 1 +1 1 +1 1 et dz
- = - == - == etc. =
2 3 4 5 6 1+z2
+2 2 +2 2 +2 2 4ot / 2dz
- —= - == - - etc. =
1 3 5 7 9 11 1+ 22
B L O
37 11 15 19 23 S 14 24
. i 4 :
et summa omnium est:€2+§—7r\/2+%£ (1—1—\/2) unde non video quomodo
summa possit essel) = 7 — 4¢2; sin autem res ita se haberet foret
1002+ 4y/2-0(1+/2)
= )
2¢/2+1
III. Seriei | 1 1+1 ! ! 1—1-1 1+t t
. Seriei i e B e etc. summa es
2 3 4 5 6 7 8
B /dz (1—z—|—zz—z3)_/dz(1+zz) / zdz /z3dz
N 1+ 24 N 1+ 24 1+ 24 1+ 24
B T T L2
2/2 8 4
d d
IV. Si fuerit / d””;xz - / Hixx?) erit utique
d dx dx dx x4+x7 a:lo+ ;
z=— =—|z——+—— — +etc.
zx ) 1+23 xx 4 7 10
et
3 6 9
z:C'—i—fm—x —+—$ S + etc.

3:4 6-7 9-10

Constans autem C' si z deberet simul cum x evanescere foret infinita; sin autem

C maneat indefinita tum casu x = 1 quantitas z indefinitum hoc est quemcunque
valorem obtinebit.

VE-1 Vb +1

V. Sinus ang.18° est = 1 et sin.ang.54° est = 1 unde erit
1 1
- e =2, id quod etiam tabulae sinuum ostendunt; est enim
sin. 18°  sin. 54°
1
= sec. 72° et = sec. 36°.

sin. 18° sin. H4°
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VI. Serierum sequentium summae sunt!*!

<8x1—5_8x1—3> B /dz Ezj;824):/(1+zzz§?f+z4)
. m(v2-1)

VR
2 (28— 28 28 dz
<8x:l—1_8xl+1> B /d 5—28 ):/(1+zz)c(ll+z4)

dz (1+zz+z4)

- 1-

/(1+zz)(1+z4)
B 1_1/ dz _1/dz(1+zz)
N 2) 142z 2 1+ 24

" n m(1+/2)

8  4./2 8
1 1 B dz(l—z3)_ dz
(63:—5_690—2) - / 1— 26 _/1—|—z3
1 1 2dz — zdz
3/1+z 3/1—z+zz
1 1 2zdz—dz 1 dz
- 3/1+z 6/1—z+zz+2/1—z+zz
62 T
3 3\/3'

1
VII. Seriei 1 — o1 + 3o T etc. jamdudum quoque conjectavi summam esse

=p(l 2)2"_1 at casu n = 2 facile statim deprehendi valorem ipsius p nequidem
rationaliter exhiberi posse.!

R 744 [Petersburg, ca. December 1739)
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢. 111, fol. 211r—212r
Address (fol. 212v): “A Monsieur / Monsieur Goldbach / Conseiller &c.”
Published: Correspondance (1843), t.1, p.93-96; Euler-Goldbach (1965), p.76-78



160 31. Goldbach to Euler, (November 28th) December 9th, 1739

31
GOLDBACH TO EULER

[Petersburg], (November 28th) December 9th, 1739!!

Vir Celeberrime

Observavi heri denominatoribus 1; 1-2; 1-2-3; 1-2-3-4; &c. innumeris modis
assignari posse numeratores algebraicos ita ut series tota fiat summabilis, sic verbi
grlatial

1 ) 11 19 29 41 95

1.2.3+1.2.3.4+1.2.3.4.5+1...6+1...7+1...8+1...9+&C'

est

S . S U, U NS S Ny v
T 123123412345 1---6 1---7 1---8 1---9 ~ 2

34 056 7T 8 9 10
1-2 1.23 1.-2:3.4°°17---5 1---6 1---7 1---8 1---9 T
quae quidem facile demonstrari possunt; sed ex eodem fonte alia multo abstrusiora

derivantur, ut si haec series

a+1 2a+ 3 3a+7 4a + 13 s
c.
n 1-2n2  1-2-3-n3  1-2-3-4n4

ar+x2—z+1

(cuius terminus generalis est
1-2-3.--2zn®

) fiat = — 1, posito pro a numero

—a+/a? —4

quocunque, dico, ut aequationi satisfiat, sumendam esse n = >

C.G.
d. 9. Dec. 1739.

R745  [Petersburg|, (November 28th) December 9th, 1739
Original, 1 fol. - PFARAN, {. 136, op. 2, n.8, fol. 25r
Published: Correspondance (1843), t.1, p. 97-98; Euler-Goldbach (1965), p. 78

32
EULER TO GOLDBACH
[Petersburg|, December 9th (20th), 17391

Vir Celeberrime

a + B+ yx? + 62 + ete.
1-2:3-4---1-n%

summari possunt per quantitates exponentiales et algebraicas conjunctim./?l Quare

Omnes series quae continentur in hac formula generali
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si vel coefficientes «, 3, v, 0, etc. vel numerus n ita determine[n|tur, ut exponen-
tialia evanescant, obtinebuntur omnes series hujus formae, quae summas alge-
braicas habere possunt. Quod ut clarius appareat per partes progrediar.

Seriei cujus terminus  summa erit
generalis est

a 1
eno — o
px lﬁ 1
1-2.3.---2-n% e n
fme 1 1+1
en -+ —
1-2:3...2-n% T\n TR
dz3 1 1+3+1
1.2.3...x.n13 € n n2 n3
ext ;5 1+7+6+1
en -+ — —
1-2-3.-..z-n* n n?2 n3 ni
Cx® 1. (1 15 25 10 1
en( | — 4+ — + —
1-2-3.-.-2-n2 n 2 3 pd opd
naxb ok 1+31 90 65 15 1
1-2-3...2-n% " n n?2 nd3 nt nd nbd

Lex secundum quam hae summae progrediuntur ita est comparata, ut termino
k+1
Px

generali respondeat summa haec
1.2.3...2.n%
1 (1 2k—1 3k—2.2841 4F_3.3k43.2k—1 5F_4.4k46.3k 4.2k 11 )
ent| —+ +etc. |.
n  1n2 1-2n3 1-2-3n4 1-2-3-4nb
Ex his igitur perspicitur seriei cujus terminus generalis est sum-

mam algebraicam omnino esse non posse.l?l Sit ergo terminus generalis
a+ Bx

o 1 . .
erit ejus summa = en <a + ) — «: unde summa toties erit
n

algebraica eaque = — «, quoties fuerit an 4+ 8 =0 seun = — é
«

Hicque continentur bini casus priores a Te Vir Celeb|errime| mihi perscripti,
quos quidem facile posse demonstrari dicis. Sit autem terminus generalis

a+ Bx + ya?
T 12 :f . — erit summa = en (oz + bty + é) — a. Summa igitur erit
. . DY $ . n n n
algebraica scilicet = — a si fuerit an? + (3 +)n 4+ = 0 seu
" — —5—7:|:\/(,6’2—|—2ﬁ7—|—72—4a7)
B 2« ’

Hic continetur series illa abstrusior

a+1 20+ 3 3a+7

te.
n T 1on2 1.2.343
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1+ (a—1) z+ 22
1-2.3...¢0.n% "’

a 1
summa est en <1 + -+ > — 1, quae ideo fiet algebraica atque = —1 si sit
n  nn

—a++/(aa —4)
2
cum seriei, cujus terminus generalis est

cujus terminus generalis est cuyjusoba=1,=a-1,vy=1

nm+an+1=0seun = . Simili modo ulterius progredi licet, et

a+ Bx +yz? + 623 + ext + (a2
B 1-2.3-4---7-n%

summa sit
1 1) 30+ 7+ 15 6+6 25 + 10
_ o ated <a+6+7+ et o +2e ¢, o+ 53+ ¢, ¢ ! g+%>7
n n n n n
haec summa algebraica esse non potest, quin simul fiat = — «; erit autem haec
summa = — « si fuerit n radix hujus aequationis

an® + (B4+v+0+ec+)n* + (7 + 35+ 7e +15¢) n® + (8 + 6e 4+ 25¢) n® + (e + 10¢) n + ¢ = 0.

X
1-2.3 .. 1.-n=
ubi X functionem denotat algebraicam ipsius £ quamcunque rationalem, exhiberi
possunt algebraice summabiles, sed etiam intelligitur praeter has inventas alias
omnino non dari. Vale Vir Celeberrime ac fave
Tui observantissimo
L. Eulero

d.9.Dec. 1739

Hac igitur methodo non solum innumerabiles series istius formae

R746 Reply to n°31
[Petersburg|, December 9th (20th), 1739
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢.III, fol. 215r—216r
Address (fol. 216v): “A Monsieur / Monsieur Goldbach / Conseiller de Justice et /
Membre de 1’Academie Impleriale| / & / Petersburg”
Published: Correspondance (1843), t.1, p. 99-101; Euler-Goldbach (1965), p. 79-80

33
GOLDBACH TO EULER
[Petersburg|, (February 21st) March 3rd, 1740

Monsieur

Je viens d’apprendre que vos appointemens ont été reglés avec approbation de
Slon| Excelllenc|® Mons|ei|®[neu]" le Comte d’Ostermann de la maniére que Vous
'aviez souhaité,l!l je vous en felicite de tout mon Coeur et suis avec beaucoup
d’Estime
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Monsieur
Votre tréshumble et trés-obéissant serviteur
Goldbach.

le 3. Mars n[ouveau| st|yle]
1740.

R 747  [Petersburg], (February 21st) March 3rd, 1740
Original, 1 fol. - PFARAN, {. 136, op. 2, n.8, fol. 27r
Address (fol. 28v): “A Monsieur / Monsieur Euler / de ’Academie / des Sciences”
Published: Fuler-Goldbach (1965), p. 80

34
EULER TO GOLDBACH
[Petersburg|, August 21st (September 1st), 1740

Hochedelgebohrner
Hochgeehrtester Herr

Die Geographie ist mir fatal. Ewr. Hochedelgb. wissen, dafs ich dabey ein Aug einge-
biisset habe,!l und jetzo wiére ich bald in gleicher Gefahr gewesen. Als mir heut
morgen eine Partie Charten um zu Ezaminiren zugesandt wurden,?l habe ich so
gleich neue Anstosse empfunden. Denn diese Arbeit, da man gentthiget ist immer
einen grossen Raum auf einmal zu iibersehen, greiffet das Gesicht weit heftiger
an, als nur das simple Lesen oder Schreiben allein. Um dieser Ursachen willen
ersuche ich Ewr. Hochedelgb. gehorsamst, fiir mich die Giite zu haben, und durch
Dero krifftige Vorstellung den Herren Praesidenten dahin zu disponiren, daf ich
von dieser Arbeit, welche mich nicht nur von meinen ordentlichen Functionen ab-
hélt, sondern auch leicht gantz und gar untiichtig machen kan, in Gnaden befreyet
werdel®l der ich mit aller Hochachtung und vielem Respect bin

Ewr. Hochedelgeb.

gehorsamster Diener

L. Euler
den 21 Aug. 1740.

R748 [Petersburg], August 21st (September 1st), 1740
Original, 1 fol. - RGADA, {. 181, n. 1413, ¢&. 111, fol. 226r
Published: Correspondance (1843), t.1, p.102; Euler-Goldbach (1965), p. 81
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THAS
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Euler’s letter n°34 to Goldbach, August 21st (September 1st), 1740: reproduction of the recto
page (RGADA, f.181, n. 1413, ¢. 111, fol. 226r)

Euler complains of the threat his work at the department of geography poses for his eyesight and
asks for Goldbach’s help in getting a dispensation.
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35
GOLDBACH TO EULER
[Petersburg|, August 21st (September 1st), 1740

HochEdler Herr,
Hochgeehrter Herr Professor,

So bald ich (Tit. Tit.)['! den Hn EtatsRath von Brevern spreche will ich nicht un-
terlassen demselben die gehorige Vorstellung wegen Eurer HochEd. krancklichen
Zustandes zu thun, weil ich aber nicht gewif bin ob solches morgen oder erst
iiber einige Tage wird geschehen koénnen, hingegen bey dieser Sache periculum in
mora ist, so halte ich davor, dafs Ew. HochEd. wohl thun werden, wann Sie ohne
Zeitverlust den Hn Praesidenten und den Hn Rath Schumacher schrifftlich be-
nachrichtigen, daf sie ohne offenbahre Gefahr Ihrer Gesundheit die Geographischen
Occupations nicht fortsetzen kénnen sondern dieselben so lange bifs Sie sich besser
befinden werden, aussetzen miissen.[?l Indessen habe ich heute mit vielem Vergnii-
gen von Hn Secr|etaire| Tiedeman vernommen, daft Ew. HochEd. sich schon etwas
besser befinden; ich wiinsche hertzlich Sie ehestens vollig restituiret zu sehen und
verbleibe mit sonderbahrer Consideration

Ew. HochEdlen

Dienstergebenster Diener

Goldbach.

den 21. Aug. 1740.
in Fil

R749 Reply to n°34
[Petersburg|, August 21st (September 1st), 1740
Original, 1 fol. - PFARAN, f. 136, op. 2, n. 8, fol. 29rv
Address (fol. 30v): “A Monsieur / Monsieur Euler / de ’Academie des Sciences”
Published: Correspondance (1843), t.1, p. 103; Euler-Goldbach (1965), p. 81

36
EULER TO GOLDBACH
[Petersburg|, April 18th (29th), 1741

Hochedelgebohrner
Hochgeehrter Herr Justiz-Rath

Im Falle der H. Prof. Krafft noch nicht sollte des Schotenii Ezxercitationes Ewr.
Hochedelghb. zugeschickt haben; so habe die Ehre damit aufzuwarten; ich habe
daraus die Numeros primos von dieser Form 4n + 1 biff auf 3000 ausgeschrieben;
und gegen Dero Observation keine Exzception gefunden.!!
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Der H. De I’Isle geht diesen Augenblick von mir weg, und hat mir gesagt, daf
bey Neuss schon wiirklich eine blutige Bataille vorgegangen, wobey von Preussi-
scher Seite zwey Prinzen nebst einigen Generalen, von Osterreichischer Seite aber
der General Lentulus nebst noch vielen anderen geblieben; doch endlich aber die
Preussen das Feld behalten haben. 2l Auch soll Mr. Maupertuis welcher in Schlesien
von dem Konig Abschied nehmen wollen, bey dieser Action verlohren gegangen
seyn. 13!

Ich habe die Ehre mit allem Respect zu seyn

Ewr. Hochedelgeb.

gehorsamster Diener

L. Euler

den 18 Apr. 1741

R750 [Petersburg], April 18th (29th), 1741
Original, 1 fol. - RGADA, f. 181, n. 1413, ¢.I1II, fol. 251r
Published: Fuler-Goldbach (1965), p. 82

37

GOLDBACH TO EULER
[Petersburg|, June (7th) 18th, 1741

Hochgeehrter Herr Professor,

Bey Dero Ankunfft in Berlin bitte ich von Hn Geheimen Rath Vockerod zu verneh-
men, ob demselben meine zwey Briefe (1.) vom 12. Nov. 1740 nebst einem Einschlufs
an Hn von Wartenberg, (2.) vom 10. Jan. st. n. 1741 nebst einem Einschluf an Hn
von Podevils abgegeben worden.[!]

Im iibrigen wiinsche ich nochmahls eine gliickliche Reisel?l und verbleibe mit
aller ersinnlichen Hochachtung

Eurer HochEdelgebohrnen

ergebenster Diener

Goldbach.

den 18. Jun. 1741.
st. n.

R751 [Petersburg], June (7th) 18th, 1741
Original, 1 fol. - PFARAN, {. 136, op. 2, n.8, fol. 31r
Address (fol. 32v): “A Monsieur / Monsieur Euler / de I’Academie des / Sciences”
Published: Fuler-Goldbach (1965), p. 82
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38
EULER TO GOLDBACH
Berlin, August 1st, 1741

Hochedelgebohrner Herr Justiz-Rath
Hochgeehrtester Herr

Ewr Hochedelgeb. Wohlgewogenheit und Freundschaft ist gegen mich jederzeit so
ungemein grofl gewesen, dafs ich mich nicht im Stande befinde darfiir gebiihrender
massen Dank abzustatten. Ich nehme also die Freyheit Ewr Hochedelg. eine kurze
Relation von unserer Reise und meinem gegenwirtigen Zustande allhier zu iiber-
schreiben; und dieses um so viel mehr, da Dieselben solches bey meinem Abschied
ausdriicklich von mir zu verlangen die Giite gehabt haben.

Nachdem wir den 19 Jun. st. n. nachmittag von Petersburg abgefahren, und den
20" in Cronstatt zwischen der gantzen Russischen Flotte vor Anker gelegen, sind
wir den 21'® mit vollig contrairem Winde durch die Kriegs-Schiffe laviret, und
gantz langsam fortgesegelt, biff wir um Mitternacht bey der Brandwacht angekom-
men. Den 23'" sahen wir an den Finnischen Kiisten die gantze Schwedische Flotte,
und wurden auch von einer Schwedischen Fregatte angehalten, deren Officier
sich bey unserm Schiffer wegen des Zustands der Russischen Flotte weitlauffig
erkundigte: ich musste mich recht verwundern wie unser Schiffer dem Schwedi-
schen Officier vorlog, indem er die Anzahl der Russischen Schiffe verdoppelte,
und dabey vorgab, daf sich darunter Schiffe von 130 Canonen befinden.l!! Des
Abends passirten wir bey gutem Weter Hoch-Land. Die Insul Dagho fuhren wir
den 26" vorbey, als wir mehr als 24 Stund einen ziemlich heftigen Sturmwind aus-
gestanden hatten; ein gleicher Wind stellte sich wiedrum den 27%" ein welcher bif§
den folgenden Tag fort daurte, da wir endlich bey der Nordlichen Kiiste von Goth-
land ankamen; die folgenden Tage hatten wir schones Wetter aber entweder gar
keinen oder doch contrairen Wind, so daf wir biff den 5'* Julii zu brachten, ehe
wir die Siidlichen Kiisten von Gothland vorbey segelten, welche Distanz doch nicht
mehr als 18 Meilen austragt. Hierauf war der Wind immer gut aber sehr schwach,
und bekamen den 8% Julii Bornholm, den 10*® aber die Insul Riigen, und die
Miindung der Oder zu gesicht. Von da fuhr ich allein auf einem Fahrzeug den Flufs
hinauf 2 Meilen weit biR nach Wolgast, allwo den 11%*" auch das Schiff gliicklich
ankam, nach dem wir drey Wochen auf der See zugebracht hatten und meine gantze
Gesellschaft ausser mir allein meistentheils elend krank gelegen war. Den 12"
transportirten wir uns auf ein Stettiner Schiff, welches gleichfalls von Petersburg
gekommen, und fuhren bey dem schonsten Wetter durch die angenehmsten Gegen-
den den Fluf hinauf biff nach Stettin, dahin wir den 13*"® erwiinscht angekom-
men. Daselbst hatte ich Gelegenheit mit dem H. OberHofprediger Mauclerc genaue
Bekanntschaft zu machen, welchem ich das Academische Pacquet iiberreichte, und
ein ergebenstes Compliment von dem H. Secret|aire] Tiedeman ablegte.?l Durch
Recommendation des H.Raths Heinzelmanns wurde ich auch bekannt mit dem
H. Secretario Bulle, welcher mir viel Freundschaft erwiefs; der H. Ober Praesident
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von Grumkow lief mich zur Tafel invitiren und den 20**" gieng ich in eine Dis-
putation, welche im Gymnasio unter dem Praesidio des H. Prof. Stissers gehal-
ten wurde, allwo ich die meisten von den dasigen H. textitProfessoribus ken-
nen lernte. Den 22%" Julii hatte ich eine Kutsche und Frachtwagen bestellt,
mit welchen wir von Stettin gegen Abend abfuhren, und endlich den 25'" nach-
mittag allhier zu Berlin gliicklich ankamen. In Stettin hatte ich schon von hier
Nachricht bekommen, daf fiir mich ein Quartier auf dem Konigl|ichen| Address-
Contoir bey dem H.Hofrath Wilken auf die Ordres des H. Stehelins gemiethet
worden, welches wir fiiglich sogleich bezogen. Wir haben das gantze untere Etage,
so aus 8 Zimmern einer Kiiche und allen Commodititen bestehet.!3! Der H. Baron
von Mardenfeld!* hatte mich an des H. Cabinet-Ministre von Borck Excell[enz]
addressirt, welcher mich sehr gnadig empfangen, und versprochen meinetwegen so
gleich an Thro Koniglliche] Majestit Bericht abzustatten. Ich habe auch an Ihre
FEzcelllenz| den H. CabinetsMinistre von Podewils geschrieben, und das mir von
dem Fr|anzosischen| Ambassadeur Marquis de Chetardie an denselben ertheilte
Recommendations Schreiben zugesandt. Ich hatte auch noch zwey Recommen-
dationsSchreiben von dem H. Ambassadeur an den H.von Brand Grand Maitre
d’Hotel de la Reine Mere, und an H. Achard, welche mich ungemein hoflich aufge-
nommen haben; der Russische Ministre H. von Brackel hat mich auch seiner Gnade
versichert. Ubrigens habe ich hier schon gute Bekanntschaft gemacht mit dem
H. Hofrath und Leibmedico Eller, dem H. Grafen Algarotti, dem H. Hofrath Jariges,
welcher die Stelle eines Secretarii bey der Konigllichen| Societit verwaltet, und
den H. Professoribus Naudé und Wagner, so daft meine Ankunft allhier bifs dato
noch hochst vergniigt gewesen, und ich mit Gottes Hiilfe das angenehmste Leben
zu hoffen Ursache habe. Ewr. Hochedelg. Compliment an den H. Geheimen Rath
Culenman und Fr[au] Gemahlin habe ich noch nicht aufrichten kénnen, weilen
sich Dieselben jetzo auf dem Lande aufhalten. Von Petersburg habe ich noch keine
Briefe erhalten, und weifs also nicht wie meine hinterlassenen Sachen daselbst ste-
hen. Erstlich beforchte ich meine riickstandige Gage vom 1 Jan. bifs den 1 Jun.
mochte mir nicht ohne Chicannen bezahlet werden, weilen mir die Sache wegen
meines Hauses so miklich vorkommt;[®! dann ich habe schon die Ehre gehabt Ewr.
Hochedelgb. anzudeuten, dafs ich auf der Cantzley eine Schrifft unterschrieben,
durch welche ich mich verbunden der Academie mein Hauf fiir denjenigen Preifs
zu iiberlassen welchen die Architecti setzen wiirden, wobey ich freywillig miindlich
declarirt, daft wann auch die Architecti mein Haufs hoher als 400 R. taxiren sollten,
ich dennoch nicht mehr als 400 R. verlangte, weilen ich von fremden Kéuffern, wie
Ewr. Hochedelgb. wohl bekannt, nicht mehr als 400 R. gefordert hatte. Nun haben
die Architecti das Hauf® in aller Form auf 400 R. tazirt; dem ungeacht aber liefs der
H. Rath Schumacher ohne mit mir deswegen ein Wort zu sprechen, auf den Buch-
laden nur 300 R. darfiir assigniren; ich hielte solches anfanglich fiir ein Versehen,
allein der H. Rath Schumacher sagte mir den Tag vor meiner Abreise, daft solches
mit Fleifs geschehen wire, weilen Er, als ich bey Unterschreibung der Schrifft von
400 R. gesprochen, nur 300 R. verstanden hétte. Ich sagte darauf weiter nichts
anders, als daf mir solches nie in Sinn gekommen; dabey declarirte ich Thm die
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Zeit meiner Abreise, und bat Leute zu schicken, welche vom Hause Possession
nehmen, ich vernahm aber in Cronstat, daf Er einen gantzen Tag nach meiner
Abreise noch niemand gesandt hatte. Ingleichem da im Kaiserl|ichen| Cabinet al-
lergnédigst resolvirt worden, mir nach dem Gutachten der Academie eine Gratifica-
tion zu ertheilen, beférchte ich solches méchte auch durch den H. Schumacher hin-
tertrieben werden. Deswegen ersuche Ew. Hochedelgb. gehorsamst mir eine Copie
von der meinetwegen aus dem Cabinet ergangnen Resolution giitigst zukommen
zu lassen, !l und nehme die Freyheit Denselben diese meine Affairen bestens zu
recommendiren, der ich mit aller schuldigsten Hochachtung lebenslang verharre

Ewr. Hochedelgeb.

gehorsamster Diener

Leonhard Euler

Berlin den 1 Aug.
1741.

R752 Berlin, August 1st, 1741
Original, 2 fols. - RGADA, . 181, n. 1413, & III, fol. 255-256v
Published: Fuler-Goldbach (1965), p.82-84

39
GOLDBACH TO EULER
Petersburg, August (8th) 19th, 1741

HochEdelgebohrner Herr
Hochgeehrter Herr Professor

Eurer HochEdelgebohrnen Schreiben vom 1. Aug. habe ich den 13. ejusd|em] allhie
erhalten!!l und daraus mit grosser Freude ersehen, daf Sie nach zuriickgelegter
langwieriger Reise sich nunmehro vergniigt in Berlin befinden; die Connoissances,
so Sie daselbst schon gemacht haben, scheinen mir alle von besonderer importance
zu seyn und lassen mich nicht zweiffeln dafs ihr dortiger Aufenthalt mit ihrem
eigenen Wunsch véllig ibereinstimmen werde.

Die Resolution davon Ew. HochE. eine Copey verlangen,? habe ich noch
nicht gesehen, und was Dero iibrige Academische Geldaffairen betrifft halte ich
dafiir dafs selbige am besten und kiirtzesten durch eine Vorstellung an I|hro]
Kays|erlichen| M[ajestd|" hohes Cabinet zum Schluf kommen werden, wozu Eurer
HochEdelgeb. der Herr Baron von Mardefeld welcher sich Threr Angelegenheiten
bifhero so rithmlich angenommen hat, fiir andern wird beférderlich seyn kénnen;
ich werde indessen nicht unterlassen so offt ichs néthig und Eurer HochE. interesse
fiirtraglich halte, das meinige beyzutragen; ich glaube auch dafs es nicht schaden
kénnte wann Sie an Hn Legations-Rath Grof8 von Thren Academischen pretensions
umsténdliche Erwegung thun mochten.
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Was halten E. H. von dergl[eichen]| propositionibus: (3m+2)n?43 kan niemahls
ein numerus quadratus seyn positis pro m et n numeris integris quz’buscunque.[3]

In den Zeitungen von Gelehrten Sachen habe ich unlidngst gelesen dafs die
beyden Moénchen so Newtoni Principia Math|ematica| herausgeben Eurer HochE.
Mechanicam starck gebraucht haben.!!

Wann Sie auf die Koniglliche| Bibliotheque in Berlin gehen werden, lassen Sie
sich doch Joh|annis| de Luneschlos Thesaurum Mathematum reseratum per Alge-
bram novam!® Patavii 1646 in follio] und Petrum Bungum de Numerorum my-
steriisl® in 4.9 zeigen; ich habe A[nno] 1718 diese Biicher, aber nur obenhin,
gesehen,|”l und kan mich fast gar nichts mehr von der selben Inhalt erinneren.

Ich verbl[eibe| nechst gehorsamster Empfehlung an Dero Frau Liebste und
sammtl[iche] Familie, Ew. HochEdelgebohrnen

dienstergebenster Diener

Goldbach.

S.t Petersburg
den 19. Aug. 1741 st. n.
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40
EULER TO GOLDBACH
Berlin, September 9th, 1741

Hochedelgebohrner Herr
Hochgeehrtester Herr JustizRath

Ewr. Hochedelgeb. befinde ich mich doppelt verpflichtet: theils fiir Dero eigene
geehrteste Zuschrifft, theils auch fiirnehmlich fiir das Hochst gnadige Schreiben,
welches Dieselben im Nahmen Thro Ezcelllenz]| des H.Grafen von Ostermanns
an mich ausgefertiget haben.l!l Gleichwie ich nun Ewr. Hochedelgb. fiir Dero
mir giitigst ertheilten Rath wegen meiner Affaire gehorsamst verbunden bin, so
zweifle ich nicht, dieselbe werde néchstens zu einem gliicklichen Ausgang gere-
ichen, da Ewr. Hochedelgb. ohne Zweifel werden Gelegenheit gehabt haben, mit
des H.Grafen von Osterman Excell|enz| wegen der meinetwegen aus dem Ca-
binet ergangenen Resolution weitlauffiger zu sprechen: inzwischen kan ich nicht
begreiffen wie es zugegangen, daft Ewr. Hochedelgb. diese Resolution noch nicht
ist communicirt worden, woraus ich nichts anders schliessen kan, als daft darauf
aus der Academie noch nicht miisse geantwortet worden seyn. Ehe ich mich re-
solviren kan mit dieser meiner Affairen den H. Baron von Mardenfeld zu bemiihen,
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so habe noch vorher in den obligeantsten Terminis an den H.Rath Schumacher
geschrieben, um im Fall einer abschligigen oder gar keiner Antwort grosseres
Recht zu haben meine Forderung an héherem Ort anhéngig zu machen. Ich habe
auch meiner Schuldigkeit geméfs erachtet an Thro Excell|enz| den H. Grafen Golov-
kin zu schreiben, und Demselben fiir die mir erwiesene besonders hohe Gnade Dank
zu sagen, wobey ich nicht nur von der mir zuerkannten Gratification sondern auch
von meiner riickstandigen Gage und HauR Erwehnung gethan. !

Der H. Geh|eime| Rath Vockerodt, welcher Sich noch in Breslau befindet ldsst
Ewr. Hochedelgb. Sein gehorsamst Compliment vermelden, und Sich wegen seiner
grossen Geschéfte entschuldigen, daf Er noch nicht Ewr. H. zugeschrieben: er hat
Dero beyde Briefe richtig erhalten und auch die Einschliife wohl bestellet. [

Vor einigen Wochen haben Thro Maj|estdt] die Konigl|iche| Frau Muter mich zu
Sich hohlen lassen, und des Tags darauf hatte ich die Gnade bey Ihro Maj|es]'% zu
speisen; und haben so wohl Ihro Majestat als die beyden Konigl|ichen| Princessin-
nen mich auf die Gniidigste und eine recht Leutseelige Art empfangen.’! Thro
Konigl[iche| Majestdt der Konig haben mich auch nicht nur durch den H. G|ehei-
men| Rath Jordan Dero Allerhéchsten Gnade und Protection versichern lassen,
sondern auch Hochst eigenhéndig nachfolgendes Schreiben zuzusenden die Gnade
gehabt.[6]

Monsieur Fuler. J'ai été bien aise d’apprendre que vous étes content
de votre sort et établissement présent. J'ai donné les ordres necessaires
au Grand Directoire pour la pension de 1600 Ecus, que Je vous ai
accordée; s’il y a encore quelque chose dont vous aurez besoin, vous
n’avez qu’a attendre mon retour a Berlin. Je suis

Votre bien affectionné Roy

Federic
au Camp de Reichenbach!™)

ce 4™¢ sept 1741.

Weilen Thro Majestit beschlossen haben ein neues Gebéau zur Academie aufzu-
bauen, ¥l so ist mir aufgetragen worden, einen vollstandigen Rif von den Academi-
schen Gebiduden in S.' Petersburg zu verschaffen. Weilen nun alle diese Risse schon
wiirkl[ich] in Kupfer gestochen, ich aber davon nicht leicht ein Ezemplar von dem
H. Schumacher hoffen darf,[® so nehme die Freyheit Ewr. Hochedelgeb. gehorsamst
zu ersuchen ein Fzemplar von diesen Rissen kauffen und dem H. Stéhelin iiber-
liefern zu lassen; ich werde mit néchster Post dem H. Stdhelin schreiben dafs er
solche mit allem Dank bezahle und ungesédumt hieher schicke. Ich bitte diese meine
Freyheit nicht iibel zu nehmen, sondern der Ungewiftheit, darinn ich mich befinde,
ob jemand anders leicht ein Fxemplar verschaffen kan, zuzuschreiben; vielleicht ist
der H. Secr|etaire] Tiedeman, welchem mein ergebenstes Compliment mache im
Stande diese Risse zu bekommen, und diese gantze Commission auszufiihren.!*?)
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Die beyden gemeldten Biicher habe ich von der Bibliothec hohlen lassen, aber
in Petri Bungi mysteriis numerorum!*) nicht das geringste merkwiirdigs gefunden:
er durchgehet der Ordnung nach alle Zahlen von 1, 2, 3, bif tausend, und merkt
von einer jeden an, wo solche in der Heil[igen| Schrifft und andren Auctoribus
vorkommen, als bey 38 bringt er nichts anders vor als das Exempel des kranken
beym Teich zu Betesda, welcher 38 Jahre daselbst gelegen. Der Luneschlofs ist
ein sehr schones Buch in seiner Art,['2l ich habe aber dasselbe noch nicht véllig
durchgegangen.

Ewr. Hochedlgb. Theorema daf (3m +2) n?+3 kein Quadrat seyn konnel'? ist
sehr artig, und kan ich die Richtigkeit desselben auf folgende Art darthun: Ent-
weder ist n durch 3 divisib|el] oder nicht, im ersten Fall ist n? divisib|el] durch 9,
und bekommt die Ezpression (3m+ 2)n? + 3 eine solche Form 9p + 3, welche kein
Quadrat seyn kan, wie bekannt. Im andern Fall wann n nicht durch 3 divisib|el]
ist so ist n? eine solche Zahl 3p + 1, und (3m + 2)n? + 3 bekommt diese Form
9mp 4+ 3m + 6p + 5 das ist 3¢+ 2, von welcher Form gleichfalls bekannt, daf solche
niemals ein Quadrat seyn kan. Ich habe vor langer Zeit auch solche dhnliche The-
oremata gefunden: Als 4mn — m — 1 kan nullo modo ein Quadrat seyn. Item
4mn — m — n kan auch kein Quadrat seyn, positis m et n numeris integris affir-
mativis. 14

Von den Divisoribus quantitatis aa £ mbb si a et b sint numert inter se primi
habe ich auch curieuse proprietates entdeckt, welche etwas in recessu zu haben
scheinen, 5! als da sind:

Theor|ema] 1. Omnes divisores primi formulae aa — 2bb continentur in forma
8n + 1.

Theor|ema] 2. Omnes divisores primi formulae aa — 3bb sunt 12n + 1.

Theor|ema| 3. Nullus numerus primus potest esse divisor formae aa — 5bb nisi
qui sit in hac forma 10n + 1 contentus.

d
Von den Integralibus formulae :C)p habe ich auch merkwiirdige Propri-
(1 —2am)q
etates gefunden, si post integrationem ponatur x = 1.1161 Als da sind:

Theor|emal. Integrale [ ’ uti \/2 ad
1—a4)

1, posito post utramque integrationem x = 1.

= se habet ad integrale [
1

(1ot

d d
Theor|emal. Integrale f7$5 se habet ad integrale fix uti /3
1 —zx)s (1—zx)
ad 1, posito pariter post utramque integrationem x = 1.

wlro

Welche Theoremata um soviel merkwiirdiger scheinen, da sonsten nach der
gewohnlichen Art diese Integralia nicht mit einander comparirt werden konnen.
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Ich habe die Ehre mit aller schuldigsten Hochachtung zu seyn nebst gehorsam-
ster Empfehlung meiner gantzen Famille

Ewr. Hochedelgeb.

gehorsamster Diener

Leonh. Fuler

Berlin den 9 Sept. 1741.
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41
EULER TO GOLDBACH
Berlin, September 16th, 1741

Hochedelgebohrner Herr
Hochgeehrtester Herr Justiz-Rath

Ungeacht ich Ewr. Hochedelgb. erst vor 8 Tagen geschrieben, so befinde ich mich
doch schon wiederum genéthiget Denselben gegenwiértiges zu addressiren. Ich habe
nehmlich mit der vorigen Post einen Brief von dem alten H. Professore Joh|ann)|
Bernoulli erhalten,!!l worinn Er den von mir in seinen Meditationibus Hydrauli-
cis angemerkten Irrthum nicht nur erkennet, sondern auch beyligendes Blatt,
worinn Er alles corrigiret zugesandt, mit Ersuchen, solches unverziiglich nach Pe-
tersburg zu ezrpediren, damit dasselbe noch zu rechter Zeit Seiner Dissertation,
welche vermuthlich mit néchstem gedruckt werden diirfte, zu inseriren. Er hat
mir auch aufgetragen die Kaiserl|iche| Academie in Seinem Nahmen zu bitten,
daf man Sorge tragen mochte, daf erstlich der Text Seiner Dissertationum correct
gedrucket, und dann auch die Figuren, welche nur manu tremula verfertiget, mit
aller Zierlichkeit gestochen werden. Ich nehme allso die Freyheit dieses Anliegen
des H. Bernoulli gehorsamst zu recommendiren, und Ewr. Hochedelgh. zu bitten
Sorge zu tragen, daf Demselben ein volliges Geniigen geleistet werde. [l

Vor etlichen Tagen hatte ich die Ehre bei des H. Cabinet-Ministre von Borck
FEzcelllenz] zu speisen. Welcher der gantzen Compagnie die Hohe Intention Thro
Konigl[ichen| Magestdt auf die Schlesische Ezpedition Medaillen zu priagen vorlegte,
und mich in Specie ersuchte aus S.! Petersburg von denjenigen habilen Personen,
welche Sich allda auf diese Sache applicirten, einige Vorschlige zu verschaffen.[’!
Ich habe dahero meiner Schuldigkeit erachtet Ewr. Hochedelgb. hievon Nachricht
zu geben, und beyligendes Billet, worinn die Hohe Intention Ihro Konigl|ichen|
Majestit enthalten, zuzuschicken, mit der gehorsamsten Bitte Dero Gedancken
dariiber im Fall Dieselben darauf reflectiren wollen, mir zuzuschicken; ich werde
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davon solchen Usage machen, wie Ewr. Hochedelgeb. Selbst fiir gut befinden wer-
den. Hiemit empfehle mich Ewr. Hochedelgeb. bestéandigen Wohlgewogenheit, und
verbleibe mit aller ersinnlichen Hochachtung

Ewr. Hochedelgeb.

gehorsamster Diener

Leonh. Euler

Berlin den 16%" Sept.
1741
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42
GOLDBACH TO EULER
Petersburg, (October 27th) November 7th, 1741

HochEdelgebohrner Herr
Hochgeehrter Herr Professor

Die sonderbahre distinction mit welcher Ew. HochEdelgeb. in Berlin aufgenommen
worden hat mir nicht anders als sehr erfreulich seyn konnen, insonderheit habe
ich das gnédigste Schreiben Thro Kéniglichen Majestit an Ew. HochEd.[!l mit der
grossesten Veneration gelesen und admiriret. Es mufs eine treffliche directio ©’
oder % ad medium coeli oder dergl|eichen| eine fiir Ew. HochEd. eingefallen seyn,
welche ez post facto in dem themate nativ|itatis| sich wohl wird finden lassen.[?!

Die verlangten Kupfferstiche hat H. Prof. Stdhlin an Ew. HochEdelg. zu besor-
gen {iber sich genommen. [l

Daf Sie in des Leuneschlos Thesauro etwas gutes gefunden ist mir sehr lieb.[
Ich habe schon A[nno| 1716 in Konigsberg von demselben Autore ein Tractidtchen
in 8. gelesen, welches er paradora de quantitate nennet, das 352.5% heist Si Deus
auferret omne corpus in vase contentum movendo vel annihilando, nec aliud ul-
lum in ablati locum venire permitteret movendo aut creando, hoc ipso vasis latera
forent contigua, nec vel tantillum amplius distarent. Das 473. Monstrosa et de-
formia etiam faciunt ad pulchritudinem mundi. Das 522. Si Luna esset concava,
terra periret incendio. Das 946. Pondera campanarum sunt in triplicata ratione
sonorum. Verum crassities fidium longitudine et tensione aequalium sunt in ra-
tione duplicata sonorum. Das 589. Cum semidiameter gyrorum aquae quovis modo
percussae secundo horae minuto dilatatus vix pedem exaequet, et semidiameter
spirarum in aére quavis etiam percussione procreatarum eodem tempore millium
trecentorum ac octuaginta pedum existat sequitur aquam millibus trecentum et oc-
tuaginta (1380) vicibus aére densiorem atque graviorem esse.ldl
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Der beriihmte Antiquarius H. Stosch wird, weil er so viel ich mich erinnere
ein Cilstriner von Geburt ist, denen Gelehrten in Berlin bekannt seyn, wann
E. HochEdelg. erfahren wo er sich jetzo aufhélt, bitte ich mir davon Nachricht
zu geben. [l

Da ich das vorhergehende schon léangst geschrieben, darauf aber durch un-
terschiedene distractions ein mehreres bey zu fiigen verhindert worden, so melde
jetzo, damit die Antwort nicht gar zu lang aufgehalten werde, nur mit wenigem,
dafs ich von Eurer HochEdelg. pension iiber dasjenige so in meinem vorigen Briefe
enthalten,|” nichts berichten kan, wie wohl ich hoffe daf Sie auf ihre an hero
geschriebene Briefe schon mehrere Nachrichten davon werden erhalten haben. In
der Mathematischen piéce ist die verlangte verinderung gemacht worden.I8! Fiir
das mir iibersandte avertissement die medailles betreffend bin ich Eurer HochEdlg.
sehr verbunden,®l und werde nicht unterlassen selbiges gut anzuwenden. Kiinfftig
ein mehreres. Ich verbleibe mit besonderer Hochachtung

Eurer HochEdelgebohrnen

ergebenster Diener

Goldbach.
In Eil

S.t Petersburg
den 7. Nov. st.n. 1741.
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43
EULER TO GOLDBACH
Berlin, December 9th, 1741

Hochedelgebohrner Herr
Hochgeehrtester Herr Justiz-Rath

Die sonderbare Freude, welche Ewr. Hochedelgb. iiber mein gliickliches Ftablisse-
ment geschopfet, erkenne mit der schuldigsten Ehrerbietung: und da Dieselben
mir bifher so ungemeine Proben Dero Gewogenheit und Freundschaft erwiesen
haben, so wiinsche nichts so sehr, als diese Hochstschatzbare Zuneigung gegen mich
bestendig zu unterhalten. Ich hitte bey dieser Zeit gern aus Curiositdt meine Na-
tivitdt nachgesehen,[l] besann mich aber erst, daf ich dieselbe dem H. Prof. Kraft
zuriickgelassen. Der H. Prof. Stdhelin hat mir geschrieben, daf drey FEzemplaria
von den Academischen Kupferstichen dem H. Brigadier Baudan mitgegeben wor-
den, welcher aber bif dato hier noch nicht angelanget.?!
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Fiir Ewr. Hochedelgb. Bemiihungen wegen meiner Academischen Affairen stat-
te hiemit allen gehorsamsten Dank ab; meine Absicht gehet anjetzo nur dahin, wie
ich meine ruckstendige Gage mit der Bezahlung fiir mein Haus bekommen mége,
wozu [i(]:h néchstens bey der Ankunft der Academischen Silberflotte gute Hoffnung
habe.l?

Was die Pension anlangt, wozu man mir hat Hoffnung machen wollen, weilen
ich darum in Petersburg nicht angehalten, so werde ich auch von hieraus deswegen
nicht ferner suppliciren. Ich habe schon berichtet daf meine hiesige Occupationen
mich nicht verhindern der Academie jéhrlich eben so viel Piecen zu iiberliefern,
als wann ich noch daselbst gegenwirtig wire; erachtet die Academie diese meine
geringe Dienste niitzlich und einer Pension werth, so werde solche Gnade mit der
grosten Veneration erkennen, und mich derselben aus allen Kréften wiirdig zu
machen bestreben. [

Fiir die mir communicirten Paradoza des Lunenschlofl? bin gehorsamst ver-
bunden: es zeigen einige davon als von dem Ton der Glocken und Saiten eine
richtige Einsicht in die Natur. Das von den Glocken steht aber schon in Stifelii
Anmerkungen iiber die Coss Christoff Rudolfs.1l Das jenige, welches Ewr. Hoch-
edelgb. zuerst von der annihilirten Materia in einem Geschirr geschrieben, scheinet
auf diesem Ratiocinio zu beruhen: Ist keine Materia zwischen den Seiten des
Gefésses, so ist nichts dazwischen, ist aber nichts dazwischen, so sind die Seiten
aneinander, ungeacht das Gefafs seine vorige Figur behilt. Ich halte aber dieses
Ratiocinium fiir ein blosses Sophisma, und bey weitem nicht hinreichend die im-
possibilitatem Vacui in Mundo zu erweisen.

Der H. Geh|eime| Rath Wolf oder vielmehr seine Anhénger haben neulich einen
harten Streit mit dem H. Segner Prof |essore| Math|eseos| in Gottingen bekommen,
indem dieser einige grobe Fehler in des H. Wolfen FElementis Matheseos vorgab
gefunden zu haben; es sind beyderseits schon verschiedene Schrifften gewechselt
worden. Der H. Segner aber hat recht, und von Seiten des H. Wolfs sind die Defen-
stonen so schlecht beschaffen, dafs daher der Wolfianischen Philosophia wenig Ehre
zuwachst: man hétte besser gethan die Fehler zu erkennen, weilen dieselben gantz
offenbar sind, und dieselben in einer neuen Ausgabe, woran wiirklich gearbeitet
wird zu verbessern.!"]

Ich habe letstens auch ein merkwiirdiges Paradoxon gefunden, nehmlich daf der
9+HV=1 4 o—V/-1

Werth von dieser Ezpression quam proxime gleich sey —, und

dieser Bruch differirt nur in partibus millionesimis von der Wahrheit. Der wahre
Werth aber dieser Expression ist der Cosinus dieses Arcus 0,693 1471805599 oder
der Arcus von 39°, 42/, 51”7, 52", 91V in einem Clircul dessen Radius = 1.8l

Ich habe auch noch verschiedene wichtige Decouverten gemacht iiber die Inte-
x
gration solcher Formuln ——, allwo P und Q) functiones quaecunque rationales

von z sind; wovon zu einer andern Zeit die Ehre haben werde Ewr. Hochedelgb.
ausfiihrlicher zu schreiben. !l
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Vorjetzo habe die Ehre Ewr. Hochedelgb. noch gehorsamst zu berichten, dafs
meine Frau letstens mit einer Tochter gliickl[ich] niedergekommen;*! der ich mich
und alle die meinen Dero schiatzbaren Gewogenheit unterthénig empfehle und mit
aller schuldigen Hochachtung verharre

Ewr. Hochedelgeb.

gehorsamster Diener

Leonh. Euler.

Berlin den 9%" Dec.
1741.

P. S. Wegen des H. Stoschen™l habe ich mich hier informirt: der H. Prof. Muzelius
im Joachimsthahlischen Gymnasio hat seine Schwester. Derselbe befindet sich
wiirklich zu Florenz, allwo er von dem GrofHerzog eine reiche Pension geniesst,
und seinen jiingeren Bruder bey sich hat, welcher auch ein grosser Antiquarius
seyn soll. Von dem H. Hedlinger habe ich letstens Briefe gehabt aus Arlesheim im
Bistum Basel, worinn er mir schreibt, daf die gegenwértigen Conjuncturen nicht
erlauben nach Norden zu reisen;['? er arbeitet dort aus eigenem Trieb an einer
Medaille zu Ehren Thro Kénigl[ichen| Majestat unsers Allergnidigsten Monarchen.
Wegen der jetzigen weit aussehenden Aspecten haben I|hro| K[onigliche| M|ajestdt|
die Einrichtung der hiesigen Academie auf eine bessere Zeit aufzuschieben Al-
lergnédigst geruhet: und alsdann soll auch der H. Maupertuis wiedrum hieher kom-
men.!'3] Ich lebe inzwischen in der erwiinschtesten Ruhe und habe das Vergniigen
meinen studiis so obligen zu koénnen, daf ich nicht einmal aus dem Haufe komme;
wie ich denn den H.Geh|eimen| Rath Vockerodt,'¥ welcher schon eine geraume
Zeit hier ist, noch nicht einmal gesehen.
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44
EULER TO GOLDBACH
Berlin, February 3rd, 1742

Hochedelgebohrner Herr
Hochgeehrtester Herr Justiz-Rath

Beyligender Brief an Ewr. Hochedelgeb. ist mir aus der Durch|lauchtigsten| Prinzen
von Wiirtenberg Palais zugeschickt worden. Der Handschrifft nach ist solcher
von H. Dr. Duvernoi, an mich war nur das Couvert!l Eben vernehme ich daf
Ewr. Hochedelgeb. Sich unpéaflich befinden, solches gehet mir sehr zu Herzen, und
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wiinsche, daft dieser Zufall ohne Suiten seyn, und gegenwértiges Dieselben vollig
restituirt antreffen moge.

Hiemit empfehle mich Ewr. Hochedelgb. bestandigen Wohlgewogenheit und
Freundschaft gehorsamst und verbleibe mit aller schuldigsten Hochachtung

Ewr. Hochedelgeb.

gehorsamster Diener

Leonh. Fuler.

Berlin den 3% Febr.
Alnno| 1742.
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GOLDBACH TO EULER
Petersburg, February (2nd) 13th, 1742

HochEdelgebohrner Herr
Hochgeehrter Herr Professor,

Den inliegenden Brief von dem Hn Polenil!l habe ich zwar schon den 19. Januar.
unter dem Couvert des Hn Marinoni erhalten, ich bin aber damahls an einer
Kranckheit so in appetitu prostrato bestund und etliche Wochen gewéhret hat,
nicht allein bettldgerig, sondern auch so entkrifftet gewesen, daf mir alle Lust
etwas zu schreiben oder zu lesen, vergangen: ich habe vor 18 Jahren dergleichen
Kranckheit gehabt, welche aber nur halb so lang wahrete, in dem gantzen intervallo
der 18 Jahre aber bin ich niemahls bettldgerig gewesen. Anjetzo hat es sich seit 8
Tagen mercklich zur Besserung angelassen und ich hoffe nunmehro innerhalb zwey
bifs 3 Wochen zu vorigen Kréfften zu kommen.

Fiir die Nachricht von Hn Stosch!?! bin ich Eurer HochEdelg. gar sehr verbun-
den und ist mir um so viel lieber gewesen zu vernehmen wo er sich jetzo aufhélt,
nachdem in vielen Jahren keine positive Nachricht von ihm vernommen hatte.

Die demonstration!?! meines theorematis welche E. H. in Threm vorigen Schrei-
ben gegeben, ist eben dieselbe die ich auch hatte. [l

Das Theorema daf 4mn —m — 1 kein quadratum seyn konne, gefillet mir sehr,
und ob ich es gleich nicht demonstriren kan, so habe doch diese consequentiam
daraus gezogen, daf nicht allein, wie E. H. schon angemercket, auch 4mn —m —n
kein numerus quadratus sey, sondern generatim die expression 4mn — m — n%,
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allwo a ein numerus integer positivus quicunque ist, niemahls ein quadratum geben

kénne. !

2—}—\/—1 + 2—\/—1
2

10
proxime gleich sey 13’ ist mir eingefallen daf wann man machen wollte dafs

Bey der observation so Ew. H. mir communiciret,l5 daf quam

2p\/_1 + 2_7’\/_1 = 0 wiirde, alsdann p kleiner als 3 und grosser als 2 seyn miiste;
ich gestehe dafs diese limites grosso modo angegeben sind, habe aber nicht die
curiosité sie niher zu determiniren.!”!

In dem 20.5*™ Briefe part|is] 1 von Kolben Beschreibung Capitis bonae spei
sind einige Remarques iiber die dortige Ebbe und Fluth welche vieleicht meritiren
von E.H. gelesen zu werden. Das Buch wird ohne zweiffel auf der Koniglichen
Bibliotheque seyn.!l

Im fall E. H. den Hn Geheimen Rath Culeman schon gesprochen, will ich hoffen
dafs Sie das aufgetragene Compliment nicht werden vergessen haben.

Des Hn Brigadier von Baudan gliickliche Ankunfft in Berlin habe ich von dem
Hn ObristLieut[enant| von Damm allhie vernommen und werde mich jederzeit
freuen wann ich hére, dak es dem Hn Brigadier nach Wunsch gehet.[]

Haben Ew.H. den H. Achard schon gehoret, und hat er nicht Ihre approba-
tion?110l

Dafs E.H. anjetzo ihre Zeit nach ihrem eignen Belieben anwenden koénnen,
gereichet mir zu grossem Vergniigen, und ich mochte fiir das aufnehmen der Wis-
senschafften wiinschen, dafs Sie jederzeit in solcher Situation verbleiben konnten.

Eurer HochEdelg. Fr|au] Liebsten gratulire ich von hertzen zu Dero gliicklichen
Niederkunfft und Vermehrung der Familie,'!l bitte mir auch zu melden wie sich
mein lieber Pathe M." Jean Albert befindet, und ob seine Gesundheit nunmehro
vollig restituiret ist? wie ich es von hertzen wiinsche.'2l Ich verbleibe mit der
vollkommensten Hochachtung

Eurer HochEdelgebohrnen

ergebenster Diener

Goldbach.

S.! Petersburg
den 13. Febr. st. n. 1742.

R 759 Reply to n°43
Petersburg, February (2nd) 13th, 1742
Original, 2 fols. - PFARAN, f. 136, op. 2, n. 8, fol. 37-38v
Partial copy, 2 pp. — RGADA, f. 181, n. 1415, ¢.III, fol. 53r
Published: Correspondance (1843), t.1, p. 112-113; Fuler-Goldbach (1965), p. 93
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46
GOLDBACH TO EULER
Petersburg, February (13th) 24th, 1742

HochEdelgebohrner Herr
Hochgeehrter Herr Professor

Eurer HochEdelgebohrnen habe hiedurch melden wollen, daf ich des Hn Doct. du
Vernoi Schreiben unter Dero Couvert richtig erhalten habe,[!l es wird auch ohne
Zweiffel mein Brief an Ew. HochE. welchen ich den 13. Febr. an meinen Corre-
spondenten in Konigsberg adressiret hatte,l?! bereits in Berlin angekommen seyn.
Gestern war seit dem 23. Dec. st.n. 1741 meine erste Ausfart, da ich denn bey
Anziehung der Kleider noch einen mercklichen Abgang von meiner vorigen Cir-
cumferentz observirete ohngeachtet ich mich im iibrigen von tag zu tag besser
befinde. Ich verbleibe mit sonderbahrer Hochachtung

Eurer HochEdelgebohrnen

dienstergebenster Diener

Goldbach.

S.t Petersburg
den 24. Febr. st.n. 1742.

R 760 Reply to n°44
Petersburg, February (13th) 24th, 1742
Original, 1 fol. - PFARAN, {. 136, op. 2, n.8, fol. 39rv
Published: Euler-Goldbach (1965), p. 94

47
EULER TO GOLDBACH
Berlin, March 6th, 1742

Hochedelgebohrner Herr
Hochgeehrtester Herr Justiz-Rath

Ewr. Hochedelgb. Unpéflichkeit ist mir in verschiedenen Briefen zu meinem grésten
Leidwesen berichtet worden;!! dahero kan ich Denselben meine innigste Freude
nicht gnugsam beschreiben, welche bey Empfang Dero werthesten Zuschrifft emp-
funden. Ich wiinsche von Herzen, daf dieser Zufall nunmehro géntzlich verschwun-
den, und Ewr. Hochedelgeb. wiederum zu den vorigen Kréaften und einer dauer-
haften Gesundheit gelanget seyn mochten.

Vor einiger Zeit habe die Ehre gehabt mit dem H.Geh[eimen| Rath Cule-
man bey dem H.Geh|eimen| Rath Vockerodt zu speisen, seit der Zeit aber hat
es sich nicht schicken wollen bey demselben meine Aufwartung zu machen. Bey
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dieser Gelegenheit habe Demselben Ewr. Hochedelgeb. Compliment abgestattet,
worauf Er sich auf das genauste um Dero gegenwértige Umsténde erkundiget, und
bezeuget, daft Er sich sehr fiir Ewr. Hochedelgb. interessire, und nichts mehr wiin-
schte, als daf in Thro Koénigl|ichen| Maj|estdt| Diensten eine convenable Stelle fiir
Ewr. Hochedelgeb. ausgefunden werden konnte.

Daft 4mn—m—1 oder 4mn —m —n niemals ein Quadratum seyn koénne, konnte
ich bifs anjetzo auch nicht rigorose demonstriren, sondern ich hatte solches aus
einem Theoremate Fermatiano, worinn behauptet wird, daf eine summa duorum
quadratorum aa + bb niemals per numerum formae 4n — 1 divisibilis sey her-
geleitet.l?l Dann hat dieses Theorema seine Richtigkeit so ist aa+1 # (4n — 1) m,
da ich Ewr. Hochedelgb. signum # um eine aequationem impossibilem anzuzeigen

1
gebrauche. Dahero ist aa # 4mn — m — 1. Ferner kan auch Za * ] unmoglich ein
1 1
numerus integer seyn, oder es ist Za + 1 # 14, folglich ist auch Za + 1 + 1 oder
n— n—
4 bb bb bb+ 4
% oder 4ntq # 1. Gleichfalls kan 4ntq +n oder 4;_?1 oder c40n+_n{z

kein numerus integer seyn. Und wann man auf solche Art fortgehet, so folget dafs
aa + n®

dn —1
Ewr. Hochedelgb. aus diesem Theoremate gezogen haben. Die Richtigkeit davon
beruhet allso auf der Wahrheit dieses Theorematis, dafs eine summa 2 quadratorum
aa + bb unmoglich durch 4n — 1 getheilet werden koénne (wann nicht aa und bb
ein jedes fiir sich durch 4n — 1 divisibile ist). Ich habe aber erst jetzo hievon
nachfolgende Demonstration gefunden.

# m, und allso aa # 4mn — m — n®, welches die Consequentz ist, so

Proplositio] 1. Haec forma (a+ b)Y — aP — WP semper est divisibilis per p si
fuerit p numerus primus. Dem[onstratio]. Evolvatur potestas (a + b)P eritque

-1 -1
(a4 b)Y —a? =P = ?apflb—i— p(fQ)ap2b2 + ...+ ]9(]192)a2bp2 + ;[fl)abpfl;

cujus expressionis singuli termint sunt numert integri; singuli ergo erunt divisibiles
per p si quidem p sit numerus primus: nam si p foret numerus compositus, fieri
possgt, ut in quod?zm termino factor quispiam ip;ius p per factorem denominatoris
tolleretur, illeque terminus ac proinde tota expressio cessaret per p divisibilis esse.
Quocirca si p est numerus primus haec expressio (a + b)Y — aP —bP semper erit
divisibilis per p. Q. E. D.

Coroll|arium| 1. Positis ergo a = b = 1 erit 2P — 2 divisibile per numerum
primum p, ideoque nisi p sit = 2 erit 2P~1 — 1 per p divisibile.

Coroll[arium| 2. Sit a =2, b=1, erit 37 — 2P — 1 divisibile per p: cum autem
2P — 2 sit quoque divisibile per p, erit quoque istarum formularum summa 3P — 3
divisibilis per p, ideoque nisi sit p = 3, erit 3?~1 — 1 per p diisibile.

Propos|itio| 2. Si a? — a fuerit divisibile per p erit quoque (a + 1)P —a—1 per p
divisibile. Dem|onstratio|. Si in prop|ositione] 1 ponatur b =1, erit (a 4+ 1)’ —a?—1
per p divisibile. Cum autem per hypothesin sit aP — a per p divisibile, erit quoque
summa istarum formularum (a+1)’ —a—1 per p divisibilis. Q. E. D.
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Coroll|arium| 1. Cum igitur 1P —1 divisibile sit per p erit quoque 2P —2 divisibile
per p, hincque porro progrediendo per p divisibiles erunt istae formulae 3P — 3;
4p —74; 5P — 5; etc. B

Corolllarium| 2. Generaliter ergo per numerum primum p divisibilis erit ista
formula a? — a, quicunque numerus integer loco a ponatur. Nisi ergo p sit divisor
ipsius a, erit quoque aP~' — 1 per p dwisibile. a

Coroll|arium| 8. Quoniam simili modo bP~ — 1 per numerum primum p est
divisibile, misi b sit multiplum ipsius p, sequitur fore aP~t — P~ per P divisibile.

Theorema. Summa duorum quadratorum aa-+bb non est divisibilis per numerum
primum 4n — 1, nisi utrumque quadratum seorsim per eundem numerum primum
sit divisibile.

Demonstr|atio]. Quoniam per hyp|othesin| neque a neque b divisibile est per

In—1 ,
. sequitur hanc formulam a*"2

— b*=2 fore per 4n — 1 divisibilem: unde

pe7:4n — 1 non erit divisibilis haec forma a2 4+ b2 neque propterea ullus ejus

factor. At cum 4n — 2 sit numerus impariter par, formulae a*=2 + b*"=2 factor
est aa + bb: quocirca aa + bb per numerum primum 4n — 1 dividi omnino nequit.
Q. E.D.

Corolllarium] 1. Quoniam si 4n — 1 non est numerus primus, divisorem ha-
bet necessario numerum primum hujus formae 4n — 1; sequitur summam duorum
quadratorum aa + bb per nullum numerum hujus formae 4n — 1 sive primum sive
non primum dividi posse.

Coroll|arium| 2. Quodsi ergo summa duorum quadratorum aa + bb habeat di-
visorem, is erit necessario numerus formae hujus 4n + 1.

Coroll|arium| 3. Si ergo summa duorum quadratorum aa + bb per alium nu-
merum dividi nequit, nisi qui ipse sit duorum quadratorum summa (quod demon-
strari posse confido), sequitur omnem numerum primum 4n + 1 in duo quadrata
esse resolubilemn. !

Dafi Ewr. Hochedelgeb. die Curiosité gehabt zu untersuchen, wann diese For-
maul 2PV -1 + 2-PV=1 pihilo aequalis werden kénnte,’) hat mir Anlaf gegeben
anzumerken, dafs solches infinitis modis geschehe: der erste Valor pro p ist wie
Ewr. Hochedelgb. observirt zwischen 2 und 3, nehmlich p = 2,266 180 21; der wahre

%, da ist = 3,14159265, und £2 =1—1 41— 1 4 epe. =

0,693 147 180 5; alle folgenden Valores ipsius p entspringen aus diesem, indem man
diesen mit 3, 5, 7, 9 etc. multiplicirt. a

Der H. Brigadier Baudan léasst Ewr. Hochedelgb. sein gehorsamstes Compli-
ment vermelden, er ist dem Konig noch nicht praesentirt worden und folglich
noch nicht emploirt.[©l

Valor aber ist p =

Mr. Achard kenne ich sehr speciell, wie dann seine Frau unsers jiingsten Kindes
Pathin ist: ich habe Ihn 6fters gehort predigen, er ist ein grosser Orator. Ihro
Maj|estit] haben den H. D|octor| Gwandt aus Konigsberg hicher an die Stelle des
selligen|] H.Reinbecks beruffen mit einer Pension von 2000 Rthl,;[™! er hat aber
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diese Vocation abgebeten. Mein ruhiges Leben ist anjetzo in etwas gestoret worden,
indem ich téglich eine Stunde bey dem Land Prinzen von Wiirtenberg seyn und
Lectiones geben muk:[® auch muR ich fast téglich bey dem H. Gehleimen| Rath Os-
terman speisen, welcher Ewr. Hochedelgb. sein ergebenstes Compliment vermelden
lasst.[9 Fiir die giitige Nachfrage wegen unsers Albrechts bin gehorsamst verbun-
den, derselbe hat vor einiger Zeit ein Recidiv von seiner vorigen Krankheit bekom-
men, befindet sich aber durch Gottes Hiilfe wiedrum ziemlich gut;[m] ich habe
einen Praeceptorem Domesticum angenommen, bey welchem er nebst den iibrigen
Kindern sehr gut profitirt. Meine gantze Famille 1asst sich Ewr. Hochedelgb. auf
das gehorsamste empfehlen, und ich verbleibe mit der schuldigsten Hochachtung

Ewr. Hochedelgebohrnen

gehorsamster Diener

Leonh. Euler

Berlin den 6%™ Mart.
1742.

R761 Reply to n°45
Berlin, March 6th, 1742
Original, 2 fols. - RGADA, . 181, n. 1413, & IV, fol. 6-7v
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48
EULER TO GOLDBACH
Berlin, March 13th, 1742

Hochedelgebohrner Herr
Hochgeehrtester Herr Justiz-Rath

Das von Ewr. Hochedelgeb. mit der letsten Post vom 24*" Febr. erhaltene Schrei-
ben hat mich herzinnigst erfreuet, da ich aus demselben Dero vollige Restitution
vernommen; ich wiederhohle allso nochmals meinen aufrichtigsten Wunsch, dafs
der Allerh6chste Dieselben bey bestdndiger Gesundheit in allem Wohlstand und
Vergniigen bifs in das spéteste Alter gnadiglich erhalten wolle. Letstens hat der
H. Geh|eime| Rath Jordan sehr viel von Ewr. Hochedelgeb. mit mir gesprochen,
und sich iiber Dero Zustand erkundiget; er sagte mir daft er Ewr. Hochedelgeb.
Personlich wohl kannte; weil er aber damals, als Sich Dieselben hier befanden, noch
sehr jung gewesen ist, so kan es leicht seyn, dal Ewr. Hochedelgb. Sich dessen kaum
mehr erinnern werden.!!l Da ich nun hierauf von Denselben die Projecte zu den
Schlesischen Medaillen bekommen,? so habe ich gleich, nehmlich vorgestern in
der Kirche Gelegenheit gehabt solche dem H. Geh[eimen| Rath Jordan, als welcher
von Thro Kénigllichen| Magestit dazu beordert ist, zu iibergeben; wobey er mir
sagte dafs er schon eine ziemliche Anzahl dergleichen Vorschlédge beysammen habe,
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an welche er aber meistentheils sehr viel auszusetzen fénde: dahero ich um so
viel weniger zweifle, daft Ewr. Hochedelgb. nicht den Preift davon tragen werden.
Inzwischen hat gedachter H.Geh|eime| Rath mir aufgetragen Ewr. Hochedelgb.
Sein ergebenstes Compliment abzustatten. Ich habe die Ehre gehabt in meinem
vorigen Schreiben Ewr. Hochedelgeb. zu melden, dafs die Durchl[auchtigste| Her-
zogin von Wiirtenberg mir die Information in der Mathem|atic| und Physic iiber
Dero Prinzen aufgetragen,? womit ich schon seit einigen Wochen continuire.
Weilen ich aber allhier noch keine Vorgesetzte habe, und diese Occupation ohne
Erlaubniifs nicht wohl {iber mich nehmen konnte, so habe deswegen Directe an
Ihro Konigl[iche| Maj[estit] nach der Armée geschrieben: und vor etlichen Tagen
darauf die Allergnédigste Permission durch ein Hand-Schreiben bekommen. Von
auRen war die Addresse A mon professeur Euler, und der Inhalt war folgender:[4

Aiant vi par Votre lettre du 20 du Mois passé, que la Duchesse de
Wiirtenberg Vous demande des lecons mathématiques pour les princes
de Sa maison, Je Vous en accorde la permission avec bien du plaisir
étant au reste

Votre bien affectionné Roi
Federic

Znaimbl ce 147 Mars 1742

Ubrigens kan ich die sonderbare Capacitit des ErbPrinzen und den durchdringen-
den Verstand nicht genugsam bewundern. Meine Lection ist téglich von 10 biff 11
Uhr, da dann die Mef angeht.

Laut des H.Stéhelins Briefen soll mir Thro Ezcelllenz| der Herr Lestocq so
sehr gnidig seyn,l® daR Er versprochen hat mir durch Sein kréftiges Vorwort zu
einer jahrlichen Pension von der Kaiserl|ichen| Academie zu verhelfen, und soll
die gantze Sache anjetzo auf einer favorablen Vorstellung von Seiten der Academie
beruhen. Ich schreibe deswegen auch mit der heutigen Post an den H. Rath Schu-
macher, insonderheit aber nehme die Freyheit Ewr. Hochedelgeb. um Dero nach-
driicklichen Beystand in diesem meinem Ansuchen gehorsamst zu bitten.!”) Anjetzo
wird ohne Zweifel der fiir die Academie destinirte Herr Praesident schon ernennet
seyn, denn der H. Stahelin schreibt mir, daf er denselben (jedoch ohne zu nennen)
nebst einigen Grossen kiirtzlich bey sich tractirt habe.[®!

Ewr. Hochedelgb. habe das letste mal meine Demonstration des Theorema-
tis dal 4mn — m — n niemals ein Quadratum seyn koénne, zu iiberschreiben die
Ehre gehabt; aus derselben folgen noch viel andere artige Speculationen in dieser
Materie: und ich bin versichert dafs Ewr. Hochedelgb. noch viel herrliche Conse-
quenzen daraus herleiten werden. Ich habe anjetzo auch eine gantz andere Methode
gefunden die Summas Serierum potestatum reciprocarum zu finden, welche sich
nicht wie die erstere auf die radices infinitas einer Aequationis infinitae griindet,
sondern blof allein aus den regulis differentiationum und integrationum fleusst:
wovon das nichste mal ausfiihrlicher zu schreiben willens bin.[?! Hiemit verbleibe
mit der vollkommensten Hochachtung und schuldigsten Veneration
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Ewr. Hochedelgebohrnen

Meines Hochgeehrtesten Herrn Justiz-Raths
gehorsamster Diener

Leonh. Euler

Berlin den 13%*™ Mart.
1742.

P.S. Seit 8 Tagen hat man allhier einen Cometen wahrgenommen, erst vorgestern
aber hat man Gelegenheit gefunden denselben auf dem Observatorio zu observiren.
Er erschien den 11%™ um mitternacht in ala boreali Cygni, so dak Longitudo war
12°, 30, und Latitudo bor|ealis| 71°. Sechs Stunden hernach schien er beynahe
um 2° in consequentia fortgeriickt zu seyn; woraus ich schliesse, dafs dieser Comet
nicht weit von seinem Perihelio seyn miisse, ob er aber erst dahin gehe oder schon
daher zuriikkomme, kan aus dieser einigen Observation nicht geschlossen werden:
die letst vergangene Nacht war es triib, daf man nicht observiren konnte. Im
iibrigen schien der Nucleus wie eine stella 4'%¢ magnitudinis, hatte eine comam, und
caudam ungefehr 3° lang. Was hieriliber in Petersburg entweder observirt worden
oder noch wird observirt werden, solches ersuche Ewr. Hochedelgb. gehorsamst
mir zu melden; so bald man allhier wird mehrere und accuratere Observationen
macher[l l?'jnnen, werde ich solche gleich der Academie zu iiberschreiben die Ehre
haben. 1
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49
GOLDBACH TO EULER
[Moscow]|, April (1st) 12th, 1742

Ez litteris ad Cl|arissimum| Eulerum 12. Apr.ll

Meine Demonstration,/?l daf, wann 4mn — m — n® kein numerus quadratus ist,
auch 4mn — m — n®t! £ a2, fliesset alsofort aus der einigen supposition m =
4p — n®, denn hiedurch wird 4n (4p —n®) — 4p # 4b%, quae aequatio divisa per
4 dat 4pn — p — n®Tt #£ b%, so dak in der aequation x® = 4dpxr — p — a?, wo «
ein numerus integer quicunque ist, x keinen valorem positivum in integris haben
kan: Es folget auch ferner, daf ob gleich p? — p — €2 infinitis modis ein quadratum

pEy/p*—p—€
2

in wntegris ist, dennoch niemahls ein numerus integer seyn kan;
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item daf die zu erst erwehnte Formul 4mn —m —n® keinen numerum triangularem

(* - 1)

5 niemahls eine radicem affirmativam in

gebe, oder daf =% = 4pxr — p —
integris haben kan.

Gegen die mir communicirte Demonstration, wofiir ich Eurer HochE. sehr ver-
bunden bin, finde ich nichts zu erinnern, vieleicht kénnte man aber generaliter
sagen, dal (a + b)P — aP — bP allezeit per aliquem divisorem ipsius p divisibile ist,
woraus denn als ein casus particularis folget, dafl wann p ein numerus primus ist,
die gedachte Formul per ipsum numerum p divisibilis seyn miisse.!l Bey gelegen-
heit dessen, was E. H. von der Formul opy/~1 + 9-pV-1 — schreiben, habe ich

observiret, dafs wann n variabilis gesetzt wird, alsdann gnpy/ -1 + 27 /=1 — 9
werde, so offt n ein numerus pariter par ist und daf sie hingegen = — 2 werde, so
offt n ein numerus pariter impar!®l ist, und wann n ein numerus integer, q aber
ein numerus quicunque rationalis aut irrationalis ist, so wird allezeit

2(4n+q)p\/fl +2° (4ntq)py/—1 _ qu\/fl 49~ qp\/fl‘[5]

Es ist meines erachtens auch remarquable, dals wann man p durch diese aequation
determiniret 2PV~ + 9-pV-1 = 3, alsdann 9zpy/~1 + 27 V=1 — wird

(1+ \/s)h+1 —(-1+ v5) (1+ ¢5)2H —(-1+ v5)

92z+1 B 92z—1 ’

2z+1 2r—1

so offt x ein numerus integer ist.
Nachdem ich diese observation wieder durchgelesen, finde ich dieselbe von
3+ /5

5 50 ist a® 4+ a~ % der ter-

keiner Wichtigkeit, man darff nur setzen a =

minus generalis.
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50
EULER TO GOLDBACH
Berlin, May 8th, 1742

Hochedelgebohrner Herr
Hochgeehrtester Herr Justiz-Rath

Ewr. Hochedelgh. Abreise nach Moskau haben mir die beyden Prinzen Dolgo-
rughki, welche mich gantz unvermuthet allhier besuchten,!! zu wissen gethan,
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und der H. Rath Schumacher hatte mir so gar geschrieben, daf Dieselben gesinnet
waren die Academie géntzlich zu verlassen, und zu Dero grossem Awvantage bey
Hofe oder in der ReichsCanzley engagirt werden sollten.[? Gleichwie nun diese
Ewr. Hochedelgb. so grosse Veranderung bey mir den grosten Eindruck gemachet,
so wiinsche von gantzem Herzen, dafs dieselbe zu Dero héchstem Vergniigen, und
besténdigen Wohlfahrt gereichen moge. Inzwischen statte hiemit Ewr. Hochedelgb.
fiir die noch immerfort gegen mich hegende Hochgeneigte Intention allen gehor-
samsten Dank ab, und empfehle mich Dero ferneren sonderbaren Gewogenheit:
hoffe aber dabey daft diese Verdnderung mir das innigste Vergniigen nicht beneh-
men wird, Denselben von Zeit zu Zeit meine gehorsamste Devotion zu bezeugen,
und von Dero Commercio zu profitiren.

Noch vor Erhaltung dieser Nachricht habe ich bey dem H.Gehleimen| Rath
Culeman zu speisen die Ehre gehabt, da insonderheit die Frau Geheime Réthin sehr
umsténdlich Sich tiber Ewr. Hochedelgeb. Zustand erkundiget, und ihre sonderbare
Hochachtung und Freundschaft gegen Dieselben auf das deutlichste zu erkennen
gegeben. Sie haben mir beyderseits aufgetragen Ewr. Hochedelgb. Thr ergebenstes
Compliment abzustatten.l’l

Mit Catalogis von Franzosischen Biichern konnte Ewr. Hochedelgeb. zur Gniige
aufwarten, wann entweder Dieselben die Post-Freyheit gendssen, oder mir jemand
anzeigen wollten, an wen ich solche addressiren sollte; dann von hier kan dieselben
ohne etwas zu bezahlen, wegschicken.

Die Madame La Marquise du Chatellet hat mir ein Exzemplar von der neuen
Edition der Institutions Physiques nebst ihrem Portrait zugeschickt.*l Die Biicher,
welche Ewr. Hochedelgeb. auch immer verlangen mochten, kénnen von hier aus
bequem nach Petersburg geschickt, und darfiir allda die Bezahlung entweder an
H. Stihelin oder das Berlinische Contoir entrichtet werden.l’l Von Mr. Achard
weif ich nicht das geringste, daf durch den Druck herauskommen wire. !l

Weilen die iibersandten Inscriptionen!” von Ewr. Hochedelgb. eigener Hand
geschrieben waren: und dabey nichts gemeldet war von dem Auctore, so habe
nicht gezweifelt, daf dieselben nicht von Denselben seyn sollten. Ich habe aber
anjetzo dem H.Geh|eimen| Rath Jordan gemeldet, daf ein guter Freund solche
Ewr. Hochedelgb. communicirt hatte.

Bey Ihro Konigl[ichen| Majestit Anwesenheit allhier habe ich verschiedene mal
praesentirt werden sollen; es sind aber immer Hinterniisse dazwischen gekommen,
bik endlich Allerhéchst Dieselben gantz plétzlich von hier abgereiset sind.[8l

Der H.Rath Schumacher hat mir geschrieben, dafs meine Pension bey der
Academie schon so gut als fest gesetzet sey, und ich allso nur den Anfang mit
Einsendung meiner Piecen machen sollte; hierauf habe denselben Posttag zwey
ziemlich grosse Piecen dahin geschickt.ll Ich nehme aber dennoch die Freyheit
Ewr. Hochedelgb. diese Affaire gehorsamst ferner zu recommendiren.

Die Corollaria, welche Ewr.Hochedelgb. aus meinem Theoremate, dafs
4mn — m — n kein Quadratum seyn konne, hergeleitet sind sehr merkwiirdig, und
iibertreffen das Theorema selbst weit an Wichtigkeit. Dann daf 4mn —m —n auch
kein numerus trigonalis seyn konnte, hatte ich nicht wahrgenommen, anjetzo aber
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habe aus dieser Anleitung auch befunden, daf eben diese Formul 4mn —m —n
auch kein numerus heptagonalis seyn koénne.'%l Uberhaupt habe gefunden, daf
alle Zahlen welche nicht = 4mn —m —n seyn konnen, in dieser Formul zx+yy+vy
enthalten sind; dahero diese Fxpression 4mn —m —n + zx + yy + y alle mogliche
Zahlen geben muR,'! welches Theorema einiger massen dhnlich ist dem Ferma-
tiano, dak pp + qq + rr + ss alle mogliche Zahlen hervorbringe. Ich habe noch
viel mehr dergleichen Theoremata: als 3aa + 3bb + Tcc kan niemals ein Quadratum
seyn: Item 2aa + 6bb 4 21cc quadratum esse nequit, und dergleichen;[12l ich habe
aber noch keine dergleichen Formulam finden kénnen, in welcher 4 Litterae a se
invicem non pendentes enthalten wiren.[!3!

Daf im iibrigen meine jiingst iberschickte Demonstration bey Ewr. Hochedelgb.
Beyfall gefunden erfreuet mich sehr. Dak aber diese Formul (a+b)P —a? — bP auch
durch p oder einen Divisorem des p praeter unitatem, wann p kein numerus primus
ist, divisibilis seyn sollte, kan durch meine Demonstration nicht nur nicht er-
wiesen werden, sondern es trifft auch in vielen Fallen nicht zu. Als wann a =1 et
b=1, et p =35, so lisst sich 23 — 2 weder durch 5 noch durch 7 theilen.

Wann Generaliter a?V = + a= V-1 = b, so ist

Vg <W> n (W> |

und folglich wann opy/~1 + 9=V -1 = 3, so wird

Qmp\/—1+2—a;p\/—1 _ (3 +2\/5>:1:+ (3 _2\/5>x

2 2
AV ES A (V51 ’
B 2 2 '
Sonsten kommen Ewr. Hochedelgb. Observationen!* mit meinem General-Theore-
mate, dak

a+P\/—1 + a_p\/_l = 2 costnui Arcus pla,

meistentheils {iberein, nur dafs 9Unta)py/~1 + 27 (nta)py/=1 picht gleich ist
9apy/~1 + 2*‘”’\/71, wann nicht entweder (2n + ¢) p£2 oder 2np (2 gleich ist mmx
denotante 1 : w rat[ionem| diam|etri| ad peripheriam.

Hiemit habe die Ehre mit der vollkommensten Hochachtung und schuldigster
Veneration mich zu nennen

Eurer Hochedelgebohrnen

gehorsamsten Diener

Leonh. Euler
Berlin den 8™ May. 1742.
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51
GOLDBACH TO EULER
Moscow, (May 27th) June 7th, 1742

Hochedelgebohrner Herr
Hochgeehrter Herr Professor

Auf Eurer Hochedelgebohrnen letztes Schreiben vom 8. Maii berichte ich hiemit,
dafs ob ich zwar kein neues engagement gesuchet, mir dennoch von dem
Reichs Collegio schon den 19. Febr. st. n. wider mein Vermuthen die Stelle eines
Etats-Raths angetragen worden, welche ich unter gewissen Bedingungen acceptiret
habe. Nil temere, nil timide.l!

Ich wiinsche hertzlich daf die vielfdltigen promesses Eurer HochE. hiesige pen-
ston betreffend bald zur realité kommen mogen, ich halte aber noch dafiir dafs
der Weg den ich bald nach Ihrer Ankunfft in Berlin vorgeschlagen,?! damahls der
beste und kiirtzeste gewesen wéire wenn er sich mit dem Systemate Mundi optimi
hatte reimen wollen.

Ohngeachtet! ich mich in meinem vorigen Briefe mit der particula vieleicht
précautioniret, so hitte doch nicht geglaubet daff die Formul (a + b)? — a? — bP
sich nicht allezeit durch einen von den divisoribus numeri p solte dividiren lassen,
wann solches nicht durch das von E. H. angefiihrte ezemple deutlich bestéattiget
wiirde. 14!

So viel ich mich erinnere, hatte ich mir in meinem letzten Briefe die Formul
9zpy/~1 + 2_”‘7’\/_1, posito opy/~1 + 9=Vl = 0, als applicatas einer curvae ser-
pentiformis, deren abscissae x sind, Vorgestellet,[5] und welche den azem so offt
durchschneidet als die Formul = 0 wird, so daf wann die formula ipsa = 2 ist,
die applicata mazima unten oder oben herauskommet, folglich unzehliche andere
applicatae einander unter sich gleich seyn miissen, nichtsdestoweniger ist in meiner
damahligen expression ein Fehler eingeschlichen den E. H. mit recht angemercket
haben, und leicht verbessert werden kan, in dem es heissen sollen, dal wann ¢ ein
numerus quicunque, und 2p\/_1 + 9-rV/-1 — 0 gesetzet wird, alsdann posito pro
n integro quocunque seyn werde

o8n—d=q)py/~1 | o= (8n—4—q)p\/~1 _ 9apy/~1 | 9—apy/~1 [6]

Ew. HochEdelgh. haben gefunden, dafs alle Zahlen so nicht 4mn — m — n
seyn kénnen, in dieser Formul begriffen sind v? + v 4+ w2, und ich finde, da® alle
4mn —m — n zu dieser Formul y2 4+ y — 22 gebracht werden kénnen,!”! so daf eine
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jede gegebene Zahl gleich ist p? 4+ p=+ g2 woselbst p & ¢ numeros integros anzeigen,
oder auch eine von beyden litteris 0 bedeuten kan, woraus zu sehen ist daf eine
jede Zahl aus einem duplo numeri triangularis + numero quadrato bestehet; weil
aber auch eine jede Zahl gleich ist der Formul u? + v? + v + y? + y — 22, so wird,

224z 2242
+1,xz=
oty ty 2t +

2

(p-2)a—(p-4) =

den soll 4mn —m —n, p weder 5+2 noch 5+1 se%/n konne, sondern alle trigonales,
tetragonales, hexagonales und heptagonales ausgeschlossen werden, folget ex #is-
dem principiis.’]

Ich halte es nicht fiir undienlich daff man auch die jenigen propositiones an-
mercke welche sehr probabiles sind, ohngeachtet es an einer wiircklichen demon-
stration fehlet; denn wann sie auch nachmahls falsch befunden werden, so kénnen
sie doch zu Entdeckung einer neuen Wahrheit gelegenheit geben. Des Fermatis
Einfall daf jeder numerus 22""' 4 1 eine seriem numerorum primorum gebe, kan
zwar, wie Ew. H. bereits gezeiget haben, nicht bestehen, es wire aber schon was
sonderliches, wann diese series lauter numeros unico modo in duo quadrata divi-
sibiles gibe; 19 auf solche Weise will ich auch eine conjecture hazardiren: daf jede
Zahl welche aus zweyen numeris primis zusammengesetzet ist ein aggregatum so
vieler numerorum primorum sey als man will (die unitatern mit dazu gerechnet)
bik auf die congeriem omnium unitatum.!*!

Nachdem ich dieses wieder durchgelesen,'? finde ich, daR sich die Conjecture
i summo rigore demonstriren ldsset in casu n + 1, si successerit in casu n, et
n + 1 dividi possit in duos numeros primos. Die demonstration ist sehr leicht. Es
scheinet wenigstens dafs eine jede Zahl die grosser ist als 2 ein aggregatum trium

NUMEroTum Primorum sey.[13]
Zum Exempel

2

wann man setzet u =

— 1, u? — 22 = 22 + 2, folglich jedes

id est tribus trigonalibus.!®!

numert dati dimidium 5 =

Dafs in der formula polygonalium

, wann sie gleich wer-

145
1414141 f1§+3 14243

4= 14142 5=4 T, 6=4 1+1+1+3 éc.
1+3 1+1+14+1+2

T+1+1+1+1 14141414141

Hierauf folgen ein paar observationes so demonstriret werden kénnen:

St v sit functio ipsius x etusmodi ut facta v = ¢ numero cuicunque, deter-
minari possit x per c et reliquas constantes in functione expressas, poterit etiam
determinari valor ipsius x in aequatione v*"+! = (20 4 1) (v 4 1)" 1. [14]

n
Si concipiatur curva cuius abscissa sit x, applicata vero sit summa seriei o
n .

posita n pro exponente terminorum, hoc est, applicata

T $2 33‘3 1,'4

“ T2 T3 T30 T Y
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dico, si fuerit abscissa =1, applicatam fore % [15]
2 ... £2
3 ... 242
4 wvel major ... infinitam. 116!

Ich verharre mit aller ersinnlichen Hochachtung
Eurer HochEdelgebohrnen

ergebenster Diener

Goldbach.

Moscauw den 7. Jun. st. n. 1742.

P. S. Die beyden andern formulas numerorum non quadratorum, deren Ew. Hoch-
Edelgb. Erwehnung thun, habe ich noch nicht untersuchet, ich glaube aber dafs sel-
bige, wann man setzet a = hx+k, b = lx+m, ¢ = nx+p, sich wohl méchten unter
nachfolgende Formul rangiren lassen, allwo f, g, v, 0 numeri integri aoff [irmativi|
sind

(2f =476 )a® +4(f —290) (29 — 6% )z + (29 — 6% )%,
—4y? —2f —2g

denn diese kan niemals ein quadratum geben.

Ohngeachtet der Postfreyheit so E. H. haben wird doch allhie das Briefporto
von Berlin bif Memel mitgerechnet, und vor jeden Brief werden 65 Cop. bezahlet,
ich will also meine Briefe kiinfftig nicht weiter als biff Memel franquiren. Was die
Catalogos betrifft'7l so dorfften dieselben nur mit einer Gelegenheit, wann andere
Sachen von dort nach S.! Petersburg abgehen, mitgeschicket werden, weil kein pe-
riculum in mora ist; indessen mochte ich wohl wissen ob die neueste edition von
dem Dictionaire de Trevouz so in diesem oder im vorigen Jahre herausgekommen
seyn soll, in Berlin schon verkauffet werde und was sie koste?!8l

Positis m et p numeris integris affirm|ativis|, haec expressio

p+2+VIp—m+3
m

non potest fieri numerus integer.[lg]

Wann E. H. einige exemplaria von Dero Memoire de fluxu et refluxu maris Gibrig
hétten wiirde ich mir eines da[von| ausbitten.l?’! Hat Ihre Correspondance mit dem
Hn Chevalier Mouhi gantzlich aufgehoret? Die recension so er von der Mad|ame] la
Marqulise] du Chatellet Institutions Physiques machen wird, mochte wohl lesens-
wiirdig seyn. Haben Ew. H. in dessen nicht erfahren was die von ihm gebrauchte
fremde expression a la trancaise heiffen soll?/2!] Wann in des Hn Poleni Briefe, den
ich aus S. Petersburg iibersandt habe, 22l etwas merckwiirdiges gestanden, bitte ich
mir davon einige Nachricht aus, item ob in der Uberschrifft auf den Briefen an E. H.
etwas zu dndern sey?
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52
EULER TO GOLDBACH
Berlin, June 30th, 1742

Hochedelgebohrner Herr
Hochgeehrtester Herr Etats-Rath

Eur. Hochedelgeb. neues Engagement bey dem Reichs Collegio hat mir der H. Rath
Schumacher so gleich zu wissen gethan und so gar eine Copie von der deswegen
ergangenen Ukase zugeschickt.!!l Ich Gratulire zu dieser Verinderung von gantzem
Herzen, und wiinsche daf Eur. Hochedelgb. dabey alles dasjenige Avantage und
Vergniigen finden mogen, welches Dieselben Selbst wiinschen.

Allhier lebt nun alles in den grosten Freuden, da heute der schon ldngst ge-
wiinschte Friede zwischen unserm Allergnédigsten Konig, und der Kénigin von Un-
garn und Boheim, mit allen Solennitdten publicirt worden, und Thro Majestat der
Konig innert 14 Tagen allhier gewif eintreffen werden. Die Articul des Friedens sind
noch nicht vollig bekannt, doch soll die Kénigin gantz Nieder- und Ober-Schlesien
abgetretten haben; dagegen aber Sich nédchstens in Béhmen Cronen lassen: und
wie man versichert, so soll Prag schon erobert seyn./?

Man vermuthet auch, daf gleich nach Thro Koénigl[ichen| Majestét Zurtickkunft
mit Errichtung der neuen Academie der Anfang gemacht werden soll, und allem
Ansehen nach dérffte solches bey den jetzigen Umsténden ohne den Mr. Maupertuis
geschehen.

Vor einigen Post-Tagen habe ich von Petersburg die vollige Resolution wegen
meines Engagements bey der Academie nebst einer jahrlichen Pension von 200
Rub. erhalten, und iiber dieses ist mir noch die Restitution aller auf die Corre-
spondenz gehenden Unkdsten versprochen worden; ich verwundere mich aber sehr,
da® die Academie noch keinen Praesidenten bekommen. !

Ewr. Hochedelgh. werde mit der ersten Gelegenheit verschiedene Catalogos
von den neuesten Biichern entweder nach Petersburg oder gar nach Moscau zu
iibersenden die Ehre haben.*! Von der neuesten Edition des Dictionnaire de Tre-
vouz!®! habe hier noch nichts erfahren kénnen, man hat mir aber gewiesen, daf
dieses Werk A|nno| 1732 schon aus 5 Vol. bestanden, und 45 Rthl. gekostet habe.

Von dem Chevalier de Mouhy habe seit der Zeit keine Briefe mehr bekom-
men; wegen der Redens Art a la trancaise hatte ich in Stettin den M."” Mauclerc
gefragt, welcher mir so gleich gesagt hat, daf darinn ein Druckfehler sey, und a la
fra[n]¢oise heissen miisse. !0
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In dem Briefe von dem H. Poleni, welchen Ewr. Hochedelgh. mir aus Peters-
burg zuzuschicken die Giite gehabt,!”l ist nichts sonderbar neues gestanden; als
dafs nunmehro auch die Ezercitationes Vitruvianae Tertiae nebst einer Disserta-
tion de Institutionibus Fxperimentalis Mechanicae Philosophiae herausgekommen.
Ferner sey auch von dem P. Abbate Grandi ein Cursus Mathematicus, von dem
P. Caraccioli ein Tractatus de Lineis Curvis, und von des H. Poleni Tochtermann
dem Julio Pontedera Antiquitatum Latinarum Graecarumque Enarrationes atque
Emendationes zum Vorschein gekommen,!8! von welchen allen Werken ich noch
keines gesehen. Ingleichen habe auch noch keine von meinen in Paris gedruckten
Dissertationen bekommen;! und kan auch allhier fast keine Gelegenheit finden
dazu zu gelangen. Ich werde nun bald wieder eine Dissertation nach Paris schicken
sur la meilleure maniere d’observer Uinclinaison de Uaiguille aimantée;*% und da
ich bey dieser Gelegenheit auf die Theoriam Magnetis meditirt, so habe ich endlich
ein sehr simples und den Legibus naturae gemésses Systema gefunden, wodurch
ich alle proprietates und phaenomena Magnetis et ferri auf eine sehr leichte und
deutliche Art erklédren kan; iiber welche Materie ich kiinftiges Jahr eine Piece nach
Paris senden werde.!!!]

Letstens habe ich wiedrum eine Piece nach Petersburg de Oscillationibus pen-
dulorum flezibilium geschickt;!'2l und néchstens wird hier der 7' Tomus Mis-
celllaneorum| zum Vorschein kommen, darinn ich eine ziemliche Anzahl Piecen
gegeben '3 Einige davon handeln von einer neuen Art die Summas serierum po-
testatum reciprocarum zu finden. Erstlich habe ich eine Methode gegeben alle For-
mulas differentiales rationales zu integriren, da dann das Integrale, wann dasselbe
nicht algebraicum ist, entweder a logarithmis, oder a quadratura circuli oder von
beyden zugleich dependirt. Hieraus habe ich das integrale dieser Formul

xmfl _ xnfmfl
/ dx
1—2an
generaliter exprimirt, und dabey gefunden, dafs wann man setzt x = 1, als-

dann im Integrali sich die membra logarithmica destruiren, und nur diejenigen
so a quadratura circuli dependiren, librigbleiben; welche zusammen genommen

m
. MCOS.—T ) . . .
endlich auf diese Expression —— reducirt werden. Hierauf habe ich die for-
n Sin.
mmfl _ l.nfmfl
mul f 1 - dx per series integrirt, modo ordinario, und nachdem ich
-

z = 1 gesetzet, diese Aequation gefunden:!*l

Wcos.%ﬂ 1 1 N 1 1 1 1

+ etc.

nsz’n.%ﬂ m nm—m mn+m 2n—-m 2n+m 3n—m

allwo 1 : w rationem diametri ad peripheriam bedeutet, und folglich posito radio
seu stnu toto = 1, die halbe peripherie oder der arcus 180° durch n angedeutet
wird; und allso wird 77 ein arcus determinatus, davon man den sinum und co-
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sinum anzeigen kan. Nun setze ich 7t = x; so kommt diese Series heraus

mcos.mx 1 1 n 1 1 N 1 1 4 et
AR — — ete.;
Sin. Tx zr l—-2z 142 2—-2 242 33—z ’
setzt man x = %, so wird mx = 45°, und cos.mx = — et sin.mx = —— und

folglich

V2 V2
4 4 4 4 4

T=-——-+-—5+ - —elc

1 3 5 79

Hieraus kan man aber per differentiationem auf héhere potestates kommen: denn

sumto x variablili| ist d. cosmx = —mdx sinmr und d. sinTx = 7dzx cos. mx; da-
hero wird
‘ 2 2
meostr — —rwmdr (sinmr)® —nwdr (cosmx) —nmdr
T - - 2 = 2
SN TE (sinmx) (sin mx)

ob (sin 771')2 + (cos 7ra:)2 = 1, nempe quadrato radii: allso wann die series auch
differentirt wird, so kommt

— mmdx —dx dx dx dx dzx

= — - - - — etc.
(sinTx)? T 1—z)? (1+42)? @2-2?° 2+2)?
und durch —dz dividirt
v 1 n 1 n 1 n 1 + 1 4ot
— = etc.;
(sinmz)® zx  (1-2)* (1+2)? ©2-2)? Q2+z)?
1 16 16 16
setzt man x = %, weil sin. iw = %, so wird 27w = T + 9 + %5 + etc. oder

7T7T_1 1

s 1TETRTR
gestalt ad summas quarumcunque potestatum gelangen; dann es wird

+ etc. Man kan aber noch weiter differentiren, und solcher

P — 213 dx cos.mx  —2dx . 2dz 2dzx + et
: = = - etc.
(sin7x)? (sinmx)® x3 (1-2)°* (1427

und folglich

meosmr 1 1 1 1

W:E_(l—x)3+(1+x)3_ (2_x)3+(2+x)3—etc.;

64 64 64 64
T 3 + B + etc. Solcher gestalt finde ich allso
die Summas omnium potestatum und noch viel generaler als durch die vorher ge-
brauchte methode, weil ich hier loco © quamcunque fractionem substituiren kan.

1
sit x = n erit 273 =
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Diese Methode habe ich dem H. Nicolao Bernoulli nach Basel geschrieben, und er-
warte dariiber noch seine Meinung.['®! Ich erinnere mich aber, daf Ewr. Hochedel-
geb. schon vormals angemerket haben,'®l daf wann man die Summ von dieser

Serie
1 1

a+am+b+ﬁx+c+’m

wiisste, man daraus per differentiationem die Summ von dieser finden kénnte

+ etc.

an—l Bn—l ’Yn_l
(a+ ax)" + (b+ Bx)" + (c+ ~x)

= + ete.

wovon meine summatio hier ein Casus ist.
Generaliter ist 2PV =1 + 272V~ = 2 ¢os Alrcus| p£2. Wann allso ory/=1 4

9-PV=1 goll = 0 seyn, so muft p¥f2 einem solchen arcui circuli gleich seyn, dessen

2 1
cosinus = 0; diese Eigenschaft aber haben alle arcus in hac formula M
2 1 2 1
contenti: und folglich wird p = M Dahero posito p = M oder
242 202
9PV=1 4 9=PV=1 — ) 50 wird
(2n+1) a7

97V =1 | 9= apV/=1 — 9 ¢ Alrcus|xpl2 = 2 cos Alrcus] 5

Wann allso seyn soll 9apy/~1 + 27 /=1 — grpy/-1 + 2=V~ 50 muf

(2n+1) qm (2n+1) rm

A =
cos Alrcus| 5 cos 5

Die cosinus aber von zweyen verschiedenen arcubus sind einander gleich, wann
entweder die summa oder differentia arcuum gleich ist einem multiplo von der
gantzen peripheria 27; dahero wird

(2n+1) gm " (2n+1) rm
2 2

= 2mm,

und folglich ¢ +r = ; so daf seyn wird

4dm
2n+1
2(%_‘1)1’\/_1 +92- (%—q)l’\/—l — 2(110\/*1 +9- qp\/fl;

worinn alles dasjenige enthalten ist, was Ewr. Hochedelgb. von dieser Materie mir
iiberschrieben haben.!7]

Nicht nur alle Zahlen, welche diese Formul 4mn —m —n gibt, sind enthalten in
yy + vy — xx, sondern gar alle moglichen Zahlen, welche so wohl in 4mn —m —n als
nicht darinn begriffen sind;[!8) und allso ist independenter von diesem Theoremate
eine jede Zahl in dieser Formul uwu + v? + v + y?> + y — 22 enthalten. Hieraus
lasst sich aber nichts ad resolutionem numeri cujusque in numeros trigonales vel
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quadratos schliessen,' dann da ein jeder Buchstabe u, v, y, und z, eine jegliche

Z+Z+1 noch vor z, e

Zahl andeutet, so kan man nicht vor wu, — 1 setzen,
+z

weilen diese Formulae 4 1 nicht mehr alle moglichen Zahlen geben, welche

doch durch u und x angedeutet werden. Dann da eine jede Zahl sogar in dieser
Formul uu — xzx enthalten ist, so miste kraft dieser substitution auch eine jede
Zahl in dieser zz + z enthalten und allso ein numerus trigonalis seyn.

Wann alle in dieser Formula 22"~ + 1 enthaltenen Zahlen nur unico modo
i duo quadrata divisibiles wiren, so miisten auch alle diese Zahlen nothwendig
numeri primi seyn; welches aber nicht ist.[29) Dann alle diese Zahlen sind in dieser
Formula 4m + 1 enthalten, welche so oft sie ein numerus primus ist, unfehlbar
mn duo quadrata hocque unico modo resolvirt werden kan; so oft aber 4m + 1 kein
numerus primus ist, so ist dieselbe Zahl entweder gar nicht resolubilis in duo
quadrata, oder pluribus uno modis. Daf aber 232 + 1, welche Zahl kein numerus
primus ist, zum wenigsten duobus modis in duo quadrata divisibilis sey, kan ich
allso zeigen: I. Wann a et b in duo quadrata resolubiles sind, so wird auch das
product ab in duo quadrata resolubile seyn; 11. si productum ab et alter factor
a fuerint numeri in duo quadrata resolubiles, tum quoque alter factor b in duo
quadrata erit resolubilis: diese Theoremata kbnnen rigidissime demonstrirt werden.
Nun ist 23241, welche Zahl in duo quadrata est resolubilis nempe 232 et 1, divisibilis
per 641 = 25%2+42; dahero der andere Factor, den ich brevitatis gratia b nennen will,
gewift auch eine summa duorum quadratorum, sit b = pp+ qq, ita ut sit 232 +1 =
(252 +42) (pp + qq): erit 232 +1 = (25p + 49)% 4 (25q — 4p)?; et simul 232 +1 =
(25p — 4q)2 + (25¢ + 4p)2, und folglich zum wenigsten duobus modis eine summa
duorum quadratorum. Hieraus kan man nun die Resolutionem duplicem a priori
finden; dann es wird p = 2556 et ¢ = 409: und folglich 232 4+ 1 = 655362 + 12 =
622642+ 204492, Daf eine jegliche Zahl, welche in 2 numeros primos resolubilis
ist, zugleich in quot quis voluerit, numeros primos zertheilt werden konne, kan aus
einer Observation, welche Ewr. Hochedelghb. vormals mit mir communicirt haben,
dafs nehmlich ein jeder numerus par eine summa duorum numerorum primorum
sey, illustrirt und confirmirt werden.[2!] Dann ist der numerus propositus n par
so ist er eine summa duorum numerorum prim|orum|, und da n — 2 auch eine
summa duorum numerorum |primorum| ist, so ist n auch eine summa trium; und
auch quatuor, und so fort. Ist aber n ein numerus impar so ist derselbe gewif eine
summa trium n|umerorum| p[rimorum|, weil n — 1 eine summa duorum ist, und
kan folglich auch in quotvis plures resolvirt werden.?2l Da aber ein jeder numerus
par eine summa duorum primorum sey, halte ich fiir ein gantz gewisses Theorema,
ungeacht ich dasselbe nicht demonstriren kan.[?3l

2+ / (4p —
Dag 2T vV (4p—m+3)

m
hellet daher, weilen wann man diese Formul einem numero integro n gleich setzt,
herauskommt p = mn=+ \/ (4mn — 1), es kan aber 4mn—1 kein quadratum seyn.[*4

nimmer ein numerus integer werden konne er-
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Ewr. Hochedelgb. Theorema,?l daf wann man ez aequatione v = ¢, existente v
functione quapiam ipsius x, die radicem x finden kan, man auch ex hac aequatione
vl = (20 41) (v +1)"" den wvalorem ipsius & bestimmen kénne, hat mich
zu ergriinden viel miihe gekostet, bifs ich endlich gemerket, daf diese Aequation
02"t — (204 1) (v + 1)1 = 0 divisibilis sey per vo — v — 1; dann es ist

V" 2u4+1) v+ 1) =0 (0¥ = (w+1)") + (vw—v—1)(v+ DI
und v?" — (v 4+ 1)" ist durch vv — (v + 1) divisibilis. Quicquid ergo sit n aequationi

_ e . 14++/5
02"t = (204 1) (v + 1) satisfacit vo = v + 1, und ist allso v = 2\/, aus
welcher Aequation man per hypothesin die radicem x finden kan.

Si concipiatur [curva| cujus abscissa posita = x, applicata sit

x $2 LU3 I4

12T a3 T o8

Y + etc.,

, und folglich ist die curva eine logarithmica, darinn die

erit generaliter y = 64

applicata zum assymtoto wird wann x = 4.

Yo

T A P D

Es sey VCB eine Logarithmica ordinaria asymtoton habens V D, deren subtangens
constans AT = 1; capiatur applicata AC = 1, et ducta alia quacunque PM,
positisque AP =1, et PM = u, erit t = fu seu udt = du. Jam ducatur applicata
DB =4AC =4, erit AD = {4: et ducta MQ fiet BQ = x et QM = y pro casu
proposito; erit enim AP =t =404 —y et PM =u=4—x, unde obt = lu erit

4

l4—y=0(4—2x)ety= 647. Sonsten haben Ewr. Hochedelgb. pro summa
-

seriet ipst y aequalis casu x = 1 geschrieben %, da diese summ ist =/ %.[26]

Hiemit empfehle mich zu Ewr. Hochedelgb. bestandigen Gunst und Gewogen-
heit, und habe die Ehre mit der schuldigsten Hochachtung zu seyn,

Ewr. Hochedelgebohrnen

gehorsamster Diener

Leonh. Euler

Berlin den 30%™ Junii
1742.
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53
GOLDBACH TO EULER
Moscow, July (19th) 30th, 1742

Hochedelgebohrner Herr
Hochgeehrter Herr Professor,

Eurer Hochedelgebohrnen an mich abgestatteten Gliickwunsch erkenne ich mit der
schuldigsten Danckbarkeit und gratulire gleichfalls zu Dero bevorstehenden per-
petuellen pension aus Parift, denn es scheinet je langer je mehr dafs E. HochEdelg.
die dortige Academie des Sciences sich bey Austheilung der Preise géntzlich tri-
butaire machen werden.!!

Von den Friedens Conditionen wird jedermann gestehen dafs sie fiir Thro Konig-
1[iche] Majestét nicht glorieuser hiitten vermuthet werden kénnen,?! welches auch
mir zu grosser Freude gereichet.

Bey Gelegenheit!®l des loci corrupti den der H. Mauclerc so gliicklich restituiret
hat,¥ erinnere ich mich daf ich in den von Wallisio dechifrirten Briefenl! einige
Stellen angemercket, die einer andern interpretation nothig haben,! wie es E. H.
wann Sie nachfolgende remarques mit den Briefen selbst conferiren wollen, ohne
Zweiffel befinden werden: Tom.IIT Op|erum| p.666, lin|ea] 4 hatte in dem Briefe
gestanden 125,44, 24 123,68, 28. Er setzet an statt 24 die Zahl 26 und lieset

125, 44, 26, 123, 68, 28,
co n d ul st e

welches kein frantzosisches Wort ist, da doch vielmehr von dem Copisten die zwey
Zahlen 40 und 20 oder die eine 348 ausgelassen worden und das gantze Wort
heissen soll: Conclaviste. Lin|ea] 10 ibid. setzet er fiir 128 die Zahl 138 und inter-
pretiret sie Hongrois; es ist aber viel wahrscheinlicher daff 128 recht geschrieben,
und homme heist. Auch ist nicht zusehen warum p. 665, lin|ea] 7 von unten, die
Zahl 380 welche er gar nicht in den clavem gesetzet, pall heissen soll da dieselbe
vielmehr paye bedeuten wird. Die Zahl 136 welche er gar nicht interpretiret soll
vermuthlich heissen Dame. Dessen ohngeachtet halte ich die von Wallisio bewerck-
stelligte Dechifrirung vor einen grossen effort de I’Esprit humain. Er gestehet aber
aufrichtig daft ihm unterschiedene chifrirte Briefe in die hinde gekommen daraus
er nichts finden kénnen.

Ich sehe wohl daf bey meinen Briefen allezeit die Erinnerung néthig ist: Omnia
probate,]’ weil es mehrenteils an gehdriger at[ten]tion fehlet, indessen wird es mir
doch lieb seyn wann nur etwas darin enthalten ist so Eurer HochE. approbation
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meritiret. An die observation welche Sie mir schon langst communiciret, daft die
numeri 4m+1 nur auf einerley Art in zwey quadrata getheilet werden kénnen, habe
ich damahls als ich den letzten Brief geschrieben, nicht gedacht.[8l Dag alle Zahlen
in der formula y? + y — 22 begriffen sindl! ist gewif, doch hitte dieses meiner

2242 1

damahligen intention nichts gehindert wann nur die suppositiones u =

22+z

und x = — 1 aus zulénglichen Griinden wéren hergeleitet worden; denn

wie es in dieser proposition: quilibet numerus est aequalis tribus trigonalibus, uni
affirmativo et duobus negativis,'% darauf nicht ankommt daf in den tribus formulis
P4y -y—22—=z

, x, y und z alle nur mogliche Zahlen bedeuten, son|dern|

vor x auch gar wohl gesetzt werden kan 2u?, wann man nur erweiset, daff diese
adhibita substitutio dem numero cuicunque dato, so aus der gantzen erwehnten
formul heraus kommen soll, nicht hinderlich ist, so wiirde es auch mit dem casu

dafs jeder numerus aus tribus trigonalibus bestehet, eine gleiche Bewandnif haben,
2

wann die suppositio T =

+ 1 gnugsahm gegriindet ware.

Bald nach dem ich meinen Brief geschrieben hatte, sahe ich, dafs die observation

p+24+/Ap—m+3
m

sind diese etwas besser: 1 4+ 16a® + 16b%> nunquam habet radicem huius formae

dn — 1, sed semper huius 4n + 1. Numerus 4z* + 1 in unico casu est primus, si
T = 1.[12]

#+ numero integro von keiner Erheblichkeit ist.['* Vieleicht

Gleichwie es aber series numerorum giebt welche entweder nicht kénnen durch
4n — 1 dwidiret werden, oder gar numer: prims sind, so waren auch dergleichen
series von Zahlen zu suchen die entweder numeri prim: sind, oder durch 4n + 1
nicht konnen dividiret werden, oder wenigstens den divisorem minimum niemahls
huius formae 4n+ 1 haben, denn so offt es sich triffe, daft ein terminus eius seriei
gleich wiirde a? + 1, kénnte man demonstriren dak es ein numerus primus sey. In
der serie numerorum trigonalium unitate auctorum sind gewifs sehr wenige casus
da der divisor minimus ad hanc formam 4n + 1 gehoret; einer von diesen casibus
ereignet sich wann der exponens termini ist 252 und der numerus Alis unitate
auctus aus den factoribus 29 und 401 bestehet.I'3 Wann man aber dergleichen
casus in quibus divisor minimus est huius formae 4n + 1 durch eine generale ex-
ception ausschliessen konnte, so wiren alle termini huius formae a® + 1 insofern
sie in selbiger exzception nicht begriffen sind, numeri prima. '

Was ich von v2"1 = (204 1) (v +1)""" geschrieben hatte war bloR ez con-

144/5

dividiret werden konnte, welches doch, wie ich jetzo sehe, in dergleichen Fallen
unumginglich néthig ist. [t
So viel ich mich erinnere, ist mir niemahls eine methode data summa seriei

sideratione numeri hergenommen, ohne zu vermuthen daf die aequatio

1 N 1 N 1
at+axr b+pxr cH+nz

+ &ec.
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nveniendi summam

an—l ﬁn—l ,Yn—l
(a+ ax)"” + (b+ Bx)" + (c+~z)" + &e

bekannt gewesen, 6l ausser in dem Fall da summa prioris seriei aus einer bekan-
nten functione ipsius = bestehet, solcher gestalt wird auch data ax + Ba? +vya3 +
Szt + &c. summabili, die series ax + 2"Bx? 4+ 3"ya® + 4752 + &c. summabilis;
welches aber nichts sonderliches ist, da hingegen die groste Schwierigkeit darin
bestehet, dafs man in Ermangelung einer solchen functionis finitae ipsius x eine
expressionem aequivalentem substituiren und selbige hernach immer weiter diffe-
rentiiren konne, wie E. H. es mit den Sinibus arcuum circuli gemachet. Indessen
will ich doch ein Theorema hieher setzen so mir nun seit wenigen Tagen eingefallen:
Sint tres series

A... a+b+c+d+ He
B... ab+(a+bc+(a+b+c)d+ Ee.
C... a®>+b+c+d*+ e

2
dico esse B = ——— unde sequitur cognitis summis duarum serierum ex his
tribus, dari etiam summam tertiae seriei, et cognita summa unius seriet dart etiam
rationem quam alterutra series reliquarum habet ad alteram. Sit exempli gratia

1 1 1
b= —,c=— B, ent B = 2.Sz'tazl,b:%,
m m (m+1)(m—1)
,d = —% (signis post binos quosque terminos alternantibus), erit series

1
€= "5
B = 0.7 Si ponatur

1 1\ 1 1 1)\ 1 )

ubi ™ = circumferentiae circuli cuius diameter 1, erit [ functio ejusmodi ipsius
6 2 2
n, quae posito n = 1 fiat pT, ubi p = £2; si vero n ponatur numerus

integer maior unitate, tota functio fiat numerus rationalis, propterea quod in illa
functione his casibus quantitates numeris p et w affectae sese destruunt. Hiebey

a =

1
m

3 2
habe ich observiret dak 1+ p? = % fere.[18]

Ich mochte wohl wissen ob E.H. die summas nachfolgender serierum
ab* 4+ (a+b) 2+ (a+b+c)d? &c. und a?b+ (a? + b%) c+ (a® + b* + %) d + &,
wann a =1, b= —%, c= %, d= —% oder a + b+ c+ &c. = £2, per logarithmos et
quadraturam circuli exprimieren kénnen?

Neulich fand ich einen Zettel darauf von meiner Hand, vermuthlich schon vor

einigen Jahren, geschrieben war:1' Seriei 1+ 2P 4 3P + 4P + &c. summa ad datum
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terminum x est

-2
L P (- 1)+ (3 — 2Py (o — 1) T2
-2 -3
+ (4P -2-37 42" (x - 1) (xQ )(x:a )
—2 -3 —14
+ (5p—3‘4p+3~3p—2p)(x—1)(x ) (@ ) (@ )—i-&c.
2 3 4
quae series abrumpitur si p sit numerus integer affirmativus, nec plures continet

terminos, quam p + 2 continet unitates.120)

Auf einem andern Zettel fand ich folgendes: Fx his formulis

)
) nutt — (n 4+ 1)u”

D nfu"? — (22 4+ 2n — 1) u" T + (n+ 12y

) R3S — (303 4 3n% — 3n + 1) w2 + (30 + 602 — 4) " — (n+ 1) "

quae in infinitum continuari possunt ea lege, ut si antecedens fuerit
nPu™tP 4 au P U TP P L &e

sequens fiat

PP P (4 p+ 1) WP —a(n+p) TP —B(n+p— 1) u"TPT? — &e.

+a(n—1) +6(n—2) +v(n—3) + &e.
Sumatur formula quaecunque A et in casu particulari ubi fit n = 0, eadem formula
- B
ponatur = B; dico ———— 77 esse summatricem seriet
(u—1)7

14 2Pu + 3Pu? + 4Pu3 ... 4+ nPu™ L

Sit exempli causa p = 1, erit A = nu"tt — (n +1)u", et in casu particulari ubi
n =0 transit A in —1 = B, qua propter[21]

— (n+2)u ot ou+3 44 .+ nu
(u—1) (u—1)

n—1

Sonst habe ich auch bemercket daf die summa Seriei 14 22" + 327 442 4 &¢.
gleich sey

%x" (x+1)" — (ZQ_.;)avn_l (z+1)""
(Tn—8)(n—1)(n—3)

"2 (x4 1) = &

21.32.5

oder (posito y = x (x + 1)) erit summatric

1
— o (y" + ay”_l + byn_2 4+ ... my2)
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ubi a, b, &c. determinantur hoc modo:

(mn—1a + nn—1)(n—2)=0
a(n—l)(n—2)(n—3)+n(n—1)(n—2)(n—3)(n—4)

(=26 + 2.3 2.3-4-5 =0
bn—2)(n—3)(n—4) an—-1)(n—-2)(n—3)(n—4)(n—75)
(=3¢ + 2.3 * 2.3-4-5
nn—-1)(n—-2)(n—-3)(n—-4)(n—->5)(n—6)
* 2-3-4-5-6-7 =0

solte auch hierin etwas verschrieben seyn, so kann ich es doch gleich rectificiren,
wie denn auch dasjenige, was jetzo von den exponentibus paribus gesagt worden,
auf alle exponentes in genere zu extendiren nicht schwer seyn wiirde.

In den Compendiis Geometricis wo das Theorema Pythagoricum demonstriret

wird, solte man billig solches auch von allen figuris similibus demonstriren,?3]
woraus denn dieses corollarium folget:

St triangulum rectangulum ABC tangatur a curva quacunque AFBGC in tribus
punctis A, B, C, et super basibus AB et BC' describantur curvae ADB, BEC ipsi
curvae ABC per omnia similes, nec sese in aliis punctis praeter A, B, C inter-
secantes, fore (deductis segmentis cancellatis AF B, BGC) reliquas quasi-lunulas
ADBF + BECG = A ABC; quae quasi-lunulae in lunulas veras transibunt, si
curva ABC' fuerit semicirculus.

Hiernechst verbleibe ich mit besonderer Hochachtung,
Eurer HochEdelgebohrnen

ergebenster Diener

Goldbach.

Moscauw den 30. Julit st. n. 1742.

R 767 Reply to n°52
Moscow, July (19th) 30th, 1742
Original, 4 fols. - PFARAN, f. 136, op. 2, n. 8, fol. 46-49r
Partial copy, 7 pp. — RGADA, f. 181, n. 1415, &.III, fol. 61r—64r
Published: Correspondance (1843), t.1, p. 137-143; Euler-Goldbach (1965), p.112-115
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54
EULER TO GOLDBACH
Berlin, August 28th, 1742

Hochedelgebohrner Herr
Hochgeehrtester Herr Etats-Rath

Dafs Ewr. Hochedelgb. mir einen bestandigen Tribut von der Academie zu Paris
prophezeyen, erkenne ich als eine deutliche marque Dero gegen mich hegenden
besondern Wohlgewogenheit mit der schuldigsten Dankbarkeit:[! ob ich aber gleich
zu Erhaltung dieses Vortheils meiner seits nicht ermangeln lasse, so scheinet doch
meine von hieraus abgeschickten Piecen eben dasjenige Schicksaal betroffen zu
haben welches vor etlichen Jahren den H. Cammer Herrn Korff so viel Miihe ge-
kostet hat zu redressiren.[? Dann ich habe schon zu Anfang des vorigen Monaths
meine Piece iiber die Inclination des Magneten an den H. De Mairan geschickt,
und gleich wohl noch keine Antwort, daf selbige angekommen, erhalten.[3l Her-
nach hatte ich verwichenen Martium eine Piece iiber den Motum Fluidorum in
Canalibus elasticis an die Academie des Sciences nach Dijon, von welcher iiber
diese Materie ein Preils von 30 Louisd’or bestimmt war, gesandt, und gleichfalls
dariiber noch keine Antwort empfangen, [ welches mich glauben macht, da diese
beyden Piecen entweder irgendwo aufgehalten, oder gar verlohren gegangen seyn
miissen; wobey ich nur dieses am meisten bedaure, daf ich von diesen beyden
Piecen keine Copien gehalten habe.

Zu Aufbauung der neuen Academie der Wissenschaften allhier sind von IThro
Konigl|ichen| Magestdt die néthigen Ordres schon gegeben worden, allein wegen der
Aufrichtung selbst ist noch nichts resolvirt worden. Die alte Societdt hatte letstens
bald ein grosses Ungliick betroffen, indem bey Nacht auf dem Konigl|ichen| Stall
Feur ausgekommen wodurch die gantze vordere Face nach den Linden verbrannt,
und die gantze Mahler Academie zu Grund gegangen. !

Der H. Rath Schumacher hat mir vor einiger Zeit gemeldet, dafs Thro Kaiser-
lliche] Magestdt schon wiirckl|ich| fiir die Academie in Petersburg zu sorgen und
derselben einen Praesidenten zu geben Allergnddigst geruhet hétten; da aber
Ewr. Hochedelgb. davon keine Meldung gethan, so mufs ich die Confirmation dieser
Zeitung noch erwarten. (6l

Ewr. Hochedelgb. Emendationen der von Wallisio dechifrirten Briefel”l halte
ich vor gantz richtig, erkenne aber dabey mein Unvermogen, selbsten diese tiefsin-
nige Materie zu untersuchen.

Dafs diese Expression \/ (1 + 16aa + 16bb) niemals eine Zahl von dieser Form
4n — 1 geben konne, ist ein sehr schones Theorema,!8! davon die Demonstration
nicht so leicht in die Augen fallt. Dann gesetzt, daf 4n—1 = \/ (1 + 16aa + 16bd),
so wiirde 16nn — 8n = 16aa + 16bb, und folglich n (2n — 1) = 2 (aa + bb). Weilen
nun 2 (aa + bb) ein numerus par ist, so miiste n ein numerus par seyn, indem
2n — 1 gewik impar ist. Es sey allso n = 2p, so wird 2p (4p — 1) = 2 (aa + bd)
und dannenhero 4p — 1 ein divisor formulae aa 4 bb welches nicht seyn kan: oder
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p (4p — 1) miiste eine summa duorum quadratorum seyn, welches ebenfalls nicht
moglich ist.

Daf 4x* + 1 niemals ein numerus primus seyn kénne ausser dem Casu wann
x = 1, ist kein Wunder, weilen diese Formula generaliter in duos factores resolvirt
werden kan, denn es ist 4z + 1 = (22 + 27 + 1) (222 — 22 + 1).

Ob es solche Series Numerorum gebe, welche entweder durch 4n + 1 nicht
divisibiles, oder gar numeri primi sind, zweifle ich sehr;l®! wann aber gleichwohl
dergleichen sich finden sollten, so wiirde man daraus einen grossen Vortheil zu
Erfindung der numerorum primorum ziehen kénnen.

Ubrigens halten die Divisores primi aller Serierum von Zahlen, welche in dieser
Formula enthalten sind axzxz + Syy eine sehr artige Ordnung, welche, ungeacht
ich davon noch keine Demonstration habe, dennoch ihre vollige Richtigkeit zu
haben scheint. Ich nehme deswegen die Freyheit Ewr. Hochedelgb. einige der-
gleichen Theoremata zu iiberschreiben, aus welchen noch unendlich viel andere
hergeleitet werden konnen. [l

L. Si z et y sunt numeri primi inter se haec formula xx +yy per alios numeros
primos non est divisibilis, nisi qui contineantur in hac forma 4n + 1; atque hi
numeri primi omnes ipsi in hac forma xx + yy continentur.

Dieses bekannte Theorema setze ich voraus, um die connezxion der {ibrigen
desto besser vor Augen zu legen.

II. Haec formula 2xx + yy alios divisores primos non habet, nisi qui in his
formis 8n+1 oder 8n+ 3 contineantur: et quoties 8n+1 vel 8n+ 3 fuerit numerus
primus, erit is aggregatum ex quadrato et duplo alterius quadrati, seu erit formae
2z + yy.

II. Haec formula 3xx + yy alios divisores primos non habet, nisi qui in his
formis 12n+ 1, et 12n+ 7 (oder in dieser einzeln 6n + 1) contineantur. Et quoties
6n + 1 est numerus primus, continebitur in forma 3zx + yy.

IV. Haec formula bxx + yy alios divisores primos non habet, nisi qui in his
formis 20n +1; 20n+ 3; 20n+9; 20n + 7 contineantur: et omnis numerus primus
in una harum quatuor formularum contentus erit ipse numerus formae Srx + yy.

V. Haec forma 6zx+1yy alios divisores primos non habet, nisi qui in una harum
quatuor formularum 24n + 1; 24n + 5; 24n + 7; 24n + 11 contineantur: et omnis
numerus primus in una harum formularum contentus est ipse numerus formae
6xx + yy.

VI. Haec forma Txx + yy alios divisores primos non habet, nisi qui in una
harum 6 formularum 28n + 1; 28n 4+ 9; 28n + 11; 28n + 15; 28n + 23; 28n + 25
(oder in einer dieser dreyen 14n + 1; 14n + 9; 14n + 11) continea|ntur:| et omnis
numerus primus in una harum formularum contentus est ipse numerus formae
TrT + yy.

Nun aber ist omnis numerus trigonalis unitate auctus in dieser Formula
7zx + yy enthalten,M und folglich kénnen die numeri trigonales unitate aucti
keine andern Divisores primos haben, als welche in diesen Formulis 14n—+1; 14n+9;
14n 4 11; oder welches gleich viel in dieser 7xx + yy enthalten sind. Hieraus lassen
sich nun leicht alle numeri prims finden, welche einen numerum trigonalem unitate
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auctum dividiren: Solche sind nehmlich 1; 11; 23; 29; 37; 43; 53; 67; 71; 79; etc.
Dahero konnen keine andere numeri primi hujus formae 4m + 1 divisores seyn
numeri trigonalis unitate aucti, als welche in einer von diesen 3 formulis begriffen
sind 28n + 1; 28n + 9; 28n + 25.

Hieraus ist allso klar daf diese Fxzpression pxrx + yy keine andern Divisores
habe, als welche in einer gewissen Anzahl von solchen formulis 4pn + s enthalten
sind, allwo s einige Zahlen bedeutet, welche ob sie gleich keine Ordnung unter sich
zu halten scheinen, dennoch nach einer schénen Lege fort gehen: welche aus diesen
Theorematis erhellet.

VII. Si numerus primus formae 4pn + s fuerit divisor formulae pxrx + yy, tum
etiam omnis numerus primus in hac forma generaliori contentus 4pn+ s erit divi-
sor formulae prz+yy, atque etiam ipse erit numerus formae pxx +yy. Ex|empli
gr|atia]. Quia numerus primus 28n+9 est numerus formae Txx +yy, erunt etiam
numeri primi 28n+81 (28n+-25); 28n+729 (28n-+1) etc. numeri formae Txx+yy.

VIIL. Si duo numeri primi 4pn+s et dpn+t fuerint divisores formulae pxx—+yy,
tum omnis numerus primus hujus formae 4pn + sFtierit simul numerus formae
prr + yy.[12]

Wann man allso von einer solchen Fzxpression prx + yy schon einige divisores
primos entdecket hat, so kan man durch diese Theoremata leicht alle méglichen
finden. Als es sey diese formul 13xx 4 yy gegeben, worinn diese Zahlen 14; 17; 22;
29: 38; 49; 62; etc. enthalten sind. Numeri igitur primi qui sunt divisores formulae
13zx + yy erunt 1; 7; 11; 17; 19; 29; 31: folglich miissen alle numeri primsi in his
formulis 52n + 1; 52n + 7; 52n + 11; etc. divisores von 13xx + yy seyn konnen.
Die Formul 52n + 7 gibt aber nach dem Theor|emate] VII noch diese 52n + 49;
52n + 343 (oder 52n + 31); 52n + 7 - 31 oder 52n + 9; ferner 52n + 7 - 9, oder
52n + 11; ferner 52n+ 7-11 oder 52n + 25; ferner 52n + 7- 25 oder 52n + 19; ferner
52n 4+ 7 - 19 oder 52n + 29; ferner 52n 4 7 - 29 oder 52n + 47; ferner 52n + 7 - 47
oder 52n + 17; ferner 52n + 7 - 17 oder 52n + 15; ferner 52n + 7 - 15 oder 52n + 1,
und hier endet sich die Verschiedenheit der Zahlen, welche zu 52n gesetzt werden
kénnen, um numeros primos in forma 13zx + yy contentos hervorzubringen. Allso
nur allein daraus dafs 7 ein Divisor formae 13zx + yy seyn kan, weisen die beyden
letsten Theoremata, daf alle numeri primi in his formulis

52n4+1;  52n+31; 52n+25; 52n 4+ 47
52n+7; 52n49; 52n+19; 52n+ [17]113
92n +49; 52n+11; 52n+29; 52n+ 15

contenti diese form 13xx + yy haben, und auch divisores von solchen Zahlen
13zx + yy seyn kénnen, und mehr formulae koénnen auch durch die Theoremata
nicht herausgebracht werden. Dahero gewif ist daf kein anderer numerus primus
ein divisor formae 13xx + yy seyn kan, als welcher in einer der gefundenen 12 For-
muln enthalten ist. Weilen nun ein jeder numerus primus in hac forma contentus
4pn + 1 ein Divisor von pzx + yy seyn kan. Hieher konnen schone Proprietates
hergeleitet werden als z[um| e[xempel|: Weil 17 ein numerus primus und auch von
dieser Form 2xx + yy: so ist gewils daf so offt 17™ £ 8n ein numerus primus
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ist, solcher auch eine solche Zahl 2z + yy seyn miisse. Und wann 177" + 8n eine
Zahl ist von dieser Form 2zx + yy und doch keinen Divisorem von dieser Form
admittirt, so ist dieselbe gewift ein numerus primus.

Eine gleiche Beschaffenheit hat es auch mit den Divisoribus hujus modi formu-
larum prx —yy, oder xx — pyy; welche wann sie primi sind in dieser Form 4np+s
enthalten seyn miissen; da s einige determinirte Zahlen bedeutet. Nehmlich in
einigen Fallen wird seyn:

1. Omnes divisores primi formae xx — yy continentur in 4n £+ 1, welches klar.

2. Omnes divisores primi formae 2xx — yy continentur in 8n + 1.

Coroll|arium|. Ergo numerus primus 8n+3 non est numerus formae 2xx — yy.

3. Omnes divisores primi formae 3xx — yy continentur in forma 12n + 1.

4. Omnes divisores primi formae bxx — yy continentur vel in 20n + 1 vel in
20n + [9] (oder in dieser einzeln 10n 4 1)

etc.

Et si numerus primus dpn+ s fuerit divisor formae prx —yy oder xx — [pyy], tum
:I:4np:|:sk erit ipse numerus formae prr —yy vel xx — pyy quoties fuerit numerus
primus. St duo numeri primi s, et t fuerint numeri formae pxx — yy, tum quoties
+4np £ sHt¥ fuerit numerus primus, simul erit numerus formae pxx — yy. Allso
weil 7, und 17 numeri primi und von dieser Form 2xx — yy sind, so wird auch
+8n+TH-17¥ eine Zahl von dieser Form seyn, so oft dieselbe ein numerus primus
ist. Essey p =1, v =1;s0ist 7-17 = 119; und 119 4+ 8 = 127 = numero primo;
folglich wird seyn 127 = 2zx — yy = 2 - 64 — 1. Hieraus ist nun klar dafs es nicht
moglich ist suiten von Zahlen so in einer solchen Formul pxx 4 qyy begriffen sind,
zu finden, welche nicht divisores von dieser art 4n + 1 admittiren sollten.

Ich glaube aber fest daf ich diese Materie bey weitem noch nicht erschopfet
habe, sondern daf sich darinn noch unzehlich viele herrliche Proprietates Nu-
merorum entdeken lassen; wodurch die Doctrina de Divisoribus zu einer weit
grossern Vollkommenheit gebracht werden kénnte;[' und bin dabey gewif daR
wann Ewr. Hochedelgb. diese Materie einiger Attention wiirdigen werden, Diesel-
ben darinn sehr wichtige Decouverten machen wiirden. Der grosste Vortheil wurde
aber sich alsdenn recht zeigen, wann man fiir diese Theoremata Demonstrationes
finden sollte.

Wenn 3 Series allso beschaffen sind,® daf A = a + b+ ¢+ d+etc., B =
ab+ (a+b)c+ (a+b+c)d+etc, et C = a® + 0>+ % + d* +etc., so ist B
die summa factorum ex binis terminis seriei A, und ist folglich die dupla summa

factorum ex binis 2B una cum summa quadratorum singulorum C' gleich dem
2

A —-C
Quadrato seriei A seu 2B+ C = AA, et B = — solche Theoremata konnen

auf hohere Potestates extendirt werden, als wann

A = a+b+c+d+ ete.

= A+ +E+d® + ete
S+ + S +dd + ete
= a*+ b+t +d + ete

O QW
Il
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so wird seyn terminorum a, b, ¢, d, e, etc.

A2 - B

summa factorum ex binis = 5

A3 —3AB +2C
6

summa factorum ex ternis =

A* —6A2B +8AC +3B%2 - 6D
24

summa factorum ex quaternis =

etc.;

wann aber A = a+b+c+d + etc. und B = a2 + b2 + 2 + d®> + ete. und
C =a®>+ b+ +d® + etc. und Ewr. Hochedelgb. mir proponirte series gesetzt
werden

P=ab’+(a+b)+(a+b+c)d®+ (a+b+c+d) e+ ete.

item

Q:a2b+(a2+62)c+(a2+62+02)d+ etc.

so wird seyn P + @Q = AB — (" folglich wann

A = 1—%—&—%—%—1—%—&‘0

B = 14+i+g§+15+g5 +etc
— 1,1 1 1

C = 1—g+77—6q+ﬁ5—etc

so kan die summa der beyden serierum P+Q nicht per logarithmos et quadraturam
circuli angegeben werden, weilen die Series C' noch nicht summirt werden kan; viel
weniger kan allso eine jede fiir sich summirt werden: wann aber dieses geschehen

kénnte so hétte man die summam Seriei C, welche ich biffher vergebens gesucht.
2

3
Die Valores 1 + p? und 2—7;, wann p = £2, differiren so wenig von einan-

der, daf ich dieselben bald fiir vollig gleich gehalten hatte:'6l ich habe deswe-
gen beyder Valores genauer gesucht und gefunden 1 + p? = 1,4804530139 und

3 2
5™ = 1480440 66.

Die Formulae welche Ewr.Hochedelgeb. mir fiir die Summationem Seriei
1+ 2P 4 3P + 4P 4 etc. usque ad datum terminum liberschrieben, erinnere ich mich
noch in Petersburg bey Denselben gesehen zu haben,!'” und entspringet die erstere

—1 -2
Expression 14 2P (x — 1) + (3P — 2P) (xl)(;v)

sumtis, und die andern Formulae kommen per differentiationem heraus.

+ ete. ex differentiis continuo
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Um aber die Summam in der bequemsten Form zu finden, so halte ich diese
Art vor die leichteste:

1 + 2P 43P+ 4P 4+ 5P +67 ...+ aP

_ xp+1+ P L =D =2) 1,
p+1 1.2 2.3 2 2.3-4-5 6
N po-1)-2)p-3)p-4) 1,5 pl-1) -6 3 ,7
2.3.4-5-6-7 6 2:3-4---9 10
L =D (p=8) 5,9 plp-1)--(p=10) 691 ,
2.3 ... 11 6 2.3..-13 210
+ plp—1)- .(p_12)-§a:p713—etc.
2.3..-15 2

allwo das Hauptwerk auf diese Seriem fractionum ankommt, welche Ewr. Hoch-
edelgb. genugsam noch bekannt seyn wird:['8l

1 2 3 4 5 6 7 8 9 10 11
1 1 1 3 5 691 35 3617 43867 1222277 854513
2’ 6 6 100 6 2100 2 30 42 110 6
12 13
1181820455 76977927
546 2

so weit habe ich sie continuirt. Der Terminus generalis exponenti n respondens
kan allso ezprimirt werden

2271_2.1 2n __ _22n -1 42n_4 2n 22n_41
(2n+1)<—;+( 3 )—(3 34 3 )—i—( 3 ;—6 )—etc.>,

welche gleichfalls abrumpirt wird.

Ob gleich diese Series 1+ % + % + % + etc. per quadraturam circuli exprimirt

2 .7,‘3 4

wird, so kan doch die summ von dieser = + = + 9 + 16 + etc. nicht generali-
ter gegeben werden;!'?! und ausser den Casum z = 1 habe bifher noch keinen
andern als wann z = %, summiren konnen. Nehmlich posito p = €2 et m: 1 =

periph|eria| : diam|etrum], so kommt heraus
1 1 1 1 mm — 6pp

1
I tc. =
0 871616 2532 3664 1 12

+ +

1
4

I

[
N | —

Endlich habe die Ehre noch dieses Theorema hinzuzufiigen, welches offters
einen grossen Nutzen haben kan:120l

Thleorema]: Si fuerit

a aa (13 CL4 a5

-1
S T T i T sl Tt Bt

+ etc.,
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erit

ss_lo, e <1+ ! >+ aa (1+ LI )

2 2 n-+ 2 n—+1 2n + 2 n—+1 2n+1
. <1+ LR - >
3n+2 n+1 2n+1 3n+1

a* 1 1 1 1
+ 1+ + + + etc.

4dn + 2 n-+1 2n—|—1+3n+1 4dn +1

Hiemit empfehle mich Ewr. Hochedelgb. gehorsamst, und verbleibe mit der schul-
digsten Hochachtung

Ewr. Hochedelgeb.

gehorsamster Diener

Leonh. Euler

Berlin den 28" Aug.
1742.

P. S. Der H. Hedlinger, welcher mit S|eine|r Fr|au| Liebste seit kurzem hier ankom-
men, und bey uns logirt, lasst Ewr. Hochedelgeb. seine gehorsamste Empfehlung
machen.

R 768 Reply to n°53
Berlin, August 28th, 1742
Original, 4 fols. - RGADA, f. 181, n. 1413, ¢.1V, fol. 26-29v
Published: Correspondance (1843), t.1, p. 144-153; Euler-Goldbach (1965), p. 116-120

95
GOLDBACH TO EULER
Moscow, (September 20th) October 1st, 1742

Hochedelgebohrner Herr
Hochgeehrter Herr Professor,

Eurer HochEdelgebohrnen bin ich fiir die Nachricht daf (Tit[ulo]) H. Hedlinger
in Berlin angekommen und sich meiner annoch erinnert, sehr verbunden,! ich
bitte mich demselben ferner zu empfehlen und hoffe noch immer ihn in diesen
Gegenden wieder zu sprechen. Falls noch keine Nachricht von Eurer H. nach Parifs
iibersandten Memoire eingelauffen,? wiirde rathsahm seyn, dem Hn De Mairan
durch ein besonderes Schreiben nebst einem attestato vom Berlinischen Posthause
zu notificiren dafs eine piéce an ihn abgegangen wodurch der Autor um den kiinffti-
gen Preifs bey der Academie competiret, und Sie wann selbige nicht zu gehoriger
Zeit angekommen wiére, in dessen Nahmen (nach dem Advocaten stilo) de termino
non elabendo protestiren wolten.
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Dagl?l p (4p — 1) keine summa duorum quadratorum seyn kan, wird von E. H.
als bekannt angenommen, ich deducire es aber daher quia n # 2p 4 \/4p? — p — a2,

und dieses quia n? # 4pn — p — a?; sonst habe ich auch gefunden daf eine summa
trium datorum quadratorum nicht gleich seyn kan dem facto ex duobus multi-
plicato per quadratum par!®l oder daR e + f2 4+ g% # 4ef%p?; imgleichen si est
fmn—m—n#a® (ubi f, m, n, a sint integri affirmativi) erit etiam
fpPmn —m —n # a?, ubi p praeterea sit integer. Da es aber mit dem casu f = 4
bekannter massen in aequatione priori seine richtigkeit hat, so wird auch
4mnp? — m —n # a2, und kann gar wohl seynl® daf f fiir sich selbst noch viele
oder unzehliche wvalores ausser dem quaternario hat, wie es sich denn findet, dafs
wann alle divisores primi huius numerit 3xx + yy (ubi x et y sunt numeri inter
se primi) unter dieser formula 6n + 1 begriffen sind (de quo dubitare nefas)[6] f
auch = 12 gesetzt werden kan, folglich 12mnp? —m — n # a?. Ich habe unter den
remarques so Ew. HochEdelg. mir von den divisoribus formulae px? + y* commu-
niciren wollen insonderheit diese betrachtet, daf ein jeder numerus Alis unitate
auctus in dieser formula 7Txx + yy enthalten ist und dahero keine andere divisores
primos haben soll als welche in diesen formulis 14n+1, 14n+9, 14n+11 bestehen;
weil aber unzehliche numeri Ales (als zum Exempel 21) unitate aucti zu dieser
formul Tz% 4 32 gleichwohl nicht gebracht werden kénnen!”l so verstehe ich Eurer
H. Theorema nur von den numeris trigonalibus paribus quorum scilicet exponentes

(1F1)

sunt huius formae 4m — , denn dieser exponentium trigonales unitate aucti

sind offenbahr 7m? + (m =+ 1)2 und gehoren alle, sie mogen prim: oder non prima
seyn, unter nachfolgende 4 Classes Tn + 0, Tn + 1, Tn 4 2, Tn + 4, welches jedoch
mit Eurer HochE. specification der divisorum (als worin der numerus 7 ausge-
lassen ist) nicht tibereinkommet. Ich bin indessen Eurer H. fiir die communication
dieser besondern theorematum sehr verbunden, ohngeachtet ich nicht alles pro rei
dignitate einsehen kan.

Nach dem von E.H. mir schon langst communicirten wvalore £2 hatte ich
144202 gefunden = 1[,]48045301791520. .. welcher von den in Dero Schrei-
ben angefiihrten Zahlen etwas differiret, weil aber der error sich erst nach der
neunten Ziffer dussert, will ich den von E. H. angegebenen valorem lieber fiir wahr
annehmen als die multiplication wiederhohlen.!8!

Die 12 terminos seriet %, %, %, % &c. habe ich auch schon langst abgeschrieben
gehabt und den 13.9°" aus Dero letzterem Briefe bereits dazu gesetzet.

a a2

Das quadratum serieil® s =1 + + + &c. welches ist
n+1 2n+1

o1+ — 1+ )+ 1+ L Ve
SS = C.
n+42 n+1 2n 4+ 2 n+1 2n+1

scheinet nur bloft deswegen merckwiirdig zu seyn, weil die coéfficientes in einer so
leichten Ordnung fortgehen.
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Was ich in meinem vorigen von den Lunulis geschrieben hatte, ist von E. H.
vermutlich iibergangen worden nicht weil es unrichtig, sondern weil es gar zu of-
fenbahr ist.[10l

Da nach der angenommenen Bedeutung der signorum 4+ und F diese formul
+a F b entweder a — b oder — a+ b heissen mufs, so ist allerdings ein signum niitz-
lich welches ausser diesen beyden valoribus auch a+b und — a — b andeutet, dieses
erinnere ich mich in einigen Biichern mit R ausgedruckt gesehen zu haben, 'l und
auf solche weise halte ich dafiir daf man durch KX 1 X % < % < % < % R .
alle quantitates rationales, surdas & a quibuscunque quadraturis pendentes!*? ez-
primiren konne; die gantze Kunst bestehet nur darin daf die signa + & — suis
locis recht substituiret werden.!*3l

Weil aber doch das signum K nur alternative entweder + oder — bedeutet
so kan man noch ein signum, etwa <+ (welches der Stifelius vor — zu gebrauchen
pﬂeget)[M] in diesem Verstande annehmen, daf es simul et + et — bedeute; so
giebt es exempli gr|atia| eine seriem numerorum n, der apparence nach valde
irregularem, und die wohl noch von niemanden consideriret seyn mag, von dieser
beschaffenheit n+p = P, wo p und P numeros primos bedeuten, so dafs wan n—p
ein numerus primus ist, ex natura numeri n auch n + p ein numerus primus seyn
mufs, durch n aber werden folgende numeri angedeutet 2, 3, 4, 5, 6, 8, 12, 18, 24,
30, éc. Gleichwie nun alle numeri primi maiores quam 3 unter die formul 6m £ 1
gehoren, so hat es das ansehen dafs die termini dieser neuen seriei welche grosser
als 8 sind in der formul 6m begriffen seyen.[*5]

Die series numerorum 2, 4, 6, 10, 14, 16, 20, 24, &c. deren quadrata unitate
aucta numeri prims sind, scheinet diese proprietatem zuhaben dafs eine jede Zahl
aus zweyen der vorhergehenden bestehe als 6 =2+ 4, 24 =104 14, 20 =4+ 16
&c.;19 offtmahls ist der terminus unico modo ex duobus praecedentibus compositus,
als 74 = 20 + 54.

Es ist unléngst bey einer gewissen Gelegenheit dariiber raisonniret worden ob
die globt sanguinet welche nach des Leuvenhoeks observation 6 zusammen einen
globum maiorem formiren,'”! nicht ferner aus 6 kleinern und diese wieder aus
6 kleinern et sic in infinitum zusammengesetzt seyn konnten? Wann aber 6 globi
intra cavitatem globi maioris solcher gestalt concipiret werden, dafs sie sich ein an-
der so viel moglich beriihren, so wird der diameter globi cuiusvis minoris sich ad
diametrum globi maioris, in quo continentur, verhalten wie 1 zu 1+ \/2, und wann
dieses auf die globos sanguineos, deren ein jeder fiir sich selbst nicht eigentlich ein
globus sondern ein aggregatum sex minorum globorum ist, appliciret wird, diese
kleineren globuli aber, wie gemeldet, aus 6 noch kleinern &c. bestehen sollen,
so findet es sich daf man nothwendig bey einem gewissen gradu determinato mit
solcher diminutione globorum aufhéren mufl; denn weil die soliditas omnium globo-

6n—1
(1 n \/2) 3n—3

ad 1, so wiirde, wann die subdivisio auf gleiche art in infinitum fortgienge, propter
n = oo, das aggregatum ommnium istorum globorum respectu globi maximi infi-

rum ex ordine n ad soliditatem unius globi ex ordine primo ist wie
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nite parvum seyn, folglich auch mit dem besten microscopio nicht gesehen werden
konnen, welches der experience zuwieder laufft. Ich habe (Tit|ulo]) den Hn von
Bi.... 8 mit welchem ich hieriiber gesprochen, meo periculo versichert daf es
Ew. HochEdelgb. eben so finden wiirden und bitte mir desfalls Dero sentiment
hievon mit wenigem zu melden.

Bey dem meo periculo fallt mir der Matanasius ein, davon ich unlingst die 6.
edition gelesen, nachdem ich das Buch in 18 Jahren nicht gesehen hatte; die
approbation generale so es bey dem Publico gefunden und davon der Autor selbst
unterschiedene passages anfiihret, zeuget in der That von dessen merite, und trifft
hier gewisser massen des Ciceronis Ausspruch ein: id ipsum est summi oratoris,
summum oratorem populo videri.2l

Ich habe mich nach einem Buch so den Titul fuhret Labyrinthus Algebrae
Aut|ore] Joh|anne| Jac|obo| Ferguson, Hagae Comlitum] 1667, 4., und ich selbst
schon vor 30 Jahren in hénden gehabt (wiewohl nichts daraus behalten) bey unter-
schiedenen Personen vergeblich erkundiget; dem Hn Hermann welcher doch eine
grosse connoissance von dieser art Biichern hatte, war es auch gantz unbekannt;
neulich fand ich ohngefehr obgedachten Titel in meinen excerptis, und dabey
geschrieben: de quo tractatu iudicium vide in Actis Anglicanis ad ann|um| 1669,
mens|em| Jul., p.202; vieleicht ist etwas darin so einige attention meritiret.121l

Ich bin mit besonderer Hochachtung

Eurer Hochedelgebohrnen

ergebenster Diener

Goldbach.

Moscau den 1. Oct. st.n. 1742.

Was[22l ich vorhin von dem Dictionaire de Trevouz geschrieben hatte beziehet sich
auf folgende Nachricht aus den gelehrten Zeitungen: Das Dictlionaire| de Trevoux
ist zu Nanci bey Pierre Antoine 1733 gedruckt und soll von demselben 1741 wieder
heraus gegeben werden.23

Auch moéchte wohl wissen ob der Thesaurus Stephani in 4 folianten curante
Gesnero in Leipzig schon gedruckt sey?(24

vert|e]

Inliegenden Brief bitte ich so lang in Verwahrung zu behalten, bis sich eine be-
queme Gelegenheit selbigen fortzuschicken findet.[?°]

R769 Reply to n°®54
Moscow, (September 20th) October 1st, 1742
Original, 5 fols. - PFARAN, f. 136, op. 2, n. 8, fol. 50-53v, 140r
Address: “A Monsieur / Monsieur Euler / De ’Academie des Sciences / & / Berlin.”
Partial copy, 8 pp. — RGADA, f. 181, n. 1415, ¢&.III, fol. 64v—68r
Published: Correspondance (1843), t.1, p. 154-159; Euler-Goldbach (1965), p. 122-124
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o6

EULER TO GOLDBACH
Berlin, October 27th, 1742

Wohlgebohrner Herr Etats-Rath
Hochgeehrtester Herr

Ewr. Wohlgb. soll zuvorderst im Nahmen des H. Hedlingers vor Dero Geneigtes An-
denken gehorsamsten Dank abstatten; derselbe befindet sich noch allhier bey uns
und scheinet gesinnet zu seyn gleich nach Thro Kaiserl[ichen| Majestdt Zuriickkunft
in S* Petersburg dahin einen Tour zu machen. Wegen meiner nach Paris gesandten
Piece habe ich noch keine Nachricht erhalten; ich habe deswegen neulich den
H. Clairaut gebeten, sich desfalls bey M.” Demairan zu erkundigen, und hoffe dar-
auf bald Antwort zu bekommen.!!l Unterdessen versichert man mich auf der hiesi-
gen Post, dafs diese Piece nicht nur richtig von hier abgegangen, sondern auch in
Paris angekommen seyn miisse. Sollte dieselbe dem ungeacht verlohren gegangen,
oder zu spath angekommen seyn, so zweifle ich sehr, ob ich zum zweyten mal eine
solche Dispensation hoffen kénnte, indem mir anjetzo eine solche nachdriickliche
Unterstiitzung fehlet; inzwischen werde doch Ewr. Wohlgeb. gutem Rath Folge
leisten, als worfiir gehorsamsten Dank abstatte.

2 worinn

Wann E. W. eine solche Demonstration haben, dak n? # 4pn —p —a
nicht angenommen wird, daf g (4p — 1) keine Summa duorum quadratorum seyn
kan, so ist dieselbe hochst merkwiirdig, indem daraufs nicht nur diese Wahrheit
sondern noch viel andere weit leichter demonstrirt werden kénnten; ich muf inzwi-
schen gestehen, daf ich aller angewandten Miihe ungeacht keine andere Demonstra-
tion habe finden kénnen. Hingegen sehe ich deutlich ein daf ee+ f f+gg # 4e% f2p?:
dann soll eine summa trium quadratorum einen numerum parem machen, so mufs
entweder nur ein Quadratum oder alle drey quadrata paria seyn: im erstern Fall
kommt ein numerus impariter par heraus, welcher folglich kein Quadrat seyn
kan; dahero ist klar daft alle drey Quadrata paria seyn miissten; es sey allso
e = 2a; f = 2b; g = 2¢; so miisste aa + bb + cc gleich seyn 16a?b?p?, und
folglich miissten um soviel mehr a, b, und ¢ numeri pares seyn, und so fort
in infinitum. Aus diesem Grunde folget also noch dieser generalere Satz daf
aa + bb + cc # 4abn. Si fmn —n # a® erit quoque positis mpp et npp pro m
etn  fmnp* —mpp —npp # O und folglich fmnpp — m —n # O; damit aber die
erste Aequation ihre Richtigkeit habe, so kan freylich der coefficiens f praeter 4 un-
endlich viel andere Valores haben, wie Ewr. Wohlgeb. angemerket haben:[2l wobey
ich hierauf gefallen dafs, si formulae faa + 1 nullus extat divisor formae 4fm — 1,
auch immer 4 fmn—m—n # [J. Weil nun nach den letstens iiberschriebenen Obser-
vationen, hujusmodi formula faa + bb dividi nequit per numerum primum formae
4fm — 1,8 so folget generaliter da 4fmn —m —n # quadrato, welcher univer-

sal Satz sich vielleicht noch leichter demonstriren lisst, als ein casus particularis:!¥
.. . ag+m-+n . .
es kime allso darauf an dals man demonstrirte, dafs T — nimmermehr ein
mn
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aa +

numerus integer seyn konne; oder daf ubi p et q uterque vel numerus par

vel impar esse debet!®! kein numerus integer seyn konne: oder dalt mpp — mqq — p
kein quadratum seyn konne. Bey Uberschreibung der divisorum primorum formu-
lae prxz + yy, welche alle in solchen formulis exprimirt werden konnen 4p + «,
4p + [, etc. habe vergessen zu melden, dak ausser diesen der Binarius, et ipse
numerus p ejusque divisores Platz finden;!% deren numerus determinatus ist, und
in den vorigen Formulis nicht begriffen sind; und folglich & part bemerket werden
miissen. Allso sind alle divisores primi formae Txx + yy entweder 2 oder 7 oder in
diesen Formuln enthalten 14n + 1; 14n 4+ 9; 14n + 11; und so offt 14n + 1, oder

14n + 9 oder 14n + 11 ein numerus primus ist, so hat derselbe selbst diese For-

T + 1 sind zwar nicht

mam Txx + yy. Alle Numeri trigonales aucti unitate

eigentlich in 7xx + yy enthalten, sondern in Ljyy;m und sind allso alle numer:
trigonales unitate aucti et quater sumti in dieser Form begriffen Txx + yy; da nun
das simplum keine andere Divisores haben kan als das Quadruplum, so folget dem
ungeacht, daf alle numeri primi, qui sunt divisores cujusque numeri trigonalis uni-
tate aucti, in diesen Ezxpressionen begriffen sind: 2; 7; 14n + 1; 14n 4+ 9; 14n + 11;
und dagegen wird keine Fzception gefunden werden. Dafs unsere Ezpressiones pro
£2-£2 nicht vollig tibereinkommen, riithrt ohne Zweifel daher, daft der £2 in beyden
Calculis nicht gleich accurat genommen worden; ich erinnere mich nicht mehr auf
wie viel Figuren ich den ¢2 genommen, ich habe solchen in meinen Schrifften nur
auf 16 Figuren aufgezeichnet; es ist aber noch accurater

02 =0,6931471805599453094172321
und nachdem ich die multiplication nochmal gemacht so finde ich

£2-02=0,480453013918201 424667 102 4.

Das gemeldte Theorema:!®l si

a a2 a3

n+1+2n+1+3n+1

s=1+ + etc.

erit

ss 1 n a 14 1 n a’ 14+ 1 n 1 et
220 - etc.
2 2 n+2 n+1 2n + 2 n+1 2n+1 ’
ist deswegen merkwiirdig, weilen durch dasselbe sehr leicht die summa hujus series

b e b b et
3.3 5.5 7.7 9.9 '

gefunden werden kan; dann weilen ist

1 1

m Ll
4 3 5

|~
©
p—t
p—
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ponatur summa quadratorum horum terminorum

11 1 1 ,
?‘i‘?‘i‘ +*+€tc.:p,

1+ FERRY

. N . 1 1 1 1 1
et summa factorum ex binis terminis illius seriei | 1— 3 + 5T + 9 11 + etc.

. T .
=gq; erit p+ 2q = —: erit autem

16
1 1 1 1
T3 35 57 ¢ =30
1 1 1 1 1
+1‘5+3'7+5'9— ete. —+4(1+3)
7= - S etc :—1(1+1+1>
1-7 3-9 5-11 6 3 5
1 1 1 1 1 1 1
frotzauts s :+8(1+3+5+7>
etc. etc. etc.

es ist allso

I G N I N GV SN B
=57 4\"T3)Te\" T3 Ty) g\ T3y Ty ) T

wann nun in obiger serie genommen wird a = —1; und n = 2; und allso gesetzt
wird
1 1 . 1 1 n 1 ; 7r
s=1—-+-—=+4+ - —etc. = —
3 5 79 4
erit
_ss_m
17795 T3
Dahero weilen p = % — 2q, so ist
2t @ 1 1 1 1
p= =— =145+ =+ = + = + etc,

16 8 32 52 72 92
und gleicher gestalt kan dieses Theorema bey andern Gelegenheiten gantz uner-
wartete niitzliche Dienste leisten. Dafs in meinem vorigen Ewr. Wohlgeb. Ein-
fall de lunulis nicht beantwortet habel? ist aus Versehen geschehen: der Grund
davon ist zwar ex similitudine figurarum leicht einzusehen, indessen konnen daher
doch solche curieuse Consequentzen gezogen werden, welche auf eine andere Art
schwehrlich werden bewiesen werden konnen.

Was fiir Zahlen vor n angenommen werden kénnen, daff wann n—p ein numerus
primus ist auch n + p ein solcher werde, und dabey p einen numerum primum be-
deutet, kan meines Erachtens nicht generaliter angezeiget werden;!'®) wann aber
flir p eine determinirte Zahl angenommen wird, so kénnen quovis casu series nu-
merorum pro n gefunden werden; als wann p = 1, so hat man fiir n diese Zahlen:
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2; 4; 6; 12; 18; 30; 42; 60; 72; etc., als welche Zahlen alle sive aucti sive minuti
unitate numeros primos geben. Ist p = 2 so kommt fiir n diese Series 3; 5; 9; 15;
21; 39; 45; 69; 81; etc.; weil aber hier lauter numeri impares kommen, so sey p = 3;
und fiir alle Valores von n kommt diese series: 4; 8; 10; 14; 16; 20; 26; 34; 40; etc.
Datur ergo unicus numerus 4 qui omnibus numeris primis (excepto 2) se minoribus
swe auctus stve minutus producat numeros primos. Der grosse Vortheil, welchen
uns die Analysis bringt, kommt in der That nur von den signis her, welche man
nach gewissen Grundgesetzen zu tractiren pflegt; und dahero stehen noch wichtige
Erweiterungen zu vermuthen, wann man neue signa introduciren sollte; die Haupt-
sach aber wird auch auf die Erfindung der Regeln ankommen, nach welchen man
dieselben signa tractiren muft. Der Newton in Arithmetica universali hat die signa
dubia nur durch puncta angedeutet; und kan deswegen weil dadurch die Multiplica-
tion angedeutet zu werden pflegt, nicht imitirt werden.'t! Ewr. Wohlgb. Reflezion
iiber die compositionem globulorum sanguineorum!™ hat ihre vollige Richtigkeit,
dergestalt, daft wann eine similis compositio in infinitum fortgienge, die quantitas
materiae vollig evanescirte. Es sey A das Volumen eines globi sanguinei, welches
zugleich die quantitatem materiae oder sein Gewicht anzeigen wiirde, wann der
globus solid oder massiv wére; ist aber derselbe aus 6 globulis zusammen gesetzt,
welche alle solid sind, so ist die quantitas materiae nur

6A

_ 64
(1+¢2)3 7+5/2

oder = 0,426 4068706 - A; das ist die quantitas materiae in einem solchen globulo
sanguineo contentae wird bey nahe %mal kleiner seyn, als wann derselbe solid
wire. Sollten diese 6 globuli wiedrum aus 6 noch kleinern zusammen gesetzt seyn,
so wiirde die quantitas materiae und folglich das Pondus %4 . %4 das ist % oder
5mal geringer, und auf solche Art bald imperceptibel werden: da nun aber doch
ein jeder globulus sanguineus ein Gewicht hat, so ist klar daf diese Art der Zusam-
men Setzung nicht weit fortgeht, und nicht einmal sich {iber die dritte Ordnung
erstreckt. Dan sollte ein jeder von diesen Globulis wiedrum aus 6 andern beste-
hen; wann auch diese so schwehr als Gold angenommen wiirden, so kénnte doch
das wiirckliche Gewicht nicht herauskommen. Um dieses deutlicher einzusehen, so
sey die gravitas specifica materiae, ex qua globuli non amplius compositi constant,
= n; wann allso die globuli sanguinei selbst solid waren und aus dieser materia
bestiinden; so wiirde ihre gravitas specifica gleich seyn

=0,0710678118-6A

n oder =1,0000000 - n
wiren aber die globuli IT°7™s] solid, so ist die gravitas specifica = 0,4264068 - n
sind erst die globuli IIT°7™s| solid, so ist die gravitas specifica = 0,1818228 -n
sind die globuli Jverdlinis] golid so ist die gravitas specifica =0,0775305-n
sind die globuli VOrdlinisl solid, so ist die gravitas specifica =0,0330595 - n.

Wann allso die gravitas specifica ultimae materiae sanguinem constituentis so
schwehr wére als Gold, und erst die globuli yordlinis] golid wiren, so wiirde doch
die gravitas specifica sanguinis schon 30 mal kleiner seyn, als des Golds, und allso
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fast um die Helfte leichter als Wasser. Da nun die gravitas specifica sanguinis nicht
kleiner ist als des Wassers, und die ultima materia bey weitem nicht so schwehr
als Gold angenommen werden kan, so ist gantz klar, dafs dieser modus compositio-
nis cujusque globuli ex sex minoribus sich unmoglich wltra I11 ordinem erstrecken
konne.

Bey dem obgedachten Theoremate!™ daf 4nab — a — b nimmer ein numerus

a+b
quadratus seyn konne, oder dafs pptath kein numerus integer per quaternarium,
a

pp+a+b
e
ab
integer werden kan; derselbe ist aber allzeit entweder impar oder doch impariter
pp+a+b

divisibilis sey, habe ich zwar gesehen, da mfinitis casibus ein numerus

par, infinitis autem valoribus pro a et b assumtis kan nicht einmal ein

numerus integer werden:

. . +a+b
sita=1,b=1; erit ppib = pp + 2, und allso entweder impar
a oder impariter par.
. . +a+b +3
sita=1,b=2; erit pp 5 = pp2 1 (2, 6, 14, 26, etc.),
a nehmlich allzeit impariter par.
. . +a+b +4
sit a=1,b=3; erit bp 5 + .y . welche Formul nimmer ein
a 3 numerus integer seyn kan.
. ) +a+b +95
sita=1,b=4; erit pp 5 + = pp4 . diese kan auch nimmer
a ein numerus integer werden.
. . +a+b 6
sita=1,b=2>5; erit pp 5 + _ PP + (25 3; 11; 14; 30; etc.) entweder impar
a 5 oder impariter par.
. . +4
sit a=2,b=2; erit pp4 : (1, 2, 5, 10, 17, 26, etc.) welche numeri
entweder impares oder impariter pares.
. . +a+b +95
sit a=2,b=3; erit pp 5 + = pp6 (1, 5,9, 21, etc.) alle impares.
a
. . +a+b + 6 2 3
sit a=2,b=4; erit bp 5 = pp8 ; allso muf sey[n] p = 2¢; und 299+
a

= int|eger| welches unmoglich.

pp+a+b pp+T
rit =
ab 10
it ppta+b  pp+8
ab 12

sita=2,b=25; e

, welche Formul kein numerus integer
seyn kan.

(1,2, 6,9, 17, 22 etc.) wo kein
multiplum quatern|arii] vorkommt.

sit a=2,b=06; er

Wann man vielleicht diese Casus weiter continuirt und wohl erwiegt, so kénnte
pp+a+b

ab

per 4 divisibilis werden kan. Es scheinen auch aus der Form

man den wahren Grund finden, warum niemals ein numerus integer

pp+a+b
ab

multiplis quaternarii noch andere Zahlen ausgeschlossen zu seyn, als zum exempel
pp+a+b

ab

aulier den

7, dann ich habe noch keine Valores pro a, b et p finden kénnen ut
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fieret = 7; dem ungeacht aber kdénnen multipla von 7 als 14, 21, etc. herauskom-
men." Es scheinen allso in dergleichen Speculationen noch grosse Geheimniifie
verborgen zu ligen; wovon dem Fermatio einige wichtige bekant gewesen seyn mo-
gen: deren Verlust um so viel mehr zu bedauren ist. Ich habe an M." Clairaut
geschrieben, ob die Manuscripta von Fermat noch zu finden wéren, da aber der
Gout fiir dergleichen Sachen bey den meisten erloschen ist, so ist auch die Hoffnung
verschwunden. 1%l

Wo ich mich nicht betriege, so habe ich des Fergusons Labyr|inthum| Alge-
brael'® auf der Bibliothec in Petersburg gesehen; zum wenigsten war mir dieser
Titul schon bekannt ungeacht ich mich nicht recht erinnern kan, wo ich etwas
davon gesehen, gelesen oder gehdret habe; ich glaube aber daf der H.Prof. Krafft
dariiber wiirde einige Nachricht geben konnen: inzwischen werde ich mich auch
deswegen in der hiesigen Bibliothec erkundigen.

Mit dem Druck des Thesauri Stephanil'™ ist in Leipzic noch nicht einmal
der Anfang gemacht worden, weilen der H. Prof. Gesner nicht eher will anfangen
lassen, bifs er selbst die gantze Arbeit zu Ende gebracht, damit das Werk um so viel
vollkommener werde, und nicht durch supplementa nachgeholfen werden miisse.

Den Brief an den H. Baron Stosch habe ich bey Sleine|r Frau Schwester so
bestellt, 8] dak derselbe in kurzer Zeit richtig einkommen wird; ich hétte ihn auch
an den H. Poleni nach Padua einschliessen konnen, allein ich glaube daft dieser
Weg sicherer ist.

Den H. Prof. Krafft erwartet man mit dem Anfang des kiinftigen Jahrs allhier,
und der H. Prof. Heinsius dorfte auch néchstens seine Dimission verlangen, weilen
die Universitdt Wittenberg ihm die durch das Absterben des H. Hasii vacante
Professionem Math|eseos| bestimmet hat.'¥! Hier geht das Geriicht, daf die Prae-
sidenten Stelle bey der Academie dem Prinzen Cantemir aufbehalten werde:[2°)
welches gewifs fiir die Academie das groste Gliick seyn wiirde. Der H. Brigadier
Baudan ist hier noch ausser Dienst, und hat sich mit ein M.%¢ verheurathet, deren
Vermogen ungefehr in 4000 Rthl. bestehet, darunter ein artiges Haufs begriffen war,
welches ich fiir 2000 Rthl. gekaufft, und dazu von Ihro Kénigl[ichen| Majestat das
Privilegium eines Freyhauses erhalten habe. Dasselbe ligt zwischen der Fridrichs
und Dorotheen Statt, nahe bey dem Ort, wo Ihro Majestdt der Konig das Neue
Schlofs und die Academie zu bauen beschlossen hat; daf allso die Situation nicht er-
wiinschter seyn kénnte.[2! Der H. Brigadier Baudan wird nun mit seiner Gemahlin
wieder nach Rufland zuriikkehren, und daselbst weiter Dienste suchen, wozu er
Hofft, daft Ewr. Wohlgeb. durch kraftige Recommendation viel werden contribuiren
kénnen;?2 um welche Gewogenheit fiir denselben auch ich gehorsamst bitte, der
ich zugleich mich nebst allen meinigen Dero bestdndigen Gewogenheit gehorsamst
empfehle und mit der schuldigsten Hochachtung Lebenslang verharre

Ewr. Wohlgebohrnen

Meines Hochgeehrtesten Herrn Etats Raths

gehorsamster Diener

Leonh. Euler
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Berlin den 27%™ Octobr.
1742.

P. S. Wegen des Dictionnaire de Trevouz habe in vielen hiesigen Buchldden herum-
geschickt, 23 dariiber aber nicht die geringste Nachricht erhalten; so sehr schlecht
ist es mit dem Buchhandel allhier beschaffen.

R770 Reply to n°55
Berlin, October 27th, 1742
Original, 4 fols. - RGADA, . 181, n. 1413, & IV, fol. 31-34r
Published: Correspondance (1843), t.1, p. 160-168; Euler-Goldbach (1965), p. 125-129

o7
GOLDBACH TO EULER
Moscow, (November 25th) December 6th, 1742/

den 6. Dec. 1742.

HochEdelgebohrner Herr
Hochgeehrter Herr Professor

In meinem vorigen Briefel?! hatte ich n2 £ dpn—p—a? als einen casum particularem
huius n® # 4pn—p—a?® angenommen, welches aber darauf beruhet, daf a?>+1 durch
4n — 1 nicht dividiret werden kan. Ich gestehe dafs ich zum 6fftern vermuthet, es
wiirde das theorema 4mn—m—1 # a?, weil kein ander numerus determinatus als 4
und 1 darin vorkommt, sich durch die proprietates quadratorum per quaternarium
divisorum demonstriren lassen, insonderheit da man die Wahrheit des theorematis
gleich einsiehet wann m ein numerus formae 4u 4 0 oder 4u — 3, worin schon die
helffte aller casuum possibilium begriffen ist, hingegen hat sich allezeit bey den
casibus m = 4u — 1 und m = 4u — 2 eine difficultdt gefunden, biff ich endlich
gestern die demonstration folgender massen eingerichtet:[3!

1. Quicunque numerus divisus per 4 relinquit 2 vel 3, ille non est quadratus.
2. Si ulla harum quatuor aequationum impossibilium

dmn—m —1
dmn —m —n
dmn—m —n
dmn—n—1

9 ¢ #U

CQwm

est vera, omnes simul verae sunt,[4] quoniam si vera est 4mn —m —n®, vera etiam
est 4mn —m — n®t et dmn —n — m®, et rursus, si posteriores verae sunt, vera
etiam est prima, ut in superioribus litteris ostensum fuit.
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3. Omnes numeri possibiles pro m et n continentur his quatuor casibus

m=4u+0, m=4u+1, m=4u+2, m=4u+ 3,
n=4w+0, n=4v+1, n=4w+2, n=4v+3,

sed per applicationem horum casuum apparet, quicunque sint valores ipsius m
et n, semper aliquam quatuor formularum A, B, C et D ita dividi posse per 4
ut remaneat 2 vel 3. Sit enim m vel n = 0 (quod compendii causa scribo pro
m = 4u+ 0 et n = 4v + 0 et sic in ceteris), formula A vel D div[isa] per 4
relinqulit] 3.

Sim vel n =1, formula A vel D divisa per 4 relinquit 2;

sim =2, n=2, C divisa per 4 relinquit 2;

. m=2n=3 .. . o

st 3. m =9 }, B divisa per 4 relinquit 3;

m =3, n =3, B divisa per 4 relinquit 2.

Ergo nulla formularum A, B, C', D aequalis est quadrato.

Die Zahl so ich pro £2 von E.H. communiciret bekommen mufs allerdings
unrichtig abgeschrieben gewesen seyn,®! weil sie schon in der 14.9°" Ziffer fehlet,
ich bin also Eurer H. fiir die weit accuratere sowohl von dem £ 2 als dessen quadrato,
welche in Dero letztem Schreiben enthalten sind, verbunden.

Ein dergleichen Fehler muf gewiff auch entweder in des M." Lagni oder in des
Hn Sharp numerum pro quadratura circuli eingeschlichen seyn. Wann ich mich
recht erinnere so haben E. H. diese varietdt schon langst bemercket; weil aber doch
M. Sharp ausdriickl[ich| saget dak er auch von der letzten Ziffer, so weit seine Zahl
gehet, gewifs sey, so glaube ich vielmehr daf in der Zahl des M. Lagni entweder im
drucken oder im abschreiben eine 6 fiir eine 5 gesetzt worden, welches dennoch zu
rectificiren ware wann die in dem numero Lagniano nachfolgenden Ziffern einigen
Nutzen haben sollen. 6!

Bey dem Punct von den globulis sanguinis ist mir lieb die confirmation meines
raisonnements zu sehen; ob man aber sicher annehmen kénne dafs diese globuli
mit der gantzen massa sanguinis einerley gravitatem specificam haben, zweifele
ich, weil nicht allein die globuli sondern auch die lympha als partes constitutivae,
sed heterogeneae, diejenige massam ausmachen, welche nach Eurer H. hypothes:
bey nahe so schwer als das Wasser ist.["]
Was Sie von dem theoremate

a CL2 CL3

R S R S T B

s=1+ éc.

ss 1+ a (i, 1 N a® - 1 N 1 L E
—_— = C.
2 2 n+1 n+1 2n+ 2 n+1 2n+1
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erwehnen, halte ich in der That fiir sehr merckwiirdig, nachdem ich sehe, daf

man dadurch data summa serieil® 1 + = + = + = + 8e. die summam seriei

3 5 7
1

1 1
1+ 9 + % + 1 + &c. finden konne, bey welcher Gelegenheit zugleich melde, dafs

ich (wiewohl per ambages) auch die summas nachfolgender serierum

1—;<1$;>+;<1$; ;>—i<1$;+;¢i>+€dc.,
1_1<1_1>+1(1_1+1>_1(1_1+1_1)+gc.
2 4 3 4 9 4 4 9 16 ’
1-1_1<1_1>+1(1_1+1)_1(1_1+1_1)+%
4 9 2 16 2 3 25 2 3 4

gefunden habe, wozu man vieleicht durch einen viel ndhern, aber mir unbekannten
Weg gelangen kan.[10)

Wie ich géntzlich mit Eurer H. der Meinung bin, dafs man die Zahlen welche
vor n anzunehmen sind, damit wann n — p ein numerus primus ist auch n 4+ p ein
numerus primus werde, denotante p numerum primum, nicht generaliter bestim-
men konne, so halte ich auch dafiir, dafs die numeri 2, 4, 6, 12, éc. welche tam
addita quam demta unitate numeros primos geben schwerlich generaliter oder per
certam legem progressionis diirfften zu finden seyn,!*l so daR es hoc respectu mit
beyden seriebus einerley bewandnift zu haben scheinet.

Fiir die mir gegebenen Nachrichten bin ich Eurer H. sehr verbunden; ich dancke
auch dem Hn Brigadier de Baudan fiir das Vertrauen so Er zu mir zu tragen be-
liebet, an meiner guten intention zu Dessen Vergniigen ewas beyzutragen wird es
gewiR niemahls ermangeln;[*2! ich bitte demselben in meinem Nahmen zur vollzo-
genen Heyrath zu gratuliren und wiinsche mir das Gliick, den Hn Brigadier bald
wieder in S.? Petersbourg zu sehen.

Ubrigens verbleibe ich nechst hertzlicher Anwiinschung alles Wohlergehens und
schuldigster Empfehlung an Dero Fr|au| Liebste wie auch simmtliche Familie

Eurer Hochedelgebohrnen

ergebenster Diener

Goldbach.

Moscau.

P. S. Die kiinfftigen Briefe kénnen wieder nach S. Petersburg gesandt werden. 3!

R 771 Reply to n° 56
Moscow, (November 25th) December 6th, 1742
Original, 3 fols. - PFARAN, f. 136, op. 2, n. 8, fol. 56-58r
Partial copy, 3 pp. — RGADA, f. 181, n. 1415, &.II1, fol. 69r—70r
Published: Correspondance (1843), t.1, p. 172-175; Euler-Goldbach (1965), p. 132-134
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58
EULER TO GOLDBACH
Berlin, December 15th, 1742[!]

Wohlgebohrner Herr Etats-Rath
Hochgeehrtester Herr

Beyligender Brief wird ohne Zweifel von dem H. Baron Stosch seyn, weilen mir
derselbe von Seiner Frau Schwester zugesandt worden;! dahero Ewr. Wohlgeb.
vermutlich lieb seyn wird, daft ich Denselben diese Antwort ohne Verzug zusende.

Der junge H. Fhler aus Dantzig welcher vor einiger Zeit aus Frankreich gekom-
men und hier durch gereiset,®! hat mir unter andern gesagt, daf das Dictionnaire
de Trevoux in Paris unter der Presse sey, und nichstens zum Vorschein kommen
werde. 4l

Seit dem ich Ewr. Wohlgeb. das letste mal zuzuschreiben die Ehre gehabt, habe
ich allhier ein Haus gekauffet, wozu mir der H. Brigadier Baudan Anlafs gegeben,
weilen dieses Haufs Seiner Frau Liebste zugehorte, ihre gantze Habschafft aber
zu Geld gemacht werden musste, indem er gleich nach der Hochzeit nach Polen
gereiset, von dannen er wiedrum, wann er daselbst kein anstédndiges Emploi findet,
nach Rukland gehen wird. Thre Konigl|iche| Majestdt haben auf mein Allerunter-
thénigstes Ansuchen dieses Haus auf ewig von aller Einquartirung lofszusprechen
allergnadigst geruhet.’! Weilen ich in diesem Hauf Zimmer und Raum in UberfluR
habe, so wird der H. Geh[eime| Rath Ostermanl® welcher Sich noch in Westfahlen
aufhélt, bey mir wohnen, und sein Leben in der Stille zu bringen.

Unléngst ist Thro Majestit dem Konig eine neue Poetische Ubersetzung der
Psalmen Davids dedicirt worden welche sowohl wegen der Poesie als der richtigen
Ausdriickung des Grund Tezts grosse Approbation findet und auch schon auf dem
Schlofs statt der Lobwasserischen Psalmen eingefiihrt werden soll. Der Verfasser
davon ist ein Landsman von mir nahmens H. Spreng, welcher schon lang fiir einen
grossen Poeten passirt ist.[7]

Der Zustand der Academie in Petersburg gehet mir wegen des H. Rath Schu-
machers sehr zu Herzen, am meisten aber ist der H. Bernoulli dariiber allarmirt,
weilen er beforchtet seine bifher genossene Gage zu verlieren.8! Es werden an-
jetzo des Alten H. Bernoullis Schrifften, so noch nicht publicirt worden, in Geneve
gedruckt; dieses Werk soll unserm Konig dedicirt werden, und der Verleger will
selbst herkommen, solches zu praesentiren. Mit demselben werde ich bey dieser
Gelegenheit einen Accord wegen meiner Scientia navali zu treffen suchen, welches
vermuthlich die Academie nicht iibelnehmen wird. [l

Ewr. Wohlgeb. habe schon letstens zu melden die Ehre gehabt, dafs ich wegen
meiner nach Paris gesandten Piece an den H. Clairaut geschrieben; ungeacht nun
derselbe bifs dato im Schreiben sehr exact gewesen, so habe ich doch noch zu meiner
grossen Verwundrung von demselben keine Antwort erhalten.!'?) Inzwischen will
mir der Hiesige Post Director beweisen daft diese meine Piece richtig in Paris
angekommen.
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Ich bin anjetzo auch mit dem H. Prof. Nicolao Bernoulli in Correspondenz
gekommen; diese hat bifher roulirt iiber die summationem serierum

1 1 1
1+ > + 3o + o + etc. woriiber Derselbe sehr schone Reflezionen gemacht. ']
Bey dieser Gelegenheit habe ich Demselben eine kurze Methode communicirt alle
differentialia hujus formae

A+ Bx + Cx? + Da3 4+ Ex* + Fa® + ete.
a+ B+ yx? + dx3 + ext + (x® + ete.

zu integriren vel absolute wann moglich vel ope logarithmorum vel quadraturae cir-
culi. Diese Methode bestehet darinn daf man erstlich den Denominatorem in seine
factores simplices resolvire; weil aber Ofters einige von diesen factoribus imaginarii
werden, so hatte ich angemerkt daft da alle factores imaginarii immer numero
pares seyn miiften, dieselben auch so beschaffen sind, dafs je zween mit einander
multiplicirt ein Productum reale geben.!'2l An diesem Satz zweifelte nun letstens
der H. Bernoulli, und glaubte daf es solche formulas gibe, deren Factores imagi-
narit nicht diese Eigenschaft hatten. Dieses zu behaupten brachte er diese Formul
xt — 423+ 202 +4x+4 als ein Exempel vor welche nachfolgende 4 factores simplices
imaginarios hatte:

. z—1-
I z—1+4/2+/-3
ML z—1—4/2—

IV. 2—1+,/2—+/-3,

R

von welchen man Seiner Meinung nach nicht sollte zwey finden kénnen, welche
mit einander multiplicirt ein Productum reale hervor brichten. Dieses Erempel
schien mir auch anfinglich meinen Satz umzustossen; als ich aber die Sach reiffer
iiberlegte, so fand daft der I und III mit einander multiplicirt dieses Productum

reale
Tx — (2+ \/4+2\/7> 14+ VT4+/4+2/7,

die zwey iibrigen aber der II und IV dieses

R (2—\/4+2\/7>x+1+\/7—\/4+2\/7

geben. Weilen nun durch diese Antwort das gemachte Dubium gehoben wird, 3l so
vermuthe ich nun von dem H. Bernoulli zur Recompens eine richtige Demonstration
meines Satzes: omnem expressionem algebraicam o+ Bx+~yx?+ 53 +ex + etc. vel
in factores reales simplices p+qx, vel saltem in factores reales quadratos p+qr+rxx
resolvi posse; ' welcher Satz (den ich ungefehr wie einige Theoremata Ferma-
tiana aber nicht summo rigore demonstriren kan) in der Analysi von sehr grossem
Nutzen ist, dann daraus folgt omnem formulam differentialem vel rationalem wvel
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ad rationalitatem reducibilem, nisi absolute integrari queat, semper certe ope vel
logarithmorum vel quadraturae circuli integrari posse.

Mit dem neuen Tomo Miscellaneorum Berolin|ensium| ist man schon ziemlich
weit gekommen, worinn fast die gantze Classis Mathematica von mir kommt.!*5]
Weilen ich aber von den in Petersburg zuriickgelassenen Piecen keine Copien
habe, und dieselben entweder sehr spiath oder gar nicht zum Vorschein kommen
diirften,'® so nehme die Freyheit Ewr. Wohlgeb. gehorsamst um Dero Rath zu
bitten, wie ich am fiiglichsten zu denselben gelangen konnte. Ich verlange solche
gar nicht um anderwerts drucken zu lassen; dann dazu finden sich immer Materien
genug: sondern nur um mich darinn umzusehen damit ich nicht eine Sach zweymal
zum Vorschein bringe.

Von dem H. Geh|eimen| Rath Vockerodt habe Ewr. Wohlgb. ein gehorsamstes
Compliment zu vermelden,!*” der ich mich zu Dero bestindigen Wohlgewogenheit
gehorsamst empfehle und mit der schuldigsten Hochachtung verharre

Ewr. Wohlgebohrnen

Meines Hochgeehrtesten Herrn Etats-Raths

gehorsamster Diener

Leonh. Euler

Berlin den 15%™ Dec.
1742.

R 772 Berlin, December 15th, 1742
Original, 2 fols. - RGADA, f. 181, n. 1413, ¢.1V, fol. 37-38v
Published: Correspondance (1843), t.1, p. 169-171; Euler-Goldbach (1965), p. 130-131

59
GOLDBACH TO EULER
Moscow, December (13th) 24th, 174201

HochEdelgebohrner Herr
Hochgeehrter Herr Professor,

Als ich neulich die vermeinten Summas der beyden letzteren Serierum in meinem
vorigen Schreiben? wieder betrachtet, habe alsofort wahrgenommen, da® selbige
aus einem blossen Schreibfehler entstanden, von welchem es aber in der That
heisset:

Si non errasset fecerat ille minus:l
denn ich bin durch diese Gelegenheit auf summationes aliarum serierum gerathen
die ich sonst kaum gesuchet vielweniger gefunden haben wiirde.
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Ich halte dafiir das|!] es ein problema problematum ist die summam huius:

1 1 1 1 1 1 1 1 1
1+27 1+27m +37 1+7+37m +47 1+7+37m+47m + .
in den casibus zu finden wo m et n nicht numeri integri pares et sibi aequales

sind, ! doch giebt es casus da die summa angegeben werden kan, ezempli grlatial
st m=1,n=3, denn es ist

1 1 1 1 1 1 1 1 1 d
1+ 1 1 —(14++=4+= =
23<+)+33<+2+3>+43<+2+3+4>+€§c -

(wann 7w gewohnlicher massen fiir die peripheriam circuli cuius diameter = 1
genommen wird); hingegen weif ich die summas serierum

1 1\ 1 11\ 1 11 1
A. 1+<1+ )+(1++> <1+ + 2 +4>+€5c.

25 35 2 3 45 2 3
und
1 1 1 1 1 1 1 1 1
: : : : 197° - :
noch nicht, ob ich gleich weif daft 2A + B = 5 5. 7 g0 Ve ich denn auch die

summam der folgenden beyden serierum C + D allezeit finden kan, si m et n sint
NUMert pares quicunque

1 1 1 1 1

1 1 1 1,1
D... 1+2m(1+ )—|-3m<1++3n>+€§c.

Ubrigens beziehe ich mich auf mein voriges Schreiben und verbleibe nechst hertz-
licher Anwiinschung eines gliicklichen neuen Jahres

Eurer HochEdelgebohrnen

ergebenster Diener

Goldbach.

Moscau, den 24 Dec.
1742.

R773 Supplement to n°57
Moscow, December (13th) 24th, 1742
Original, 2 fols. - PFARAN, f. 136, op. 2, n. 8, fol. 54—55r
Partial copy, 3 pp. — RGADA, f. 181, n. 1415, &. 111, fol. 70r—71r
Published: Correspondance (1843), t.1, p. 176-177; Euler-Goldbach (1965), p. 134-135
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60
EULER TO GOLDBACH
Berlin, January 5th, 1743

Wohlgebohrner Herr
Hochgeehrtester Herr Etats-Rath

Dafl Ewr. Wohlgb. gliicklich wiedrum nach S.! Petersburg méchten zuriikgekom-
men seyn wiinsche ich von gantzem Herzen. Ich habe vor einigen Wochen von dem
H. Baron Stosch eine Antwort an Ewr. Wohlgb. noch nach Moscau abgeschickt,[!]
welche zweifelsohne richtig wird eingetroffen seyn; desselben Schwager H. Muzelius
ist dieser Tagen bey mir gewesen, und hat von mir zu wissen verlangt welcher
gestalt Ewr. Wohlgeb. in Ruflische Dienste gekommen, um solches dem H. Baron
Stosch berichten zu koénnen. Nachdem der H. Brigadier Baudan von hier nach
Brandenburg abgereiset um allda seine Heurath zu vollziehen, habe ich weder
denselben noch Briefe von ihm gesehen; ich habe aber gehoret dafs er von da nach
Warschau gegangen, und sich bey dem Fiirsten Czartorinsk: aufhalte; sollte er
aber daselbst keine Dienste finden, so sey er gesinnet wiedrum nach Petersburg
zuriickzukehren.

Ewr. Wohlgeb. Demonstration, dak 4mn—m—n kein Quadratum seyn konne, 2!
will mir noch kein volliges Geniigen leisten. Dann ungeacht, wann 4mn—m—1 # O
auch seyn muf 4mn —m — n # O und 4mn — m — n? # O, so folgt doch nicht
hinwiedrum: quibus casibus pro m et n substitutis una formula quadratum esse
nequeat, iisdem casibus reliquas formulas quadrata esse non posse. Dieses erhellet
aber deutlicher, wann man die derivationem der iibrigen Formuln aus der ersten
betrachtet, nehmlich aus 4mn — m — 1: man setze allso m = 4p — 1; so kommt
4 (4np —n — p); wann allso 4mn — m — 1 auf keinerley art ein quadratum seyn
kan, so kan diese Formul auch kein Quadrat seyn casu m = 4p — 1, und folglich
kan auch 4np — n — p kein Quadratum seyn. Nun aber haben Ewr. Wohlgeb. nur
gewiesen dafs wann m vel n sey = 4u+1, die Formul 4mn —m—1 kein Quadratum
seyn konne, und dahero folget daraus nicht daf 4np — n — p kein Quadrat seyn
konnte, eodem casu n vel p = 4u + 1. Ferner ist klar dafs wann man nur bewiesen
hétte dafs 4mn — m — 1 # O casu m = 4u — 1, daraus schon folgen wiirde daf
4dnp—n—p # 0. Wann aber bewiesen wére, daft 4np —n —p # [, so wiirde daraus
nur folgen dafs 4mn — m — 1 kein Quadratum seyn kénnte casu quo m = 4u — 1,
aber nicht generaliter. Wann man aber nur beweisen konnte daf 4mn — m — 1
kein Quadratum seyn kénne casu m = 4u — 1, so wiirde daraus schon folgen, daf
4dmn — m — n gantz und gar kein Quadratum seyn konnte. Villeicht dorfte aber
das Theorema generale 4mnp — m —n # U, wovon Ewr. Wohlgb. keine Meldung
thun, leichter zu demonstriren fallen. Es ist aber fiir sich klar daff wann entweder
m+n=4u+ 1, oder m +n = 4u + 2 die Formul 4mnp — m — n kein Quadratum
seyn konne, dahero nur die beyden casus m +n = 4u, und m +n = 4u — 1 zu
demonstriren librig bleiben. Wann man fiir den ersten Fall setzt m = 2u + a, und
n = 2u—a; so hat man zu beweisen, dafs p (4uu — aa) —u kein Quadrat seyn kénne.
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bb + u
Es kan allso diese Formul _hru kein numerus integer seyn; ponatur a = 2u—c
uu — aa
bb+u . . . .. . .
so kan (47) kein numerus integer seyn; und hieraus kénnen unendlich viel
c(4u —c

schone Theoremata hergeleitet werden; ich mufs unterdessen gestehen, daf ich aller
angewandten Miihe ungeacht noch keine Demonstration von diesem Theoremate
habe finden konnen daft 4mnp —m —n # Quadrato. Es kommt aber darauf an dafs
man demonstrire daf eine solche Zahl 4paa + 1 nimmer divisibilis seyn kénne per
numerum formae 4pq — 1. Es sind aber alle mégliche Divisores formulae 4paa + 1
enthalten in einer gewissen Anzahl solcher Formuln 4np 4+ 1; 4np + «; 4np + B;
4dnp + y; etc. wobey zu merken dafl, wann unter den Zahlen «, 3, 7, etc. eine Zahl
f enthalten ist, zugleich alle potestates ipsius f darunter vorkommen, und wann
darunter zwey Zahlen f et g vorkommen, so miissen auch alle potestates einer
jeden, und alle daraus mogliche Producte vorkommen; wann man allso einen oder
etliche numeros pro «, B, v, etc. weifl, so kan man zugleich die iibrigen finden;
die simpelsten Divisores aber der formul 4paa + 1 sind die Valores dieser Formul
selbst wann pro a ein numerus determinatus gesetzt wird: und allso hat man vor
a, B, etc. solche Valores primitivos, 4p + 1; 16p 4+ 1; 36p + 1; daher entstehen
wann man alle potestates nimmt, und solche ineinander multiplicirt, alle tibrige
Valores litterarum o, B, 7, 6, etc.; es ist aber klar dafs alle diese Zahlen von solcher
form 4mp 4+ 1 seyn werden; dahero alle Divisores formulae 4paa + 1 nothwendig
allso seyn miissen 4np + 4mp + 1; und kan allso eine solche Zahl 4np — 1 nimmer
ein Divisor seyn; dieses ist aber nur wahr in so fern die Divisores primitivi von
der Form 4mp + 1 sind: wann aber ein derivativus von der Form 4mp — 1 wére so
miiste auch ein primitivus diese Form haben.[3l Hieraus folget nun soviel, daf wann
dieses Theorema bey kleinen Zahlen wahr ist, dasselbe auch bey grossen wahr seyn
miisse.4l Wann gleich Sharp sagt, daf er von seiner letsten Figur in quadratura
Circuli sicher sey,[5] so kan doch solches nicht behauptet werden, wann er nicht zum
wenigsten auf 3 oder 4 Figuren weiter hinaus gerechnet hat, welches doch nicht
geschehen: dahero dieses schon als ein Merkmal der Accuratesse zu halten, daf
seine letste Figur nur um 1 zu klein ist; ich kan mich auch nicht erinnern, daf ich
jemalen um dieser Ursach willen an der Richtigkeit des Lagnys Zahlen gezweifelt
habe. Bey der Materie iiber die globulos sanguineos!®l habe ich nicht so genau
angenommen, daf die globuli rubri mit der gantzen massa einerley gravitatem
specificam haben; dann meine Reflexionen bleiben einerley, wann gleich dieselbe
2 oder mehr mal grosser oder kleiner angenommen wiirde: unterdessen ist doch
soviel gewif, daf die Gravitas specifica der globulorum rubrorum nicht so sehr viel
vom Wasser differiren wird; es wére dann, daff man dieselben niemals pur ohne
Vermischung der Lymphae bekommen konnte; in welchem Fall es freylich nicht
mehr auf die Gravitatem specificam allein ankommen wiirde um die Unmoglichkeit
des progressus in infinitum zu zeigen.
Ich hatte dieses Theorema: si

a aa a3

n+1+2n+1+3n+1

s=1+ + etc.
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erit

bl o Ly @ (L, 1Y,

Lo — = ete.

2 T 2 Tt 2 nt+1) " 2n+2 ntl 2m+1)7"
dem H. Professori Nicolao Bernoulli geschrieben,I”l wovon Er mir nachfolgende
schone Demonstration zugeschickt.[g] Er schreibt " fiir a; und ¢ fiir sx; eritque

xn+1 $2n+1 :L,3n+1

=t = tc.
5 Tt Tt Tl

qua differentiata prodit
dt =dx (142" +2°" + 2% + elc.);

diese zwey series multiplicirt er mit einander, terminos secundum potestates ipsius
x ordinando, und bekommt

1 1 1
n+1 1 2n+1 1
v+ <+n+1)+x <+n+1+2n+1)

1 1 1 )
3n+1 1 te.
M ( M T 3n+1)[+”]

tdt = dx

+

quae integrata dat

L, 1 LW (RTINS PRl RPN SR N B
—tt = —ssxx = —2T etc.:
2 2 2 n+2 n+1 2n + 2 n+1 2n+1 ’

dividatur per xx et ob x™ = a erit

lem by @ (1o L) @ (L LY,
—88 = — etc.
2 2 n+2 n-+1 2n + 2 n-+1 2n+1

1
Er geht auf diese Art weiter und multiplicirt Qtt nochmal mit dt, und findet post

integrationem

14 1+ a 1+ 1 . 1
= = -
6 6 n+3\2 n+2 n-+1

g (Lo b o vy (o
2n+3\2 n+2 n—+1 2n + 2 n+1 2n+1

1+ L 1+ 1 + 1 1+ 1 + 1
n a? 2 n+2 n+1 2n + 2 n+1 2n+1 cte
3n+3 n 1 n 1 n 1 n 1 ’
3n+ 2 n—+1 2n +1 3n+1

Um nun auf solche Summationes zu kommen dergleichen Ewr. Wohlgeboh|ren)|
gefunden,! so sey n = 1; erit
2 1

1421 % e =14
s=1+4_-+—+—tetc. =~ '
2 T3 T A T T T
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unde fit

1 1 \? 1 a 1\ aa 11
A — = 4+ (142 )+ (14242
2aa<€1—a> 2+3(+2>+4<+2+3>

B PR S

— — 4+ -+ — | ete.

5 2 371)"

3 11

Sitn:2erit5:1+g+%+a—+etc.: l +\/a unde fit

35 7 2/a 1—+/a’

2
1 ( 1++/a 1 a 1\ aa 11
e = -+ (1+s)+—(1+5+=
8a<1_\/a> 2+4<+3>+6<+3+5>

a3< 1 1 1>
+—-(1+5+ -+ 5| ete

8 3 5 7
b bbb 1
Sin:2eta:—berit3:1—§+3—7+etc.:%Atang.\/b,undeﬁt
1 2 1 b 1 bb 1 1
ﬁ 1_‘_1_‘_1_1_1 t
8 375 "7)%"

Ponatur in A, a = —1; et in C, b=1; ob Atangl = % erit

1, 1 1 1\ 1 11\ 1 11 1
D S2?=c— (1)t (1o ) (1o s+ ete
27 = 3 3<+2>+4<+2+3> 5<+2+3+4>”
o 101 1\ 1 11\ 1 111
E... o 1)+t s) (1o ) et
32 2 4<+3>+6<+3+5> 8<+3+5+7>”
1, 1/1\ 1/1 1\ 1/1 1 1
Fo.o ~@2=>(=)-2(z+>)+2(z+-+2) ete
5“2 4(2) 6<2+4>+8<2+4+6> ete
1, 1 1 11\ 1 11 11
Bl-F ... Z@2? = 21— (14+-+-)+-(1+-+-+>+-
] 32 52 2 4<+2+3>+6<+2+3+4+5)
1 1 1 1 1 1 1
—g 1+§+§+1+5+6+§ [e